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INTRODUCTION

Classical mechanics describes the motion of macroscopic objects,
from projectiles to parts of machinery, and astronomical objects, such
as spacecraft, planets, stars and galaxies. If the present state of an object
is known it is possible to predict by the laws of classical mechanics
how it will move in the future (determinism) and how it has moved in
the past (reversibility).The earliest development of classical mechanics
is often referred to as Newtonian mechanics. It consists of the physical
concepts employed by and the mathematical methods invented by Isaac
Newton and Gottfried Wilhelm Leibniz and others in the 17th century to
describe the motion of bodies under the influence of a system of forces.
Later, more abstract methods were developed, leading to the reformulations
of classical mechanics known as Lagrangian mechanics and Hamiltonian
mechanics. These advances, made predominantly in the 18th and 19th
centuries, extend substantially beyond Newton’s work, particularly through
their use of analytical mechanics. They are, with some modification, also
used in all areas of modern physics.

Classical mechanics provides extremely accurate results when studying
large objects that are not extremely massive and speeds not approaching
the speed of light. When the objects being examined have about the size of
an atom diameter, it becomes necessary to introduce the other major sub-
field of mechanics: quantum mechanics. To describe velocities that are not
small compared to the speed of light, special relativity is needed. In case that
objects become extremely massive, general relativity becomes applicable.
However, a number of modern sources do include relativistic mechanics into
classical physics, which in their view represents classical mechanics in its
most developed and accurate form.

This book, Classical Mechanics, is divided into four blocks which
are further subdivided into fourteen units and principally deals with the
mechanics of particles and rigid bodies. The first unit introduces the concept
of Newton’s laws of motion while Lagrange’s equation have been discussed
in the following unit. The third unit deals with the concept of Hamiltonian
equation. Hamiltonian principle is focused on in the fourth unit while the fifth
unit explains Hamilton-Jacobi theory. Canonical transformations have been
discussed in the sixth unit while seventh unit deals with moment of inertia.
Eighth units discusses the concept of rigid body equations of motion and the
concept of special theory of relativity has been explained in the following unit.
Lorentz transformation has been explained in the tenth unit while eleventh
units focuses on one dimensional oscillators. Twelfth unit discusses normal
modes while thirteenth unit introduces you to the general theory of small
oscillators. The last units discusses linear triatomic molecule.

Introduction
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Introduction

NOTES

Self-Instructional
Material

The book follows the self-instructional mode wherein each unit begins
with an ‘Introduction’ to the topic. The ‘Objectives’ are then outlined before
going on to the presentation of the detailed content in a simple and structured
format. ‘Check Your Progress’ questions are provided at regular intervals to
test the student’s understanding of the subject. A ‘Summary’, a list of ‘Key
Words’ and a set of “Self-Assessment Questions and Exercises’ are provided
at the end of each unit for effective recapitulation.



BLOCK-I
LAGRANGE AND HAMILTON EQUATIONS

UNIT1 NEWTON’S LAWS OF
MOTION

Structure

1.0 Introduction
1.1 Objectives
1.2 Newton’s Laws of Motion
1.2.1 Fundamental Ideas
1.3 Kepler’s Laws of Planetary Motion
1.4 Stability of Orbit
1.5 Classification of Dynamical System
1.5.1 Dynamical Systems of Order n
1.5.2 First Order Systems
1.5.3 Second Order System
1.6 Answers to Check Your Progress Questions
1.7 Summary
1.8 Key Words
1.9 Self Assessment Questions and Exercises
1.10 Further Readings

1.0 INTRODUCTION

Newton’s laws of motion are three physical laws that, together, laid the
foundation for classical mechanics. They explain the relationship between
a body and the forces acting upon it, and its motion in response to those
forces. More precisely, the first law defines the force qualitatively, the second
law offers a quantitative measure of the force, and the third asserts that a
single isolated force does not exist. Keplers laws of planetary motion are
three scientific laws describing the motion of planets around the Sun. Kepler’s
work improved the heliocentric theory of Nicolaus Copernicus, explaining
how the planets’ speeds varied, and using elliptical orbits rather than circular
orbits with epicycles. In this unit you will describe Newton’s laws of motion
and laws of conservation. You will understand frames of reference, mass point
and angular momentum. You will understand the Kepler’s laws of planetary
motion, and interpret stability of planetary orbits. Classification of dynamical
system is also discussed in this unit.

Newton's Laws of Motion
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1.1 OBJECTIVES

After going through this unit, you will be able to:
o Explain Newton’s laws of motion and laws of conservation
¢ Understand frames of reference, mass point and angular momentum
o Discuss Kepler’s laws of planetary motion
o Interpret stability of planetary orbits

e Classify a dynamical system

1.2 NEWTON’S LAWS OF MOTION

Mechanics, which deals with the motion of objects around us, is one of the
oldest studied branches of physics. It considers the conditions under which
objects remain at rest and undergo motion when they are acted upon by
internal and external forces without enquiring into the ultimate constitution
of matter. Mechanics tells us how an object moves in a given situation and
how the motion can be described.

Galileo, Huygens and Newton were the founders of mechanics which
showed that objects moved according to certain rules. These rules were
formulated in the form of the laws called the laws of motion. Newtonian
mechanics is essentially the study of the consequences of the laws of motion
formulated by Newton and published in the year 1687 in his Philosophiae
Naturalis Principia Mathematica (the Principia).

The motion of bodies of macroscopic size can be described by
considering them as assembly of particles, though rigorously speaking, it is
not possible to identify such subdivision of matter into particles. A particle
at any instant of time is described by three space coordinates together with
a scalar constant called its mass. The particles in a body are held to move
following Newton’s laws which are stated as follows:

(1) A body continues to remain in a state of rest or moves with a
uniform speed along a straight line unless subjected to an external
force.

(if) The rate of change of linear momentum of a body is proportional
to the magnitude of the external force acting on it and takes place
in the direction of that force.

(iii) The forces exerted by two bodies on each other are equal in
magnitude and opposite in direction.

It is assumed that the terms mass, force, straight line, etc., have some
intuitively understood meanings, and Newton’s laws are logical statements
of their inter-relations.



Newtonian mechanics can be rightly termed as vectorial mechanics ~ Newton’s Laws of Motion
because it deals with quantities such as displacement, velocity, momentum,
acceleration, and force, which are all vectors. This mechanics can be
conveniently applied to relatively simple mechanical problems but at times
it becomes difficult to apply the laws in complex problems particularly those
involving constraints. To deal with such problems, alternative schemes have
been developed which were initiated by Leibnitz. These are associated with
the names of Euler, Lagrange, Hamilton, Poisson, Jacobi and others. These
alternative formulations are referred to as analytical mechanics. Unlike
Newtonian mechanics, the fundamental quantities involved in analytical
mechanics are scalar rather than vector and the dynamical relations are
obtained by a systematic process of differentiation. From the laws of
mechanics postulated in their most general or analytical form emerge
Newton’s laws. We may emphasize that analytical mechanics (namely,
the Lagrangian and the Hamiltonian formulations of mechanics) is not a
new theory of mechanics but is alternative to Newtonian formulation. The
difference in the two formulations lies in the process of formulating the
equations of motion for a mechanical problem.

NOTES

Newtonian mechanics together with the analytical mechanics has been
found to describe correctly (in conformity with experiments) the motion of
objects which are neither too big nor too small, and is referred to as classical
mechanics. Though the range of validity of this mechanics has been extended
enormously, it has been found to be completely inadequate for:

(i) The description of small scale phenomena of atomic and nuclear
physics.

(if) The description of motion of extremely big objects, namely the
galaxies.

(iii) Phenomena involving moving objects with speeds approaching
that of light.

In the case of small scale phenomena, quantum mechanics has
superseded classical mechanics. Einstein’s general theory of relativity
(theory of gravitation) and special theory of relativity, respectively, describe
the motion of big objects like galaxies and motion of objects moving with
speeds comparable to that of light. Einstein’s theories of relativity have found
experimental confirmation.

It is important to note that both quantum mechanics and the theories
of relativity may be considered as extensions of classical mechanics in the
sense that they reproduce its results under appropriate limiting cases. Thus,
these confirmed theories reinforce the correctness of classical mechanics
within its vast range of validity and applicability. Indeed, classical mechanics
is a remarkably successful theory which provides satisfactory account of the
phenomena as diverse as the motion of a vehicle on the road, or the tides in

Self-Instructional
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ocean, or motion of artificial satellites and planets in orbits about the sun.
Moreover, even outside this range, many of the results of classical mechanics
still apply. In particular, the laws of conservation of linear momentum, angular
momentum and energy which stem from the symmetry properties of space
and time with respect to inertial frame of reference are, so far as we know
today, of universal validity.

An important point to note about analytical mechanics, which is an
integral part of classical mechanics, is that it is capable of generalization to
situations such as classical field theory and quantum mechanics in which
Newton’s laws are inapplicable.

1.2.1 Fundamental ideas

(i) Frames of Reference

To describe the motion of a mechanical system (say, a body) it is necessary
to specify its position in space as a function of time. It is meaningful to speak
of the relative position of a body. The position of a body in space can be
defined relative to the sun, the centre of the galaxy, etc.

Further, for describing the motion, besides stating the coordinates of
the body relative to a suitable coordinate system it is necessary to specify
the time instant at which the coordinates assume the given set of values. The
concept of a single universal time is true only when the relative velocities of
all bodies are small compared to the velocity of light. Newtonian mechanics
is valid only under the above approximation.

If the coordinates stating the positions of moving bodies are fixed
within the same system, a definite frame of reference is said to be defined.

In Newtonian mechanics, it is assumed that time instant in one frame of
reference is the same in all other frames of reference. This is not a property
of time, but of reference systems of bodies moving slowly relative to one
another.

(ii) Mass Point or Mass

Formulation of the laws of motion uses an extremely convenient concept,
namely that of a mass point, or a particle. A particle is defined as a body
whose position in space can be exactly defined by three coordinates which
may be cartesian, spherical polar, cylindrical, etc. This is an idealization and
does not apply to any real body. However, it becomes reasonable when the
motion of a body is sufficiently well defined by only the displacement of any
of its points and is independent of its rotational motion and its deformations
if any. This can be understood from the fact that while the motion of the earth
round the sun is independent of its rotation about its axis, the trajectory of
a bullet depends strongly on its rotational motion. Hence, that the earth can
be approximated as a mass point more closely than a bullet. We find that



dimensions of a body are immaterial if the body can be approximated as a  Newton’s Laws of Motion
mass point or a particle.

Considering the concept of a mass point, the law of motion, namely

Newton’s second law for a body, can be written as NOTES

d
me L=F (1)
t

In the above, F is the resultant of all the forces applied to the body
2 =
; is the acceleration vector. The quantity m characterizes the mass
t
point and is called its mass.

and,

(iii) Force and Mass

Newton’s second law expressed by Equation (1) is the physical definition of
force. Underlying Equation (1) are a number of assumptions concerning the
laws of motion. For example, the fact that Equation (1) involves a second
derivative with respect to time requires for its solution the knowledge of two
constants, namely the initial values of the coordinates and velocities, that is,
the first derivative of coordinate which is sufficient to determine coordinates
at all future instants of time. This fact can be deduced only from experimental
data. Further, Equation (1) defines the mode of interaction between bodies,
indicating that it is effected in the form of forces, imparting acceleration.
This assertion, too, derives from a generalization of experimental data only.

Newtonian mechanics makes a limiting assumption about force because
this mechanics, is valid only for velocities of bodies small in comparison with
the velocity of light. The force depends upon the mutual configuration of the
bodies at the instant to which the Equation (1) refers and is independent of
their configurations at preceding instants.

Mass m characterizing a body, has dimensions or units of measurement
very special one, unrelated to the units of displacement and time.

Experiments have established that mass is an additive quantity, meaning
thereby that the quantity characterizing a body as a whole is equal to the
sum of the these quantities for all its parts separately. The above principle of
additivity of mass applies to bodies made up of different substances.

In Newtonian mechanics the mass of a given body is a constant quantity
irrespective of the kind of motion it undergoes.

(iv) Laws of Conservation: Linear Momentum, Angular Momentum
and Energy

The force acting on each particle of a system made up of N particles is the
sum of two parts. One part is the internal force on the particle due to other
particles in the system and the other part is the external force arising due

Self-Instructional
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to sources outside the system. We can hence write the total force acting on,
say, the k™ particle as

F_/; - F_;(i)Jr F_/;(e) )

The net force acting on the system as a whole is thus
N N N
F=3F=YF"+3 K" 3)
k=1 k=1 k=1
According to Newton’s third law, internal forces are equal and opposite,
. . . . . - .
i.e., force acting on the kth particle due to the jth particle F; is equal and
opposite to that acting on the jth particle due to the kth particle F, (F;; =—F)

. In view of this we must have 0
1

N -
2E =0
k=1
and hence Equation (3) reduces to
N N _ ()

k=1

If p, is the linear momentum of the k™ particle, according to Newton’s
second law,

we get

F: © = —(py) (5)

Combining Equation (4) and (5) gives

g Yo d| > d —
F=YFY=Y"|p |=—
~ k ;dt(pkj di zpk
dP
R
or F =— (6)

g - . .
In the above, P = ) p; is the total linear momentum of the system.

If the sum of the external forces acting on the system is zero, i.e., if

7 (o) — -
F, =0, then we obtain

M=

>~
]

1

RN

- dP
F =0and — =0
dt
iR
or P =a constant (7)

We thus find that if a system of particles is devoid of any net external
force then the total linear momentum (magnitude as well as direction) of the



system remains conserved throughout the motion of the system. This is the
principle of conservation of linear momentum.
Total linear momentum is conserved in
(7) all processes of collision between particles,

(if) sudden splitting of a body into fragments such as in the bursting
of a bomb.
A quantity of interest in the motion of a particle or a system of particles
is the angular momentum. For the system that we have considered above,
the angular momentum of the k™ particle about the origin of coordinates is

N .

My = X pe=nxmr )

where m,_is the mass of the kth particle, py = my 7, is the linear momentum

vector of the kth particle, 7; being the velocity vector of the kth particle.
Using Equation (5) we have

PxF o= xd =4 7% p, || because ﬁ><1?—0
X B = X P (= X P o <P

d

EJ\Z{ (Using Equation 8)

N
Or’ I’kXFk =

If T, be the torque of the force E: about the origin of coordinates we
have by definition

T = 0 xE
In view of the above two equations, we obtain
T, =
: dt
Summing over all the particles in the system, we get
N N N
- d —» d —
k=1 k=1 k=1

)

M
= — (10)

U

N
or T

t
N
In the above =Y
k=1

Kl

is the net torque of the forces acting on the particles of the system about

N
the origin, and M = ZA/? « 1s the total angular momentum of the system
about the origin. k=l

Equation (10) shows that if a system is devoid of any external torque
about a point then the total angular momentum of the system about that point
is conserved.

Newton's Laws of Motion
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In order to measure the total effect of a force it is usual to consider
its line integral taken over the path of the particle from which it acts. From
Equation (5) we get

2, . 2 4
Fedr, = | —| pp |-d7
! kAT ‘!dt(pk] *
2
d 5 >
= | —|m,n, |-dr
'!-dt k Tk k
2
1 259
= J=m 1 (11)

1

The above line integral is a scalar quantity and in physics it is referred
to as the work done by the force when the particle undergoes a change of
configuration from 1 to 2. In order to consider its effects in terms of conserved
quantities it is assumed that the above work is stored up in the particle as the

kinetic energy of motion. The quantity %m,{ r;} * on the right hand side of

Equation (11) is thus defined as the kinetic energy 7, of the particle £.

Summing over all the particles of the system, we get from Equation (11)
2 N
I

where TV and 7 are the initial and final values of the total kinetic
energy of the system.

= Ltwoo 2 _ 72 _ 7
k=11 k

=1 1

N
In several systems ZF_}: d7, may be expressed as a perfect differential
k=1
—dV, where Vis a function of the position coordinates of the particles in the
system. Clearly, work done by the forces becomes independent of the actual
paths followed by the particles and instead depends only upon their initial
and final positions. Such systems are said to be conservative.

Thus, for conservative systems we get according to Equation (12)
o470 = po 4 TR (13)

Equation (13) tells us that total energy £ = T+ V of a conservative
system is a constant or the total energy conserved though it may be exchanged
between kinetic and potential energies.

We may note that there exists reality to kinetic energy but the same is
not true for potential energy. Potential energy in some sense is a fictitious
quantity. It is defined such that any change in its value is exactly compensated
by the changes in the kinetic energy.



Energy concept is of fundamental importance for mechanical systems
because all the mechanical properties of complex systems can be understood
by specifying the mathematical form of a limited number of scalar energy
functions. Analytical mechanics consists of a general development of the
above idea.

The conservation laws play an important role in mechanics. In some
cases the identification of conserved quantities may be regarded as the
solution to a problem.

Check Your Progress

1. Define a particle.

2. Express Newton’s second law.

1.3 KEPLER’S LAWS OF PLANETARY MOTION

Based on the observations made by Tycho Brahe, Kepler enunciated the
following three laws for the motion of planets round the sun.

Ist Law: Each planet moves in an elliptical path with the sun at one of the
foci of the ellipse.

2nd Law: The area swept by the radius vector (the line joining the sun to
the planet) in equal intervals of time is equal, i.e., the areal velocity of the
planet is a constant.

3rd Law: The square of the time period of revolution of the planet round the
sun is directly proportional to the cube of the semi-major axis of the ellipse.

Derivation of Kepler’s Laws

Consider a planet of mass M, moving under the gravitational attraction of the
sun of mass M . The force on the planet towards the sun when its distance
from the sun is 7 is given by

MM » k
F(r)= -G—"—=-— (14)
r r
where k= GMM_ = a constant (15)

The potential energy U(r) corresponding to the force F(r) is
dr k
- —[F(r)dr=k[==-=
Uy = =JF(r)dr=k["==7 (16)

In terms of the variable u, introduced in the previous section, we may
write Equation (16) as

U(lj = —hu (17)

u
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Newton's Laws of Motion Substituting Equation (17) in the differential equation of motion given

by Equation,
d’u m d 1
de’ M?*du \u
NOTES
we get
2
duw _ _md
do’ M? du
d’u vy o fm a8)
or Iy = —
d6* Mm?
The most general solution of the Equation (18) is
U= An;—];+uocos 0-9, (19)
where u_and 6 are constants. By orienting the coordinate system properly,
let us, for convenience, choose the constant 6, equal to zero so that the
Equation (19) takes the form
Y
B
\C X
i
r i
i
i
6 !
0
A
< L »' X
Fig. 1.1 Conic Section
1
- = k_rr; +u,cosO
r M
_ 1
or r = mk
—— +u,cos6
M
M2
mk
or r= # (20)
1+—%——cos0
m

Self-Instructional
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We find that for 6 = 0, 7 is the maximum, while for 6 = 0 + =,  is the Newton's Laws of Motion
minimum. We can thus interpret 6, which we have taken as zero, to represent
one of the angles corresponding to a turning point in the path of motion.

Equation (20) can be compared with the equation of a conic section
which is a curve AB as shown in the Figure 1.1. In the figure, O is a fixed
point called the focus and XY a fixed line called the directrix of the conic
section. Let C be any arbitrary point on the curve AB.

NOTES

OC = r(say)
Let CD be the perpendicular from the point C on the directrix.
CD = x(say)

Let the line OC make an angle 6 with the line drawn normal from the focus
to the directrix.

-
The curve AB is such that the ratio T 1s a constant. This constant ratio

is called the eccentricity of the conic section and is usually denoted by the
symbol e.

Let p be the distance of the directrix from the focus. We then get
according to the Figure 1.1.
p= x+700s0="+7rcosd

3
Semilatus rectum, which we denote by the symbol p of the conic section
is defined as

p = gp (= constant)

The above gives p= %
Thus, we get Pl rcosd = Z[1+&cos6]
€ € €
p
or = — 21
"7 Ttecosd @D

Equation (21) is the general equation of a conic section. Comparing
Equation (20) with Equation (21), we find that if motion takes place under a
central attractive force varying inversely as the square of the distance from
the force centre then the path is a conic section having the focus at the force
centre; the eccentricity and the semilatus rectum of the conic section being
given by

quZ

. 22)
MZ

- 23)

Self-Instructional
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Newion's Laws of Motion To know exactly the eccentricity of the conic section in which the
motion takes place we are required to find the constant _in terms of known

quantities.
NOTES For the motion which is under consideration, the total energy is given by
1 o, Mk
E= —mr + —— =constant 24
2 2mr? v

At the turning point corresponding tor =r,__ ,
M?* k
E=  E— (25)
2mrmin rmin

we get according to Equation (24)

From Equation (21) we have
p __ M’

o - 26
T e mk(1+e) (26)
Using Equation (26) in Equation (25) we obtain
M*m*k2(1+€)’  kmk(1+¢)
2mMm* m?
2
l+¢ 2
or E = lmk2( 2) —%(He)
2 M M
mk2 2 _ mk2 2
or E= 2M2[1+e +2£_2_2£J_2M2 (e2-1)
1
- 2ME |2 @n
or € =
mk?

Substituting for ¢ given by Equation (27), the equation for the conic
section in which the motion takes place is given by
M2
mk

. (28)

21 |2
1+ 1+2M2E cos0
mk

From Equation (27) we find that the eccentricity ¢ and hence the nature
of the conic section is primarily decided by the total energy E. We the get

(i) For £> 0, i.e., the total energy being positive, the eccentricity is
greater than 1 and the conic section is a hyperbola,

(if) For E=0, the eccentricity is 1 and the conic section is a parabola,

Self-Instructional
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(iii) For E <0, i.e., the total energy being negative, the eccentricity is =~ Newton's Laws of Motion
less than 1 and the conic section is an ellipse,

(iv) For eccentricity equal to 0, the conic section is a circle.

For the motion of the planet in the gravitational field of the sun which NOTES
is being considered presently we have the following:

Kinetic energy and potential energy of the planet when it is at a distance
r from the sun and has velocity v are

_ 1 2
T = EMPV
MM,

2
7

and U= -G

Clearly, the total energy of the planet is

1 ) MM,
E=T+U=—M v" -G (29)
2 ° r

The necessary centripetal force for the planet to move along the conic
is provided by the gravitational force of attraction on the planet due to the
sun. Thus, we have

or MV = G—2L (30)

Using Equation (30) in Equation (29), we get

1 MM MM 1 MM
E= =G L_g—L=—-cg—2~ @31)
2 r r 2 r

We find the total energy E of the planet to be negative. Clearly, the
eccentricity of the conic section is less than 1, and consequently the planet
goes round in an elliptic path with the sun at one of its foci. This is Kepler’s
first law.

We have seen that in the case of motion under central force, the angular
momentum is a constant of the motion Equation

)

P= 5 =mr*® = constant = M(say)

mr*@ = constant = M (32)

Self-Instructional
Material 13



Newton's Laws of Motion
Q(z +dr)
NOTES P(1)

¥—___ Section of the

planct's orbit

do

Fig. 1.2 Positions of the Planet

Consider Figure 1.2, in which the positions of the planet on its path
of motion at two instants of time ¢ and ¢ + dt are shown. During the interval
dt the area swept dA by the radius vector is the area of the shaded region.
Since dt is infinitesimally small, the arc PQ can be considered as a straight
line. Hence, we get

dA = Area of the triangle OPQ

=lrrd9=lr2d6
2 2

Thus, the areal velocity of the planet is
dA 1 ,do 1 5.
— —r —==r"0
dt 2 dt 2

In view of Equation (32), the above becomes

dA 1M
— = ——=constant (33)
dt 2 m

The above is the Kepler’s second law of planetary motion.
Kepler’s third law can be proved as follows:

If a be the semi-major axis of the ellipse in which the planet moves,
we get by definition

(34)

Substituting for p given by Equation (23), we get
M2
mic(1-¢7)

a =

Self-Instructional
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2

M
or 1-¢g= — (35)
mka

Using Equation (35) in the expression for £ given by Equation (27),
we get

K Mk
= _m_2_ =—— (3 6)
2M* mka 2a
The semi-minor axis b of the ellipse is related to a and ¢ as
1
b= a(l-€) 37)
Using Equation (35) the above becomes
1
M Ma?
b= a =4 (38)

(mka)% (mk)%

Let T be the time period of revolution of the planet in its elliptic orbit.
We then have

T
dA

Area of the ellipse = j — |dt
o\ dt

M

or nab = —T
2m

or T = 2—mnab

Substituting for a and b in the above, we get
1 3
2m _ Ma? _ 2mma?

(mk)% (mk)%

Substituting for &, the above gives

4752 3

or T’ = a
(M, +M,)GM M,
4 2
or L A— (39)
G(M,+M,)
Thus, we find that
7% a’ (40)

The above is the Kepler’s third law of planetary motion.

NOTES
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Check Your Progress

3. Define Kepler’s first law of planetary motion.
4. State Kepler’s second law of planetary motion.

5. What is meant by Kepler’s third law of planetary motion?

1.4 STABILITY OF ORBIT

General Description of the Stability of Planetary Orbits

First, we briefly look at the general character of the long-term stability
of planetary orbits. Our interest here focuses particularly on the inner
four terrestrial planets for which the orbital time-scales are much shorter
than those of the outer five planets. As we can see clearly from the planar
orbital configurations shown in Figures 1.3 and 1.4, orbital positions of
the terrestrial planets differ little between the initial and final part of each
numerical integration, which spans several Gyr. Here Gyr refers to Billion
years. A billion years (109 years) is a unit of time on the petasecond scale,
more precisely equal to 3.16x1016 seconds. The solid lines denoting the
present orbits of the planets lie almost within the swarm of dots even in the
final part of integrations (b) and (d). This indicates that throughout the entire
integration period the almost regular variations of planetary orbital motion
remain nearly the same as they are at present.

2 2 . . .
(a) fps (b)
1t 1 ; .
"..-' ey M, )
4 : \'\
o 0 11 i
| £ % i
\ . P
s e #
- a f —
E-} -2
2 1 (1] 1 2 -2 1 4] 1 2
2 g : ; ’
(c) it (d)
1 1 i~ k
% i ey g
. / T & § k vedh ] |
."‘--;\___N\“-;__I:/"// !
1 1 i Ty
-2 -2
-2 1 1] 1 -] 1 4] 1 2

Fig. 1.3 Vertical View of the Four Inner Planetary Orbits for N_,



Figure 1.3 illustrates the vertical view of the four inner planetary orbits
(from the z -axis direction) at the initial and final parts of the integrations
N_,. The axes units are au. The x- and y- plane is set to the invariant plane of
Solar system total angular momentum.

(@) The initial part of N (#=0 to 0.0547 x 10 9 yr).

(b) The final part of N, (£ =4.9339 x 10 8 to 4.9886 x 10 9 yr).
(¢) The initial part of N (#=0 to —0.0547 x 109 yr) .

(d) The final part of N_ (#=-3.9180 % 10 9 to —3.9727 x 10 9 yr).

In each panel, a total of 23 684 points are plotted with an interval of
about 2190 yr over 5.47 x 107 yr. Solid lines in each panel denote the present
orbits of the four terrestrial planets.

i, @ s, (b)

Fig. 1.4 Vertical View of the Four Inner Planetary Orbits for N,

Same as in Figure 1.3, but for N, .

(a) The initial part of N (=0 to 0.0547 x 10 ° yr).

(b) The final part of N, (t=4.9829 x 10 ® to 5.0376 x 10 ° yr).

(c) The initial part of N, (t=0 to —0.0547 x 10 ° yr).

(d) The final part of N, (t=—3.9726 x 10 ° to —3.9179 x 10 ? yr).
The variation of eccentricities and orbital inclinations for the inner four

planets in the initial and final part of the integration N, | is shown in Figure 1.5.
As expected, the character of the variation of planetary orbital elements does

Newton's Laws of Motion
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Newton's Laws of Motion not differ significantly between the initial and final part of each integration,
at least for Venus, Earth and Mars. The elements of Mercury, especially its
eccentricity, seem to change to a significant extent. This is partly because the
orbital time-scale of the planet is the shortest of all the planets, which leads

NOTES to a more rapid orbital evolution than other planets; the innermost planet
may be nearest to instability. This result appears to be in some agreement
with Laskar’s expectations that large and irregular variations appear in the
eccentricities and inclinations of Mercury on a time-scale of several 10° yr.
However, the effect of the possible instability of the orbit of Mercury may
not fatally affect the global stability of the whole planetary system owing to
the small mass of Mercury.
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Self-Instructional Fig. 1.5 Variation of Eccentricities and Orbital Inclinations

18 Material



Figure 1.5 illustrates the eccentricities and inclinations of the four inner ~ Newton’s Laws of Motion
planetary orbits in the initial and final parts of the integration N,,. Where,

(a)—(d) Eccentricities of Mercury, Venus, Earth and Mars at the

beginning of the integration. NOTES

(e)—(h) Inclinations of Mercury, Venus, Earth and Mars at the beginning
of the integration.

(1)—(1) Eccentricities of Mercury, Venus, Earth and Mars at the end of
the integration.

(m)—(p) Inclinations of Mercury, Venus, Earth and Mars at the end of
the integration.

All the elements are reckoned on the Solar system invariable plane
with a heliocentric origin. The unit of inclination is the degree. The orbital
motion of the outer planets seems rigorously stable and quite regular over
this time-span.

1.5 CLASSIFICATION OF DYNAMICAL SYSTEM

In mathematics, a dynamical system is a system in which a function describes
the time dependence of a point in a geometrical space. Examples include the
mathematical models that describe the swinging of a clock pendulum, the flow
of water in a pipe, and the number of fish each springtime in a lake, and so on.

At any given time, a dynamical system has a state given by a tuple of
real numbers (a vector) that can be represented by a point in an appropriate
state space (a geometrical manifold). The evolution rule of the dynamical
system is a function that describes what future states follow from the current
state. Often the function is deterministic, that is, for a given time interval only
one future state follows from the current state. However, some systems are
stochastic, in that random events also affect the evolution of the state variables.

In physics, a dynamical system is described as a “particle or ensemble
of particles whose state varies over time and thus obeys differential equations
involving time derivatives.” The dynamical system define the key theoretical
concepts of phase space and fixed points (or limit cycles). Fundamentally,
the concept of a dynamical system has its origins in Newtonian mechanics.
There, as in other natural sciences and engineering disciplines, the evolution
rule of dynamical systems is an implicit relation that gives the state of the
system for only a short time into the future. The relation is either a differential
equation, difference equation or other time scale. Following are the standard
classifications of dynamical systems.

Self-Instructional
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1.5.1 Dynamical Systems of Order n

A dynamical system of order # is defined as follows:

1. The state of the system at any time t is represented by n-real variables
as coordinates of a vector 7 in an abstract n- dimensional space as,

(X, x,x,~ox =7

We refer to this space as the state space of simply phase space in keeping
with its usage in Hamiltonian dynamics. Thus the state of the system
at any given time is a point in this phase space.

2. In the time evolution of the system, motion is represented by a set of
first order equations also called as the ‘equations of motion’ and is
expressed as,

dx

jzvl(x,,xp -,xn,t)

dx

th:vz(xl,xz, , X, 1)

dx”— .o

" —vn(xl,xz, ,xn,t) a1
Or simply,

%:V(F,t)

Where,

V= {VI,VZ,"', Vn}

This is called the velocity function. While we use the notation x and
v in analogy with mechanics, they do not always have the usual meaning
of position and velocity.

The above mentioned Statements 1 and 2 together define a
dynamical system of order n. If the velocity function does not depend
on time explicitly, then the system is time independent or autonomous.
The set of all possible motions in called phase flow. The name phase
flow may be understood by imagining a fluid flowing in the phase space
with velocity v . The direction and magnitude of the flow at any point in
phase space is determined by the velocity vector.

For the solution to be unique requires v'to obey certain conditions.
Without going to mathematical details, it suffices to say that the solution
of the differential Equations (41) are unique if the velocity vector v is a
continuous function of its arguments and at least once differentiable. With
the time evolution, the initial state of the system (denoted by a point in the



phase space) evolves and follows a continuous trajectory which we shall =~ Newton's Laws of Motion
call a phase curve which may be closed or open. Distinct phase curves are

obtained when the initial state of the system is specified by a point which

is not one of the points on the other trajectory. This leads to an important

fact that two distinct trajectories cannot intersect in a finite time period. NOTES

1.5.2 First Order Systems

This is the simplest case of a dynamical system. The equation of motion is

given by,
% = v(x.1)

Where v is the velocity function. For any given v(x, £), x(¢) is completely
determined given x(7) at some ¢ = {. If, in particular, the system is autonomous,
or v is not explicitly dependent on time then the solution can be written as,

- :J'X(t) dx’
0 x(to) v(x')

Thus the solution x(#) depends only on the difference (¢ = 7). Thus the
time evolution of the system depends entirely on the time elapsed no matter
where the origin of time is fixed.

1.5.3 Second Order System

The phase space is two dimensional and each point in the phase space is
characterized by two real numbers (x, y).

F(t)= (x(2), ()

Dynamical evolution of the system is governed by the system of
equations,

dx

E =v, (x,y, t)

dy

E =V, (x, y,t)
Or simply,

% = \7(x, y,t)

The solution of the equations defined by the velocity vector v has a
unique solution for all time with the initial condition 7 (¢, )= (x,,», ). If the
system is autonomous then of course there is no explicit dependence on time
in the velocity function.

Self-Instructional
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Newton'’s Laws of Moti Lo . . . I .
wton’s Laws of Motion The solution 7 () obtained with a particular initial condition defines a

continuous curve called the phase curve. The set of all phase curves tracing

the actual motion is called phase flow. Note the phase curves exist only when
NOTES d > 2. For d = 1there are only phase flows. The equation of the phase curve
for an autonomous system of order 2 is given by,

& _nxy)
dx v, (x,y)

Check Your Progress

6. Define a dynamical system and give its examples.
7. What is phase flow?

1.6 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. A particle is defined as a body whose position in space can be exactly
defined by three coordinates which may be cartesian, spherical polar,
cylindrical, etc. This is an idealization and does not apply to any real
body.

2. Considering the concept of a mass point, the law of motion, namely
Newton’s second law for a body, can be written as

d*r

N
m—s—=F
dt

In the above, F is the resultant of all the forces applied to the body
o d

y 2r is the acceleration vector. The quantity m characterizes the
t

and,

mass point and is called its mass.

3. Each planet moves in an elliptical path with the sun at one of the foci
of the ellipse.

4. The area swept by the radius vector (the line joining the sun to the
planet) in equal intervals of time is equal, i.e., the areal velocity of the
planet is a constant.

5. The square of the time period of revolution of the planet round the
sun is directly proportional to the cube of the semi-major axis of the
ellipse.

6. In physics, a dynamical system is described as a “particle or ensemble
of particles whose state varies over time and thus obeys differential

Self-Instructional
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equations involving time derivatives.” Examples include the
mathematical models that describe the swinging of a clock pendulum,
the flow of water in a pipe, and the number of fish each springtime in
a lake, and so on.

7. The set of all phase curves tracing the actual motion is called phase
flow.
1.7 SUMMARY

If a system of particles is devoid of any net external force then the
total linear momentum (magnitude as well as direction) of the system
remains conserved throughout the motion of the system.

if motion takes place under a central attractive force varying inversely
as the square of the distance from the force centre then the path is a
conic section having the focus at the force centre; the eccentricity and
the semilatus rectum of the conic section being given by
u,M? M?
and p=—
mk mk

e =

Kinetic energy and potential energy of the planet when it is at a distance
r from the sun and has velocity v are

M M

1 s
T= —M v’ and U=-G 2p
2 °F r

All the elements are reckoned on the Solar system invariable plane
with a heliocentric origin.

A dynamical system is a system in which a function describes the time
dependence of a point in a geometrical space

At any given time, a dynamical system has a state given by a tuple
of real numbers (a vector) that can be represented by a point in an
appropriate state space (a geometrical manifold).

Two distinct trajectories cannot intersect in a finite time period.

1.8

KEY WORDS

Linear momentum: It is the product of the mass and velocity of an
object. It is a vector quantity, possessing a magnitude and a direction
in three-dimensional space.

Mass: It is a measure of the amount of matter in an object. Mass
measures the quantity of matter regardless of both its location in the
universe and the gravitational force applied to it. An object>s mass is
constant in all circumstances.

Newton's Laws of Motion
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Newton's Laws of Motion e Dynamical system: It is a system in which a function describes the
time dependence of a point in a geometrical space.

o Phase flow: The set of all phase curves tracing the actual motion is

NOTES known as phase flow.

1.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write short notes on the followings:
(i) Frames of reference
(ii) Mass point or mass
2. Derive Kepler’s first law of planetary motion.
3. Give a general description of stability of planetary orbits.

4. Write a short note on dynamical systems of order n.
Long-Answer Questions

1. Give a detailed account of Newton’s laws of motion.
2. Discuss Kepler’s laws of planetary motion.

3. Describe first and second order dynamical systems.
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UNIT2 LAGRANGE EQUATION

Structure

2.0 Introduction

2.1 Objectives

2.2 Lagrange’s Equations for Simple Systems
2.2.1 Important Properties of the Lagrangian Function
2.2.2 Lagrangian of a Particle Moving Freely in Space

2.3 Principle of Virtual Work
2.3.1 Virtual Displacement
2.3.2 Virtual Work

2.4 D’Alembert’s Principle

2.5 Lagrange’s Equations for Generalized/Conservative Systems
2.5.1 Applications of Lagrangian Formulation

2.6 Answers to Check Your Progress Questions

2.7 Summary

2.8 Key Words
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2.0 INTRODUCTION

Swiss mathematician Leonhard Euler and Italian-French mathematician Joseph
Louis Lagrange evolved Lagrange’s equation in relationship with their
discussion of the tautochrone problem. They used Lagrange’s method
to mechanics, which led to the formation of Lagrangian mechanics.
Lagrange’s equation is a second-order partial differential equation whose
solutions are the functions for which a given functional is stationary. In this
unit you will study Lagrange’s equations for simple systems and important
properties of the Lagrangian function. You will learn principle of virtual
work and D’ Alembert’s principle. You will derive Lagrange’s equation for
general and conservative system. Application of Lagrangian formulation is
also discussed in detail.

2.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain Lagrange’s equations for simple systems

e Define gauge function, law of inertia, central force and virtual
displacement

e Understand D’ Alembert’s principle and principle of virtual work

e Derive Lagrange’s equations for general and conservative systems
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e Discuss applications of Lagrangian formulation

e Describe important properties of the Lagrangian function

2.2 LAGRANGE’S EQUATIONS FOR SIMPLE
SYSTEMS

Using Hamilton’s principle of least action, it is possible to derive the
dynamical equations for the system under consideration.

We have the Lagrangian of the system given by
L= L(qper Qg Gy e s 1)
For convenience, we may write L in a shorter form as
L= L(441) )
In the above, g, stands for all the coordinates and ¢, stands for all the
velocities which describe the system.

g,’s in general depend on time explicitly so that we should write g,(?)
instead of ¢,. Let ¢,(f) be replaced by g,(¢) + 6g,(¢). where 8¢, (?) is a small
variation in g, (?) in the interval of time from time ¢, to time ,. The variation
of action § for fixed 7, and 7, is then

tp )
oS = JL(Qk +8q;, 4y +54k,f)df—J.L(Qk’Qk’t) (2)

Ul |
The major contributions in the expansion of L (g, +8g;,q; +8¢;.t) in
powers of 6g, and 8¢, are of the first order. Hence, for S to be an extremum,

these terms should be zero. Thus, Hamilton’s principle given by the following
equation:

n
takes the form,

b s oL ..
3§ = SJL i»Got)dt = J.Z(_qu : qujdtzo 3)

4 4 k=1 dk ak

We may note that ¢ is fixed in the d-variation under consideration. The
following identity holds

8, = i (qu) 4)

Using Equation (4) in Equation (3) we get

oS Ti[TquJ‘” ji

tlkl



t t Lagrange Equation
(y[2ks dt+i{aL5' }2 2{ 9L s }d 0 (5
or oS = —&q —8, ¢ — q
;!.; o Slog = T
Since variations at the end points are zero, i.e.,
0q,(t,) = 0=25¢q,(1,) (6)
Equation (5) becomes

55 = Ti(—ﬁqkj jkz [ ]qudt

l‘lkl

or 5= Y j[a—L—%( S Hsgkdr ()

k= Iqy

NOTES

The result given by Equation (7) holds for all arbitrary variations
provided the coefficient of 3¢, in the integrand on the right hand side vanishes
for each k. We thus obtain

a_L_i[aLJ=0

dqy  dt| 94,
d(oL) oL _ . .
or ELEJ—E = 0, (k 1, 2, ..... ,S) (8)

The above set of s number of second order differential equations
satisfied by the Lagrangian of the system are called the Lagrange’s equations
of motion.

Lagrange’s equations of motion given by Equation (8) can be seen to
follow directly from Euler-Lagrange equation given by Equation

[ e ] ai k=1 s

dv | o' U . If in the function f'given by Equation
(f = f (s es ¥ Y15 00 Vs X) we replace y,, ....., y, by the generalized
coordinates g, ....., g, respectively, y’, .....,y by the generalized velocities
s -ees G respectlvely and x by ¢ then the functlon fcan be identified as the

Lagrangian L(gq,, ...... 4, ¢y -----» - t) and the Euler-Lagrange equations given

by Equation

af ai k=1 s
dx o ayk’ yeens

become the Lagrange’s equations

d(oL) oL
E(aj— aqk, k 1,.....,S.

Self-Instructional
Material 27



Lagrange Equation

28

NOTES

Self-Instructional
Material

2.2.1 Important Properties of the Lagrangian Function

In this section we discuss the important properties of the Lagrangian function
and attempt to find its meaning, i.e., to find whether or not the Lagrangian
function is representative of some physical quantity of the system under
consideration.

(i) Lagrangian is Gauge Invariant

The Lagrangian function of a system having s degrees of freedom and
described by the generalized coordinates ¢, ....., ¢ and the generalized
velocities g, ....., ¢, 1s given by

L= L(Gy s Ggs Gy ooever o 1) = L (s G ) 9)
Consider an arbitrary function F= F (g, ......q,, t)=F (g, t) and define

anew function L'(g.q.t) as

. . d
L'(qk:qk,t) = L(qk,qkat)"_ZF(qk:t) (10)

The action of the system between the time limits 7, and ¢, is the time
integral

[5)
S= [ L(ge.dy.t)dr (11)
Ul

Let us consider the time integral of the new function L' between the
same time limits

)
S'= [L'(qusdest)dr (12)
4

Using Equation (10) in Equation (12) we get

)
. d
S = J.[L(Qk»‘kat)"‘EF(Qkat)}dt

4

%) t
. d
= JL(qk,qk,t)dt+JEF(qk,t)dt

h i}
or S = S+{F(qk,t)};2 (13)
Taking 6-variation of Equation (13) we get
85 = 85+8{F (g.1)};
or, 85'-8S = S[F(qk,t)l:tz —S[F(qk,t)]t:tl =0 (14)

because 6g, =0 at7=¢ andatz =1,
According to Hamilton’s principle we have
05=10



In view of this and Equation (14) we find Lagrange Equation

38" =0 (15)
The condition 85’ = 0 leads to equations of motion which are the same
as those given by the condition &S = 0. Hence, we may identify the function NOTES

L' given by Equation (10) also as the Lagrangian of the system.

From the above we may conclude that the Lagrangian of a system
cannot be defined uniquely, but can be defined only within an additive total
time derivative of any function of coordinates relevant to the system and time.

The arbitrary function F (g, ....., g, t) = F (g, t) is called gauge function.

Hence, the above result shows that Lagrangian of a system is gauge invariant.

(ii) Lagrangian is Additive

Let A and B be two non-interacting parts of a mechanical system. Let L,

and L, be their Lagrangians, respectively. By additivity, we mean that the
Lagrangian of the whole system is given by
L=L,+L, (16)
A consequence of this property is that the equation of motion of the part
A are completely independent of the quantities of the part B and vice-versa.
(iii) Lagrangian of a System is Arbitrary within an
Overall Multiplicative Constant

This property means that if the Lagrangian is multiplied by any arbitrary
constant then the equations of motion remain unaltered.

2.2.2 Lagrangian of a Particle Moving Freely in Space

Consider a particle of mass m moving freely in space with respect to the

origin of an inertial frame of reference. Let 7 be the position vector of the

N
particle at the instant of time ¢. Let v be the velocity of the particle at the

instant ¢ as observed from the frame under consideration. The Lagrangian
function of the particle is given by

- -

L=L(r,v,o (17)

From the symmetry properties of space and time with respect to an

inertial frame, namely, homogeneity and isotropy of space and homogeneity

of time, the Lagrangian for the free particle must be invariant with respect

to (i) Translation in space (i7) Rotation in space about any axis, and
(7ii) Translation in time.

In other words, L cannot be an explicit function of 7 and 7. Further, L
should not depend upon the direction of the velocity of the particle. Thus, L
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can only be a function of the magnitude of the velocity of the particle. Thus,
we may write

L= L(OP) (18)

According to Equation (8), Lagrange’s equation of motion for the
system is given by

afa)_ o
Mav) a7
dfa)_of. o,
oV ar
oL .
or, —= A constant of motion (19)
v

Since L is a function of only velocity, the above equation leads to

v = Constant of motion (20)

Equation (20) is the law of inertia according to which a particle which

moves without the influence of any external agent has a constant velocity
vector.

To find the exact form of the function L(v?), consider two inertial frames
of reference Sand S’ , where S’ moves with an infinitesimal uniform velocity,

say €, with respect to S. Let L and L' be the Lagrangians of the particle as

observed from the frames § and S’ , respectively. Since the equations of
motion remain the same in all inertial frames, we must have L and L', different
by only a total time derivative of a function of coordinates and time. We have
according to Equation (10)

L = L(v'z)zL(v2 12 g+82}

=L (v2 ) +27- Zaa—Lz +terms with higher order of €
v

L4278 0k

n?
L—L= 2?-28% @1)

Thus,

Now for L' — L to be a total time derivative of a function of coordinates

. . . . oL
and time, we must have L' — L as a linear function of 7, 1e., Ew) to be
v

-

independent of the velocity. Further, aa—f = 0. We thus find that L must be



proportional to v, i.e., L oc V2. To assign a physical meaning to L, we take Lagrange Equation

. . 1 .
the constant of proportionality as 5™, S0 that we can write

L= %mvz = Kinetic energy of the particle. (22) NOTES

In order to obtain the Lagrangian function for an assembly of particles
(non-interacting or interacting) we need to consider the important properties
which the Lagrangian of the system possesses.

Check Your Progress

1. What are the Lagrange’s equations?
2. What is the equation for the Lagrangian function of a system?
3. What is gauge function?

4. Define law of inertia?

2.3 PRINCIPLE OF VIRTUAL WORK

The work of a force on a particle along a virtual displacement is known as
the virtual work. The principle of virtual work explains that in equilibrium
the virtual work of the forces applied to a system is zero.

2.3.1 Virtual Displacement

Consider a system of N particles 1, 2, ....., N having s degrees of freedom. Let
q,» 4, -----» 4, be the generalized coordinates that describe the system. The
configuration space of the system is s-dimensional. At any instant of time ¢,
the configuration of the system is specified by a point in the configuration
space, the point being defined by a particular set of values for the generalized
coordinates.

Let the system be subjected to arbitrary displacement in the
configuration space consistent with the constraints imposed on the system at
the instant. The corresponding change in the configuration of the system is
independent of time, i.e., no actual displacement of the system occurs with
respect to time. Such displacements in the configuration space are called
virtual displacements. It is usual to denote virtual displacement of the
generalized coordinates, say g, as 0q,.

The concept of virtual displacement has been found useful for
mathematical analysis of the properties of mechanical systems.
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2.3.2 Virtual Work

Consider the system of N particles described above. Let 17]) , Ii - F_])V be the
forces acting on the particles. If we consider the system to be in equilibrium,
we have

N

Fo=0 (k=1,2,..,N)
(23)

Let ;1), r_; e Z:, be the equilibrium position vectors of the particles.

Let 82, 52 N 817v be the infinitesimal virtual displacements of the
particles from their equilibrium positions.
We then have according to Equation (23)
NS
N Fi-8r,=0 (24)
k=1
However, if the forces 17} are continuous functions of positions then

the left hand side of Equation (24) can be interpreted as the net work done
in the virtual displacements of the particles. If the system changes from its
equilibrium configuration, we may write Equation (24) as

SW=0 (25)

The result given by Equation (25) is referred to as the principle of
virtual work.

Let us consider the presence of constraints in the system. We then have
-
the force on any particle as a vector sum of the applied force F'* and the
-
force of constraint F*) . Thus, we get
— - -
F, =F“+F" (26)

Equation (24) then becomes

N > — N
S| Ao+ Fo |6 <o

k=1

N — N - N
or S ED 85+ Y F98r, =0 (27)
k=1
Unlike in Equation (24), the left hand side of Equation (27) can not be
interpreted as the net work done in the virtual displacements of the particles
-
of the system. This is because forces of constraints F’ ’s are not continuous

functions of positions.



Let us restrict our considerations to only such systems for which Lagrange Equation

F9.87, 20 (28)
For all 6r, which are consistent with the constraints, from Equations NOTES
(27) and (28), we get
S F@-8r, <0 (29)

k

The only forces involved in Equation (29) are the applied forces which
may be considered as continuous functions of positions, in general. We are
then in a position to interpret the left hand side of Equation (29) as the net
work done by the applied forces during the virtual displacements of the
particles consistent with the constraints and express Equation (29) as

5= F .65, <0 (30)

Let the virtual displacements under consideration be restricted to displacements
which are reversible in the geometrical sense. Denoting reversible

displacements by S’r_k) we get from Equation (29)
Y 9.8 5 <0

Also, ZF:(”)- [—S'r_,z )s 0
The above two results hold only if

YO8 =0 (31)
Equation (31) is the generalized form of the principle of virtual work.
The principle can be stated as follows:

The work done in infinitesimal reversible virtual displacements,
consistent with the constraints, from the equilibrium configuration of
a system is zero.

It is important to note that the equilibrium of the system we have
referred to in the above discussion is static equilibrium. If we extend this
argument to systems in motion, we obtain another important principle called
the D’ Alembert’s principle.

Check Your Progress

5. What are virtual displacements?
6. Write the equation that we refer for virtual work.

7. Define the principle of virtual work.
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2.4 D’ALEMBERT’S PRINCIPLE

It r_,: is the radius vector of the ™ particle in the system of particles considered

above we have the equation of motion of the particle

- d LN
Fo=— 32
kT my ¥y (32)
d .
or 14:,1—5 myr, |=0 (33)

- . . . . . . . .
If 37, is an infinitesimal virtual displacement of the particle, we obtain

from Equation (33)

= d AN

F, &1 =0
—— | m 1 || 0K =
kdt k "k k

Considering all the particles in the system, the above equation gives
| A mr |80 =0 (34)

In the presence of constraints in the system, the above equation can be

written as
- -
-~ d
- - d .
or, PSR EDY RO mer, |[-8n,=0  (35)
k k

Once again restricting our consideration to only such systems for which
-
F987, 20

for all Sr_k) which are compatible with the constraints, we get from
Equation (35)
E{Fﬁ_i[ﬁ ]] 81 <0 (36)
- dt

-

d . .
where p, =m, E(r—k)) is the momentum of the k™ particle.



Further, considering only such virtual displacements which are

. 7 4 .
reversible and denoted as 6’7, we obtain

; E,fw_%[jj 87, <0 37)
and also

) E,f@—%[;kj -[—serso (38)
Simultaneous validity of Equations (37) and (38) gives

3|5l ﬂ 87 =0 (9)

The term ZFk(a) &’ r: is the net work done by the applied forces in the
k

course of virtual displacements of the particles of the system. It is usual to

d . . . 1 .
call _E[ e ] as the force of inertia which may be denoted as F” . In view

of this we may write Equation (39) as

- - N
SIFEO+FD |87, =0
k

(40)
[Fk(”)+ EY )] can be called the effective force on the k™ particle and

N
denoted as F™. We can then write Equation (65) as

(41)

Equations (39), (40) and (41) are different mathematical forms of
D’Alembert’s principle. The principle may be stated as follows:

N
szeff . 8/,7]: =0
k

For any dynamical system, the total work done by the effective force is
zero in the course of reversible infinitesimal virtual displacement compatible
with the constraints imposed on the system.

It is important to note that the coefficients of S’r_,: in Equation (39),

(40) and (41) cannot be put equal to zero because 5’;,: are not independent

of each other.
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2.5 LAGRANGE’S EQUATIONS FOR
GENERALIZED/CONSERVATIVE SYSTEMS

Consider a mechanical system of N particles. At some instant of time ¢, let

Koty Ty bethe position vectors of the particles with respect to some fixed

origin. If the system is described by s generalized coordinates ¢, ....., g,
then we have the transformation equations

— -

o= 1(q e g t) . (i=1 .y N) (42)

Velocity vectors for the particles are then given by

o iSO OF
v = =

Bt RS it B - 4
! dt kzlaqqu ot (43)

Ifo ;,) is an infinitesimal virtual displacement of the i™ particle, we get

or: o
5 = > —L8q; +—Ldt
7 94, J
However, since virtual displacement does not refer to displacement
-
. ) ar; .
with respect to time, we have a—:’ = 0 and hence we obtain
87 = X Tsy, (44)
7 94,

S| Ep 57 = 0 (45)

where F; is the actual force acting on the i particle and p, is the reverse

1

effective force. Using Equation (44) in Equation (45) we get

SN 8;)
2| Fimp |- 258, = 0
i 70,
- 87 = (—97
or D F =8, - pi o8 =0
7 oa; T 9g
5 9n
or ZQquj—Zpio—qu =0 (46)
j i %4
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Noodr
where 0= YF-—t 47)
! i=1 a‘lj
are the components of the generalized forces. NOTES
We further have
5 97 = 37
pi-5-0q; = Q2 mr——9q,
zz} dq; zzj" dq;
- -
d - adn > d|adr
= lmor— w18, (48
,Z;‘ dt i i aqj i i dt aqj a;  (48)
Now
dlon | _ g afon|  alon
di| g, | “ag,|9q, [ 9| 0,
< - 7
T 9q,q, * 01dq,
37 37
— i q~k+ i
T 09,04, dq ot
_ A gon, o
oq, | “ag, ™" o
d|or 3 dr, _dv,
il e S S A 4
or dt| dq, dg; dt 9dq; (49)
We have from Equation (43)
W A gan, o
dg;  dq,|%9q, " ot
o, on
or —+ = -+ 50
%, 2, (50)
Substituting Equations (49) and (50) in Equation (48) we obtain
- - -
- dr, d - dv, - dv,
g = Zlmov o —L —m v, - —L |8g.
%p, 20, 2, | ™" g T g, [
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d 8 1 2 a 1 2
el (3 oz o -

Jaf | dT
- Z[ dt[a%} gj}% (52)

where 7= Z—m v; = Kinetic energy of the system of particles.

Using Equation (51) in Equation (46) we then obtain
8T _oaT
The above can be re-written as
d(oT | oT
B e s M
;[dt[aqj] 3, Q} q; =0 (53)

For holonomic constraints, q,'s are independent of each other and hence
the coefficient of each 8¢, in Equation (53) separately vanishes giving

d|oT | oT

—| === =0:;(=1, ... 54

dt[aqu 0; (=1, 5) (54)
Considering the system under consideration to be conservative, the

potential energy U of the system is a function of only the position vectors,

1e., U :U(;f, ..... ,r?v) and force on each particle can be derived from the

potential energy function U according to

- (55)

N
ar;

et

The generalized force O, given by Equation (47) can thus be written as

NooUuar U
= Y =0 56
QJ i=1 arl aqj aq] ( )

In view of Equation (56), we get from Equation (54)

dfor ) or _ U
dt| 9q; | dq; dq;
do(T) J(T-U) _

dt 9q; g,

or

Since U does not depend on the generalized velocities, the above
equation can also be written as

d o 0
Z E(T-U)-——(T-U) =
& aqj( ) ac]j( ) =0 (57)



If we replace T— U by L, Equation (57) becomes Lagrange Equation

d| oL oL
—|=— |-=—= 58
dt[aqj] aq; 0 (58)
Since T is a function of the generalized velocities ¢,’s and U is a NOTES

function of generalized coordinate ¢,’s, we find L to be a function of
coordinates, velocities and time in general, and in view of Equation (58) we
can identify L as the Lagrangian function of the system. Thus, for a
conservative system we obtain

L = Kinetic energy of the system — Potential energy of the system

2.5.1 Applications of Lagrangian Formulation

1: Motion of a Simple Pendulum Placed in a Uniform Gravitational Field

A simple pendulum consists of a point mass m at one end of a weightless,
inelastic string of length /, the other end being rigidly clamped. The mass m
can swing back and forth in a vertical plane about the position of rest once it
is displaced from the position of rest and released. As the mass is constrained
to move on a circular arc in the vertical plane, the pendulum has only one
degree of freedom. Thus, the pendulum is described, at any time, by only
one generalized coordinate which can be conveniently taken as 0, the angle
the string makes with the vertical as shown in Figure 2.1.

————— X Reference zero level
of potential encrgy

y

-
1
I
I
|
|
|
I
1
|
I
I
|
|
|

I
|
v
Y

Fig. 2.1 Movement of Pendulum

If x and y are the coordinates of the mass point with respect to the origin
at the point of suspension O, then we have

x=1[sin®
y=1cosB

The kinetic energy of the point mass is

T= %m(x2 +)>2)=%m[(lcosé)2 +(—lsiné)2}

N 2042 1 2 AR
or T= Eml [cos 06~ +sin 99]
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or T= %mlzéz (59)

The potential energy of the point mass in the gravitational field is

V= —mgy=—mglcos O (60)
The Lagrangian of the pendulum is thus given by

L=T-V= %mzzé2 +mglcos® (61)
The Lagrange’s equation for the coordinate 0 is
d(oL) _ oL
dl| 96 20
Using L given by Equation (61), the above gives

i[lm1229i| = —mglsin®
dt| 2

d . .
or —mlo = /sin O
dtm mg
or 19 =—-g Sin 9
.o _ g .
or 0 = —751n9 (62)

Considering 6 to be small, we get sin 0 ~ 6 and hence the above
equation reduces to

6 = —%e (63)

Equation (63) shows that under the condition that the angular amplitude
is very small the motion of the pendulum is simple harmonic of time period

T= 215\/z
g

2: Motion of a Compound Pendulum in a Uniform Gravitational Field

Any rigid body capable of oscillating in a vertical plane about a horizontal
axis passing through any point (excepting the centre of gravity) of the body
is called a compound pendulum.

Let the vertical plane of oscillation of the compound pendulum be the
XY plane.

Let us choose the origin of the coordinate system as the point O through
which the horizontal axis (the X axis) passes.

Let G be the position of the centre of gravity of the body when at rest.
OG = (say)

On displacing the pendulum slightly from the position of rest and
releasing, the pendulum begins to oscillate about the horizontal axis through
0.



At any instant of time #, let G’ be the new position of the centre of Lagrange Equation
gravity and GOG' be equal to 0 as shown in Figure 2.2.

The kinetic energy of the pendulum at the instant ¢ is
where [ is the moment of inertia of the pendulum about the axis of
oscillation.

Reference zero level
of potential energy

Fig. 2.2 Positions of Centre of Gravity

Taking the horizontal axis OX as the reference zero of potential energy,
we get the potential energy of the pendulum at the instant 7 as

V= —mgy=—mglcosH (65)
The Lagrangian of the pendulum is thus

L=T-V-= %192 + mglcos® (66)

From Equation (66) we find that the only generalized coordinate for
the pendulum is 6. We thus have the Lagrange’s equation for the compound

pendulum
d(oL) dL
%) % ©
Using L given by Equation (66) the above equation gives
%(%]26)+ mglsin® = (0
or 16+ mglsin® = 0
or é+nglsin9 =0 (68)
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Considering 0 small Equation (68) reduces to

6 = _ngze (69)

Clearly, the motion of the pendulum is simple harmonic of time period

7= om |- (70)
mgl

3: Motion of a Spherical Pendulum

A spherical pendulum consists of a point mass m constrained to move on the
surface of a sphere. The position of the point mass at any instant is located
by the Cartesian coordinates x, y, z, or more conveniently by the spherical
polar coordinates r, 0, ¢ (» = radius of the sphere is constant) with respect
to a coordinate frame XYZ having the origin at the centre of the sphere as
shown in Figure 2.3.

Fig. 2.3 Motion of Spherical Pendulum
We have the transformation equations
x = rsin0Ocos ¢
y=rsin0sin¢d (71)
z= rcos 0
The kinetic energy of the body at the instant of time under consideration
is given by

T= [ 457+ 2] (72)

x,y and z found by differentiating Equation (i) with respect to time,

when substituted in Equation (72) gives

ol aTa 2000
T= Emr [9 +sin” 0¢ ] (73)



Considering the horizontal plane XOY as the plane of zero potential Lagrange Equation
energy, we get the potential energy of the body as

V' = mgz =mgr cos 0 (74)
The Lagrangian of the spherical pendulum is then given by NOTES

L=T-V= %mi‘2 [92 +sin’ Od)z]—mgrcose (75)

From Equation (75) we find the generalized coordinates for the
pendulum to be 0 and ¢ (since  is constant), so that the Lagrange’s equations

are
. d(doL) dL
® dr ( 2 j 20
or i[lmr2 29} = lmrz(i)ZZSin cos 0+ mgrsin®
dr| 2 2 &
or i(mrzé)—mrz sin cos 09> — mgrsin® =0
dt
or 0 —rsincos80* — gsin0= 0 (76)
.. d (oL oL
(7M) —| = |= =
dt| do a0
or i{lmrz sin’ ezd)} =0
dr| 2
or mr? i[sinz e¢] =0 (77)
dt

4: Motion of a Particle Under a Central Force

Central force is that force which acts either towards or away from a fixed
point (called the centre of the force) and depends only on the distance r from
the fixed point.

We may thus express the magnitude of central force as F'= F(r).

Further, any central force can be derived from a potential function V/
according to

oAV
dr
which gives dV =— Fdr and hence
V= —[Fdr

Since F' depends only on the distance 7, we find from the above, the

potential V' to depend only on 7, i.e., on the distance from the force centre.
Thus, V= W(r).

The most important characteristic of motion of a particle under central
force is that the motion is restricted to take place in a plane. The number of
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degrees of freedom of the particle is thus two and the convenient generalized
coordinates are polar coordinates » and 0 as indicated in Figure 2.4.

Y
A

(x, v)

P (Particle at the instant 7)

0 » X

Fig. 2.4 Polar Coordinates r and o.

The kinetic energy of the particle at the instant ¢ is

T= %m(xz +57) (78)
Coordinate transformation equations are
x = rcos 0 (79)
and y=rsin0
Equations (79) give
X = Fcos®—rsinb (80)
y = rsin®+rcos0O (81)

Using Equations (80) and (81) in Equation (78) we obtain

T= %m[rz cos” 0+ r% sin? 067 — 277 cos Osin 00+ 1 sin” 0 + % cos” 06 + 27 sin O cos 69]
— 1 -2 212
or T= Em[r +r°0 J (82)
The potential energy of the particle is
V= 1r) (83)
Thus, the Lagrangian of the particle is given by
L=T-V= %m[fzerzéz]—V(r) (84)
Lagrange’s equations are
d(oL) dL
@ 5[5] B

Using L given by Equation (84), the above gives

. av
i[lm%} = lm922r— (r)
dt| 2 2 dr




L E i
AV (r) agrange Equation

or mi = mr§? ————~
dr
or mi—mre®= _dV_(r) (85)
dr NOTES
d(oL) dL
o %)%
Using L given by Equation (84), the above gives
AR
i) -
i[lmrzéj =0
de\ 2
or mr*® = constant (87)

Note: By definition, the generalized momentum (pq) conjugate to the
generalized coordinate 6 is given by

_ o
Pa™ 8
Using Equation (84), the above becomes
P = mr*@ (88)

Equations (87) and (88) show that for a particle moving under a central
force, the angular momentum is a constant quantity.

From Equation (86) we get
m2ri®+mr’6 = 0
or O+2/0 = 0 (89)
5: Motion of a Linear Harmonic Oscillator

Let a particle mass m undergo simple harmonic motion along the X-axis. Let
us measure displacement of the particle from the mean position O which is
taken as the origin of the X-axis as shown in Figure 2.5.

0

o o ®---——---- » Xaxis
Mean position

Fig. 2.5

If x is the displacement of the particle at any instant of time ¢, the kinetic
energy of the particle at that instant is

1
T= —mx’
2

(90)

If k 1s the restoring force per unit displacement acting on the particle
then the potential energy of the particle when the displacement is x is given by

1
V= — kxz (9 1 ) Self-Instructional
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The Lagrangian of the oscillator is thus

L=T—V=time-Li 92)
2 2
The Lagrange’s equation for the oscillator is given by
d(oL) oL
z[a—J i ©3)
Using Equation (92) we get
% = %mZ}'c: mx (94)
oL 1
& kox=—kx
and p» 5 *2x (95)
Using Equations (94) and (95) in Equation (93) we obtain
%(mx) = —kx
or mi+hkx = 0

which is the familiar equation of motion for a linear harmonic oscillator.

6: Motion of a Coplanar Double Pendulum Placed in a Uniform
Gravitational Field

A double pendulum consists of two mass points m and m, at the ends of two
weightless rods of lengths /and /,.

The rod of length / is suspended from a rigid support at O while the
rod of length /, is suspended from a hinge at the mass point m as shown in
Figure 2.6.

|

|

I

i
v
>

<
N

———— e ——— 4

m

Fig. 2.6 Pendulum Motion: In Uniform Gravitational Field

Both the pendulums are constrained to move in the same vertical
plane, say the XY plane and hence the number of degrees of freedom for
the pendulum is two.

The two generalized coordinates are conveniently chosen as angles
¢ and y which the two rods make with the Y-axis which is assumed to be
vertical.



The Cartesian coordinates of the mass point m are Lagrange Equation

x, = Ising;y, =lcos¢ (96)
The Cartesian coordinates of the mass point m, are
x,= Isin¢+1 siny;y, =1 cos+1 cosy(97) NOTES

For the mass point m, the kinetic energy is
1 . . 1 .\2 2 1 .
T, = Em(xl2 +y12) =Em[(lcos¢q)) +(—ls1n(|)¢) } =5m12¢2 (98)
The potential energy of the mass point m is
V,= —mgy =—mglcos ¢ (99)
For the mass point m , the kinetic energy is

T,= %ml (x% + )’;5 ) =%ml [(lcos¢(i)+l] sin\p\]})z + (—lsin(l)(i)—ll sinw\il)z}

1 : . -
=om [124)2 + 122 + 21, cos(¢—\|l)¢\|l] (100)
The potential energy of the mass m, is
V,=mgy,=mg(lcos ¢ +1 cosy) (101)
The Lagrangian of the double pendulum is thus
L=T -V +T,-V,
Using Equations (98), (99), (100) and (101) we obtain
L= %ml%z +mglcosd)+%m1 [lzd)z + I 210 cos((])—\u)(i)\ﬂ +m g (lcos¢+1 cosy)
or

L= %(m +my ) 2§ +%m11121j12 +mylL oV cos (O — )+ (m+m, ) gl cos &+ m, gl cos

(102)
The Lagrange’s equations for the pendulum are

d(dL)_ oL d(dL)_dL
E[a_cbj_ 20 dt(&\j!] oy (103)

We obtain using Equation (102)
(@) (m+m,) 8+ mLicos (0—w) + myl” sin (o) + (m + m, ) glsing =0
(104)
and
(b) mI*¢+mlldcos(§—y)—mlhd*sin(o—y)+m gl siny =0 (105)

In the special case when m, =m =m, and [, =[= , the above equations
assume the simple forms

26+ cos(0— )+ sin (0 —y) +2E sing= 0 (106)
/ ° Self-Instructional
Material 47



Lagrange Equation

48

NOTES

Self-Instructional
Material

qy+a5cos(¢—w)_¢2sin(¢_\p)+l§smw =0 (107)
Further, if we consider both ¢ and y small, the above equations further
reduce to

I
o

2&15+i|';+2l§¢

o

(108)

U+o+Ey =0 109
[

The above are coupled differential equations for the double pendulum.
7: Lagrangian of a Hoop Rolling Down an Inclined Plane without
Slipping

Consider a hoop (circular ring) of radius 7 and mass m rolling down an inclined
plane without slipping (velocity of the instantaneous point of contact of the
hoop along the plane is zero) as shown in Figure 2.7.

Fig. 2.7 Motion in an Inclined Plane

Let us measure the displacement of the centre of mass of the hoop
from the top of the incline.

Let at some instant of time ¢, the centre of mass be at a distance x from
the top.

The velocity of the centre of mass is then
V=X (110)

Since there is no slipping, the angular velocity of the hoop about the
axis of rotation through the centre of mass is
6=2=2 (111)
r

r

Now, the kinetic energy of the hoop at the instant ¢ is
T= ln1)'c2+lmr292 (112)
2 2
The potential energy of the hoop at the instant 7 is

V= mg(l—x)sin ¢ (113)
where / is the length of the inclined plane.



The Lagrangian of the hoop is thus given by
L=T-V =%mx2 +%mr262 -mg(l—x)sin¢ (114)
Using Equation (111) we may write the Lagrangian as

L = mx* +mgxsind—mglsin

(115)

8: Lagrangian of a Charged Particle Moving in an Electromagnetic Field

The electric field vector £ and the magnetic field vector B which
describe an electromagnetic field satisfy the Maxwell’s equations

5
curlg+la—B = O;diVB=4TCﬁ
c ot
19D _ 4
- - -
curl H——2= = 7 divE=0 (116)
c ot c

The force F experienced by a particle of mass m having charge ¢

moving with a velocity v in the electromagnetic field is given by

- —)q—)—>
F = qE+=| vXB
c

(117)

The electromagnetic field can alternatively be described by a scalar potential

¢ and vector potential 4 defined according to

B = curl 4
R
and E = —W):la—A (118)
c ot
In terms of ¢ and 4 the force F becomes
F=g —€¢—la—A+l(7X€XZJ (119)
c dt C
The x-component of F is
o ) 1od]| 1(- = -
F = q|-|Vo|—— = | +—| vxVx4 (120)
X . c| ot c .
Now, (Vo) = 2 (121)
X ox
04
iAx = EAX+%@+_yd_y++ai£ (122)
dt ot ox dt dy dt oz dt
04, 04, 04, i
= X4+ Xy +—y +—Zy

a o oy Y o C
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Also, (7><§>><ZJ = vy[ﬁxZJ —vz(ﬁxZ]

X z y
e I
Tl ox oy oz ox

04 04, 94
+

04 04 04

=V, 4V, —4V, -y, ——y, -y
ox 7 dy oz 7 oy 0z ox
d(- =) dd. 0
S I i B
ax[v j a o (123)

Using Equations (121) and (123) in Equation (120) we obtain

Fe q[_%_i%+11[:.z]_1duﬂ

ox ¢ dot «cox ¢ dt ¢ ot
R P IR N
ox c cdt|ov,
~oU doUu
or F= = + i o, (124)
where U= qo-174 (125)
¢

We note that 90

v,

a kind of generalized velocity-dependent potential.

= 0 since ¢ is independent of velocities. Thus, U is

The Lagrangian of the charged particle is thus given by
L = T— U (T is the kinetic energy)

or L= T-q0+1v.4 (126)
C

Check Your Progress
8. Define D’ Alembert’s principle.

9. What would be the Lagrangian function of the system for a conservative
system?

2.6 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The following set of s number of second order differential equations
satisfied by the Lagrangian of the system are called the Lagrange’s
equations of motion.

d( oL | oL
—| = |-=— =0; =1,2, ..
LR .



. The Lagrangian function of a system having s degrees of freedom and

described by the generalized coordinates g , ....., ¢, and the generalized
velocities ¢, ....., 4, is given by

L= L(qp-s Gy G oomr G 1) = L5 4o 1)

3. The arbitrary function F(g;, ..., 4,, ) = F (g, t) is called gauge function.

. Law of'inertia states that, a particle which moves without the influence

of any external agent has a constant velocity vector.

. The corresponding change in the configuration of the system

subjected to arbitrary displacement is independent of time, i.e.,
no actual displacement of the system occurs with respect of time.
Such displacements in the configuration space are called virtual
displacements.

6. 3W=0

7. The principle can be stated as follows:

The work done in infinitesimal reversible virtual displacements,
consistent with the constraints, from the equilibrium configuration of
a system is zero.

. The principle may be stated as follows:

For any dynamical system, the total work done by the effective force
is zero in the course of reversible infinitesimal virtual displacement
compatible with the constraints imposed on the system.

. We can identify L as the Lagrangian function of the system. Thus, for

a conservative system we obtain

L = Kinetic energy of the system — Potential energy of the system

2.7

SUMMARY

The Lagrangian of a system cannot be defined uniquely, but can be
defined only within an additive total time derivative of any function
of coordinates relevant to the system and time.

If the Lagrangian is multiplied by any arbitrary constant then the
equations of motion remain unaltered.

A particle which moves without the influence of any external agent
has a constant velocity vector.

The corresponding change in the configuration of the system is
independent of time, i.e., no actual displacement of the system occurs
with respect to time.

The work done in infinitesimal reversible virtual displacements,
consistent with the constraints, from the equilibrium configuration of
a system is zero.
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2.8 KEY WORDS

e Law of inertia: A particle which moves without the influence of any
external agent has a constant velocity vector.

e Virtual displacement: A presumed infinitesimal change of system
coordinates occurring while time is confined constant is known as
virtual displacement.

e Central force: Central force is that force which acts either towards or
away from a fixed point (called the centre of the force) and depends
only on the distance from the fixed point.

e Harmonic oscillator: It is a system that, when displaced from
its equilibrium position, encounters a restoring force proportional to
the displacement.

¢ Simple harmonic motion: It is an oscillatory motion under a retarding
force proportional to the quantity of displacement from an equilibrium
position.

2.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

Give a brief account of important properties of Lagrangian function.
Describe Lagrangian of a particle moving freely in space.
Write a short note on virtual work.

Describe motion of a linear harmonic oscillator.

A

Discuss Lagrangian of a charged particle moving in an electromagnetic
field.

Long-Answer Questions

1. Derive Lagrange’s equations for simple systems.
2. Deduce different mathematical forms of D’ Alembert’s principle.
3. Discuss applications of Lagrangian formulations.

4. Describe Lagrange’s equations for conservative systems.
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UNIT3 HAMILTON EQUATION

Structure

3.0 Introduction
3.1 Objectives
3.2 Hamilton’s Equations
3.2.1 Deduction of Canonical Equations from Variational Principle
3.2.2 Alternative Derivation of Canonical Equations of Motion
3.2.3 Physical Significance of the Hamiltonian Function: A General
Conservation Theorem
3.2.4 Superiority of Hamiltonian Formulation over Lagrangian Formulation
3.3 Ignorable Coordinates
3.3.1 Ignorable Coordinate
3.4 The Routhian Function
3.4.1 Applications of Hamiltonian Dynamics
3.5 Answers to Check Your Progress Questions
3.6 Summary
3.7 Key Words
3.8 Self Assessment Questions and Exercises
3.9 Further Readings

3.0 INTRODUCTION

In Hamiltonian mechanics, a classical physical system is described by a set
of canonical coordinates where each component of the coordinate is indexed
to the frame of reference of the system. Hamilton’s equations can be derived
by looking at how the total differential of the Lagrangian depends on time,
generalized positions and generalized velocities. Ignorable coordinate is a
generalized coordinate of a mechanical system that does not appear in the
system’s Lagrangian function or other characteristics functions. Its presence
simplifies the integration of the corresponding differential equations of
motion of a mechanical system. Routhian mechanics is a hybrid formulation
of Lagrangian mechanics and Hamiltonian mechanics developed by Edward
John Routh. The difference between the Lagrangian, Hamiltonian, and
Routhian functions are their variables. The Routhian approach has the
best of both approaches, because cyclic coordinates can be split off to
the Hamiltonian equations and eliminated, leaving behind the non-cyclic
coordinates to be solved from the Lagrangian equations. In this unit you
will Discuss Hamilton’s equations and general conservation theorem. You
will describe ignorable coordinate interpreting conjugate momenta. You will
explain the Routhian function and applications of Hamiltonian dynamics.



Hamilton Equation

3.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain Hamilton’s equations and general conservation theorem NOTES
e Deduct canonical equations from variational principle

e Understand superiority of Hamiltonian formulation over Lagrangian
formulation

e Describe ignorable coordinate interpreting conjugate momenta

e Explain the Routhian function and applications of Hamiltonian
dynamics

3.2 HAMILTON’S EQUATIONS

In Hamiltonian mechanics, a classical physical system is described by a set
of canonical coordinates » = (g, p), where each component of the coordinate

q,D; is indexed to the frame of reference of the system. The time evolution
of the system is uniquely defined using the Hamilton’s equations.

The Hamiltonian of a system is defined to be the sum of the kinetic and
potential energies expressed as a function of positions and their conjugate
momenta.

Conjugate Momenta

The momentum of a particle p, is defined in terms of its velocity r, by,
p,=mr;
Basically, the common definition of conjugate momentum that is valid
for any set of coordinates is given in terms of the Lagrangian as,
oL
R=<=
or;

These two definitions are equivalent for Cartesian variables. In terms
of Cartesian momenta, the kinetic energy is given by,
N 2
K= —i
i1 2m,

Then, the Hamiltonian, which is defined to be the sum, K+U, expressed
as a function of positions and momenta is given by,

X 92
H(p,r)= 22 =+U (500r) = H(por)
i=1 <M,
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where P =PI, ..., PN . In terms of the Hamiltonian, the equations of
motion of a system are given by Hamilton s equations:

oo

]/;.:

For cyclic coordinate, the conjugate momentum p; is constant. The
solution of Hamilton’s equations of motion will yield a trajectory in terms
of positions and momenta as functions of time.

3.2.1 Deduction of Canonical Equations from Variational Principle

Consider a mechanical system of s degrees of freedom. Let (¢, ....., ¢°) be
the generalized coordinates, (¢, -..... 4, ) be the generalized velocities and (p',

....., p°) be the generalized momenta for the system. The Lagrangian L of the
system then is given by
L: L(ql’ ..... ’qS’ ql’ ..... ’q.S’ t):L(qk’ qk’ t) (1)

Hamilton’s variational principle, or the Principle of Least Action, is
stated as

)
88 = 8] L(g;.4.1)dt=0 2)
4
The Hamiltonian function H=H (¢', ....., ¢%, p', ....., p’, t) = H (¢, p*,
?) is related to the Lagrangian L as
H= ZPka -L (3)
k=1

Using Equation (3) in Equation (2) we obtain

5}
35 = 38 Zpqu—H(qk,pk,t)}dtzO (4)
nLk
t tp
or Sijkq'kdt—é_[Hdt =0
L 4
b th
or 8Y. | pday -8 Hdt = 0 (5)

L 4

Equations (4) and (5) are referred to as the modified Hamilton’s
Principle.

Let us label each path of the system in its configuration space between
time limits 7 and #* by a parameter o.. We can then write the 8 variation for
the action S as

aS
oS = do. Fve (6)

o



The above gives, for generality,

5= da. a% 7)

Using Equation (4) in the Equation (6), we obtain

38 = da—[j{zpm (95 Pi t)}df}ﬂ) (8)

It is possible to introduce the differential operator % inside the integral

because the two time limits 7' and # are the same for all the paths and hence
are independent of a. We thus obtain

1y .
oy . aqk 0H dq, OH dp, JH ot
—do | Y% 94y _ OH dq _ OH opy OH It |, _,
05 “{ . {aa Ut Py, " g, 90 dp do ot da ©)

We now have f pk q" —J (aq" ]

Evaluating the 1ntegral on the right hand side of the above by parts
we obtain

t) . h 0B [5)
gy, { g, } . gy . Ogy
P dt = \pk—= ¢ — | Pp=_di=—|p-—-dt (10)
;.; do, da. J, ;'1‘ Jo. ;'; Jo.

. d
since Jk =0 at ¢ and at 2.
Jo

ot
Further, we have Fyl =0 (11)

since the time of travel along all the paths is the same.

Using the results given by Equation (10) and (11) in Equation (9) we obtain

L
Py . . an
TR ES 99 _ OH 94x _ OH 9y | 4 _ 12
a!; 0. " TP 0 " 9g, 0. apy da (12)

In view of Equation (7) we may write

apk
ga )
di _ K
do - 2k —
o= dq (13)

Using Equation (13) in Equation (12) we get

5]
. oH oH
J z (Spqu — Pi8q; _a_&]k - ap —— j =0
nok q Pk

)
oH oH
or, g, —— |op, —| p, +— [0q, ; dt =0 14
!;{[/{ aka k (k aqk) k} (14)
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Since ¢~ and p*are independent variables, their variations dg* and 5p~
are also independent. Hence, for Equation (14) to hold, the coefficients of
dp* and 8g* must separately vanish. We hence obtain

. 0H ) oH

G——=20 or Gy =— (15)
apk aPk

' +aﬂ =0 or 3y =— L

Py qu V23 aqk

For each k, we have two equations of the form given by Equation
(15). These 2s number of first-order differential equations are Hamilton’s
equations of motion, also called Hamilton’s canonical equations.

3.2.2 Alternative Derivation of Canonical Equations of Motion

Canonical equations of motion can be derived alternatively, using the
definitions of Lagrangian function, Hamiltonian function and Lagrange’s
equations of motion.

We have the Lagrangian function of the system under consideration
given by
L= L(q s G Gy o Gs )
The total differential of L is thus

oL oL
-y X4 L dg, +
ar ga% qk+§'aq'k e ot (16)
The Hamiltonian function of the system is
H=H(, ....,¢p", ..... p% ©)
The total differential of H is thus
oH oH oH
dH= Y —dqg, + Y —dp, +—dt 17
ga% ¢ ;apk £ {17

Further, H is related to L according to

H= ZPka -L

So, we obtain

dH = Y pid, +Y G,dp, —dL
Substituting for dL from Equation (16) in the above, we get
. . oL oL ,. dL
dH = ZPkd‘Ik +qudpk - za_qu - Z—.ko -—dt  (18)
4y 94 ot

oL .
EYRE the above equation reduces to
dy

oL .. . oL oL .. dL
dH = ZEd‘Ik +z‘1kdpk _Z%d‘lk _Zaqu _Edt

Using p; =



: oL oL
k

The Lagrange’s equation is given by

afo)_ o
dt| 9q; g

d _dL . _dL
or E(Pk )= 4, or p = 3, (20)
Equation (20) used in Equation (19) gives
: : oL
dHZZ‘Idek _zpkqu _gdt (21)

Comparing the coefficients of dp*, dg* and dt on the right hand sides
of Equation (17) and (21), we obtain

i =2 k=125 22)
aPk
. _ _OH
Py aqk
OH oL
and E = o (23)

Equations (22) are the Hamilton’s canonical equations of motion as
obtained earlier.

3.2.3 Physical Significance of the Hamiltonian Function: A
General Conservation Theorem

- - -
Consider a system of N free particles 1, 2, ....., N. Let 1, ,, ....., I, be the

position vectors of the particles with respect to the origin of an inertial frame
at some instant of time.

Ifm', m?, ....., mN be, respectively, the masses of the particles then the
kinetic energy of the system is

r= 3 L2 =3 Lo (i 24
- égmivi —lz;gmi(’”l""i) (24)

Considering the generalized coordinates for the system to be ¢', ¢2,
.e.r., ¢° (here s = 3N), we have the transformation equations

5= 5 (@ de £); (G =1,2,y N) (25)
So, we get
EN S 7 87
; PR A (26)

In view of Equation (26), the kinetic energy given by Equation (24)
becomes
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Ny (& on . o ar . ar
T= —m, R B & Zh s 20
,-2‘2 g g "o Z;ak T
2
S ar, 9 ;,) . 1 37, L
2‘5 ;Z 4qx9, +Zmz‘ ;£~Eqk +§,Emz‘ o 2N

If the transformation equations do not depend on time explicitly then
we get

or,
— ! = 28
> (28)
and the expression for 7" given by Equation (27) reduces to
ar o .
T= z—m zzar aquq, (29)
di

We thus observe that the kinetic energy is a homogeneous quadratic
function of the generalized velocities for systems in which constraints
involved are scleronomous, i.e., independent of time.

Euler’s formula for any arbitrary homogeneous function f'= fix', x?,
..... , xN) of m™ degree is

> L=y (30)

5 o

Since kinetic energy T is homogeneous quadratic function (degree 2)
of generalized velocities, we get according to Equation (30)

2 T .
Yy —q, = 31
J=1 a

Restricting our con51derations to conservative systems only, the
potential energy function ¥ for the system becomes independent of velocities.
Hence, we have

e14

— =0 32
. (32)
By definition and by using Equation (32) we further have
. dL 0 T
= —=—-(T-V)=o— 33
o T (33)

We then get the Hamiltonian function H as

. oT .
H= 3% pjg;-L=3 PR
i 94



Using Equation (31), the above becomes Hamilton Equation
H=2T—-L=2T—(T—-V)
or H=T+V=E (34)
We thus find that for a conservative system in which constraints are NOTES

independent of time, the Hamiltonian function is equal to the total energy £
of the system.

General Conservation Theorem

The total time derivative of the Hamiltonian function H = H(q, p, f) for a
system of s degrees of freedom is given by

J oH oH
Z,%% Zap Pk+§ (35)

Using the canonical Equation (22) and (23) in the above, we get

dH - 0H oH oH oH JL

di {S9g 9p TOp dg Ot
dH oL

or - T3 (36)

If the Lagrangian of the system does not depend on time explicitly,
Equation (36) gives

aH
dt
or H = A constant of motion (37)

We find that the Hamiltonian function which is equal to the total energy
is a constant of motion for a system if it or the Lagrangian of the system does
not depend on time explicitly.

3.2.4 Superiority of Hamiltonian Formulation over Lagrangian
Formulation

We have the Lagrange’s equations for a system of s degrees of freedom
given by

afaL) o
E[@]_ k=12 s (38)
where L= L(q,.ccc 4> Gy oevvr G 1)

Ifthe coordinate ¢, is cyclic, i.e., g, does not appear in the Lagrangian
explicitly, we get

— =0 39
24 (39)
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and hence Equation (38) gives

d| oL
5[@] ’
or P =0 (40)

Clearly, the momentum conjugate to the coordinate ¢* is a constant or
an integral of motion.

From Hamilton’s canonical equation, we then get
-——=0o0or —=0 (41)

We find that the coordinate ¢* does not appear in the Hamiltonian
function explicitly. Thus, if a coordinate ¢* is cyclic or ignorable then the
number of independent variables in the Hamiltonian formulation reduces by
two, because the Hamiltonian function under this condition becomes

k+1

H=H(' ...., ¢ ¢, ..., ¢ p'y ..., P, o pL ..., ps 1)

(42)

In the above p* which is constant has been taken to be o. Thus, the
system is reduced to one involving (2s —2) + 1 =2s— 1 independent variables
in the Hamiltonian formulation. In the Lagrangian formulation, however,
this is not the case because even if the cyclic coordinate g* does not appear
in the Lagrangian function, ¢, in general, appears so that we will need to

deal with all the 2s + 1 variables.

The Hamiltonian formulation of mechanics is superior to the Lagrangian
formulation, mainly because of the identification of Hamiltonian function as
representing the total energy of the system. Such simple physical meaning
cannot be assigned to the Lagrangian function of a system. For this reason
we can gain physical insight into a mechanical problem when it is treated in
the Hamiltonian formulation.

In the Lagrangian formulation, the generalized coordinates as well as
the generalized velocities are treated on equal footing though we know that
generalized velocities are dependent variables because they are total time
derivatives of the coordinates. Such equal status to coordinates and velocities
are thus not of much sense.

In the Hamiltonian formulation, on the other hand, the generalized
coordinates and the conjugate momenta which are independent variables are
given equal status. This fact allows the freedom of choosing the coordinates
and momenta conveniently and thus allows us to formulate mechanics in a
more abstract form.

The equal status given to coordinates and momenta and the identification
of the Hamiltonian function as the total energy in many systems have played
an important role in the development of quantum mechanics and statistical
mechanics.
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Check Your Progress

1. Define the Hamiltonian of a system.

2. State the principle of least action. NOTES

3. Write Euler’s formula for any arbitrary homogeneous function.

3.3 IGNORABLE COORDINATES

The cyclic coordinates are the generalized coordinates of a certain
physical system that do not occur explicitly in the expression of the
characteristic function of these systems. When the corresponding equations
of motion are used then for every cyclic coordinate we obtain the integral
of motion corresponding to it. For example, if the Lagrange function
L(q, g;, 1), where the g, are generalized coordinates, the ¢, generalized
velocities, and # the time, does not contain ¢, explicitly, then g, is a cyclic
coordinate, and the jth Lagrange equation has the form,

(d/dt)(3L/0g,)=0

Which is for Lagrange equations (in mechanics) and simultaneously
gives an integral of motion,

—— =const.
9q;

If a generalized coordinate gj does not explicitly occur in the
Hamiltonian, then p; is considered as a constant of motion (meaning, a
constant, independent of time for a true dynamical motion). Then, gj becomes
a linear function of time. Such a coordinate ¢j is called a cyclic coordinate.

3.3.1 Ignorable Coordinate

Ignorable coordinate is a generalized coordinate of a mechanical system that
does not appear in the systems of Lagrangian function or other characteristic
functions. The presence of ignorable coordinates simplifies the integration of
the corresponding differential equations of motion of a mechanical system.
For example, if the coordinate g, does not appear in the Lagrangian function
L then the Lagrange equation,

dfoL)_oL _,
di| 9, aq.i— i=1,2,...n
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Takes the form,

d{oL)_,
dt\ 94,

And instantaneously yields the integral,

—L = const
dg, '

Characteristically, according to the Lagrangian formula if L is
independentof g, 1.€., g, is a cyclic or ignorable coordinate then in such a case

oL
b= 5%
the corresponding conjugated momentum 9 is conserved. Similarly,
. —0H
P,

from Hamiltonians equations it follows that if H is independent
of g, then the corresponding p, is conserved.

This is essentially the same result since,
H(qaﬁat) = ZP,(], (qaﬁat)_L<qaqa(qaﬁat)at>
i=1

This specifies that H is independent of ¢i iff L is independent of gi.
For cyclic coordinates the Hamiltonian formalism has an advantage over the
Lagrangian. It is revealed, for a classical dynamical system with a Lagrangian,
that the existence of an ignorable coordinate is equivalent to the vanishing of
a certain Lagrangian derivative. Coordinates not appearing in the Hamiltonian
H are termed as cyclic or ignorable coordinates.

Check Your Progress

4. What are the cyclic coordinates?

5. What do you understand by ignorable coordinates?

34 THE ROUTHIAN FUNCTION

Consider a mechanical system having s degrees of freedom and described
by generalized coordinates ¢', ....., ¢°, generalized velocities ¢, ....., ¢, and

the generalized momenta p', ....., p* conjugate to the coordinates.
If a coordinate ¢~ is cyclic, then ¢* does not appear in the Lagrangian

. . oL .
function L for the system. The corresponding momentum p* = = then is a
dx



) ) . . . ) oH
constant of motion, i.e., ¢, = 0. The Hamilton’s equation p, =—a— then
d

. OoH C o :
gives o == 0, so that ¢ does not appear explicitly in the Hamiltonian function
dk
also.

If n coordinates in the system are cyclic then in the Hamiltonian
formulation, the system reduces to one with (s — n) degrees of freedom.
However, in the Lagrangian formulation, the degrees of freedom still remain
s, because the Lagrangian will contain all the s generalized velocities. We

thus find that Hamiltonian formulation of mechanics is advantageous when
cyclic coordinates are involved in the system.

Routh made use of such advantage in order to gain mathematical
simplification for solving mechanical problems.

The method due to Routh consists in changing the basis from (g, ¢) to

the basis (g, p) for only those coordinates which are cyclic and obtaining
their equations of motion in the Hamiltonian formulation, while the rest of
the coordinates are considered in the Lagrangian formulation so that they
obey Lagrange’s equation of motion.

To illustrate the procedure, let us consider a simple system having only
two generalized coordinates ¢ and n. The generalized velocities are ¢ and

1N . Let p be the momentum conjugate to . Then, the Lagrangian of the system
is
L= L(g.M,4.M) (43)
so that the total differential of L is given by

oL oL oL oL
= Zdg+—dn+—dj+—dr
dL 5 ‘“an n+aq. ‘”aﬁ | (44)

Using the Lagrange’s equation

d (oL oL oL

—| === H=— 45

dt(aqj aq P (43)

From Equation (44), we obtain
dL = pdq+a—Ldn+pdq+a—Ldﬁ
an an
L L .
or dL = j)dq+d(pq')—édp+a—dn+a—'dn
an on
or d(L-pd) = pdg—dqdp+2Edn+-2-di (46)
on on

The Routhian or Routh function usually denoted by R is defined as
R= pg-L (47)
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We find from Equation (46)
R=Rp,q,m, M) (48)
The total differential of R is hence given by
oR oR oR oR
R= Zodg+dp+—dn+=dr 4
d AL AT ml el (49)

From Equation (46) we obtain

dR = g + idp 2 an - ay
on on
(50)
Comparing Equation (49) and (50) we obtain
,_ R
P=3 (51)
. _ OR
i= (52)
/4%
oL oR
— = - 53
gn gn (53)
L R
and = T ~s 54
on o (54)

Now the Lagrange’s equation for the coordinate n is

afa) o
dt| on on
Using Equation (53) and (54) in the above, we get
4 9R)_ _dR
dt| om an
d(oR) OR
Equations (51) and (52) tell us that the Routhian R acts as the

Hamiltonian with respect to coordinate ¢, while Equation (55) reveals that
R behaves as the Lagrangian with respect to coordinate 1.

If now we consider the coordinate g to be cyclic, we have the conjugate
momentum p as constant, say a.. We then get

R= R, o) (56)
Equation of motion given by Equation (51) and (52), then gives
p =20
oR
and 9= = (57)

Further, we find that Equation (55) does not contain the ignorable
coordinates and hence it becomes easier to solve the equation.



A problem involving both cyclic as well as non-cyclic coordinates Hamilton Equation
can be solved by solving the Hamilton’s equations separately for the cyclic
coordinates with the Routhian R as the Hamiltonian of the system, and
Lagranges equations for the non-cyclic coordinates separately with the

Routhian as the Lagrangian of the system. NOTES
3.4.1 Applications of Hamiltonian Dynamics
1. Motion of a Simple Pendulum
Consider a simple pendulum having the bob of mass m and length / as
shown in Figure 3.1. In the equilibrium position 4 of the bob, the string OA
is vertical. Let us displace the bob to the position B so that the string takes
the position OB.
AOB = 0 (say)
The polar coordinates of the bob at the displaced position are i (a
constant) and 0.
With respect to the coordinate frame xy as indicated in the figure, let
(x, ¥) be the cartesian coordinates of the bob at the position B. We then have
x=1[cosO, y=[/-1IsinB (58)
£Y
O
L4
0
/
B (x, )
M@g-—=-"---------—- > X
A
Fig. 3.1 Simple Pendulum
The kinetic energy of the bob at the position B is
T= %m(}ez +7%) =%m|:(—l sin® )2 + (I cosH é)z}
or T= %mlzéz (59)
With respect to the horizontal drawn from A4 as the reference zero of
potential energy, the potential energy of the bob at the position B is
V= mgl (1 —cos 0) (60)
We thus have the Lagrangian of the pendulum as
L=T-V= %mlzéz—mgl(l—cosﬂ) (61)
Self-Instructional
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The momentum conjugate to the coordinate 0 is by definiton

pi= 2 h (62)

06
The Hamiltonian for the pendulum is then by definition given by
H= py6 —L

or H= mP éz—%ml2 6%+ mgl (1—cos9)

Substituting for § from Equation (62) we obtain

2
H= %ml2 Pel + mgl(1—cos0)

e
1 ps
or H= ——+mgl(1-cos) (63)
2 ml
The Hamilton’s canonical equations are then
(a) 6 = oM _ P_92 using Equation (63) (64)
ape ml
(D) py = _s—: =—mgl sin O using Equation (63) (65)

Using Equation (62) in Equation (65) we obtain

mi*6 = —mglsin 0
or é+§sme =0 (66)
Assuming a small angular displacement of the bob (6 small) Equation

(66) becomes
§+§e =0 (67)

The above is the equation of motion for the simple pendulum.

From Equation (67) time period of oscillation of the simple pendulum is

T= zng (68)

2. Motion of a Compound Pendulum

Let us consider the compound pendulum as described in Sec. 8.5 (Fig. 8.17).
The Lagrangian of the pendulum is given by

L= %zéhmgzcose (69)

where / is the moment of inertia of the pendulum about the axis of oscillation.

The momentum conjugate to the generalized coordinate 6 is by
definition given by

pi= L g (70)

26



By definition, the Hamiltonian of the pendulum is
H=pi6 - L
Using Equation (69) and (70) in the above we get

2 2
1
H= p—e——lp—g—mglcose
1

I 2
or H= lp—g—m lcos® (71)
21 &
The canonical equations of motion for the pendulum are
b _ aH pe
6 = YL _Po 72
@6 = $T=" (72)
®) p, = % —_ mgl sin © (73)

From Equation (72) we get
pi=16
and hence Py = 18 (74)
Using Equation (73) in the above we obtain
16 = —mglsin 0
6 + nglsinG =0 (75)
For small angular displacement 0, Equation (75) takes the form
6+ ’"Tg’e -0 (76)

From Equation (76) we get the time period of oscillation of the
compound pendulum to be given by

T=om |1 (77)
mgl

3. Motion of a Particle under the Central Force

Motion of a particle under central force has been discussed in the Lagrangian
formulation in Section 2.5.1 (Application 4). As has been seen, the Lagrangian
of the particle in polar coordinates » and 0 is given by

L= %m(f”2+rzéz) — ) (78)
The momenta conjugate to the coordinates » and 6 are
=2k (79)
ar
_ dL 24
and pl= —=mro (80)
06
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Since the system is conservative, the Hamiltonian is the total energy
and is given by

H= %m(}:2+r2é2)+V(r) (81)

Substituting for + and 6 from Equation (79) and (80) respectively in
Equation (81) we obtain

1 2 2
H= —m{p’ +r2 Lo }+V(r)

2 | m? m*rt
P pz

or H= —“t+ 62 +V(r) (82)
2m  2mr

The cononical equations of motion for the particle are then given by

_OH _ py _dV(r)

pr = E mr3 dl" (83)
. oH
= _—_ = 4
;= 90 _p (85)
dp, m
< _ OH _ p,
g = 2L _ Fo 86
oy  mr’ (86)

From Equation (84) we find that the angular momentum of the particle
1s a constant of motion which is a characteristic of motion under central force.

4. Motion of a Linear Harmonic Oscillator

Consider a particle of mass m undergoing linear harmonic motion along the
x-axis. Let us consider the origin to be the mean or the equilibrium position
of the particle and measure all displacements of the particle from the origin.

If x be the displacement of the particle at any instant of time ¢, the
kinetic energy of the particle is

T= lm)Ez
2

(87)

If k be the restoring force per unit displacement acting on the particle
then the potential energy of the particle when its displacement is x is

V= %kf (88)

Since the system is conservative, we have the Hamiltonian for the
oscillator given by

H=T+V= %m}éz+%kx2 (89)
The Lagrangian for the oscillator is
L=T-v=Ltpi L (90)
2 2



The momentum conjugate to the coordinate x is by definition Hamilton Equation

oL .
—.=mx
ox

which gives NOTES

X =

5= P 91)

m
Using Equation (91) in Equation (89) we may write the Hamiltonian
of the oscillator as

2
H= %m P +llcx2

m* 2
2
or H= 2 L (92)
2m 2
The Hamilton’s canonical equations describing the oscillator are then
X = oH _Px (same as Equation (91)) (93)
op, m
and PR (94)
ox

From Equation (93) we get
p*= mx and hence p_ =mx (95)
Substituting Equation (95) in Equation (94) we obtain
mx = —kx
or P+Ee=0 (96)

m

Equation (96) is the well known equation for a linear harmonic
oscillator.

5. Motion of a Charged Particle in an Electromagnetic Field
Consider a particle of mass m having charge g projected with a velocity v

into an electromagnetic field described by the vector potential 4(7,7) and
scalar potential ¢.

The Lagrangian of the particle is given by
L = Kinetic energy (7) — Potential energy (U)

= T—qhp+ V.4
C
or L= %mvz-qq)ﬂ?z
C

If x, y, z be the coordinates of the particle at the instant of time 7, we
may write the Lagrangian as

I = %m()}2+)}2+z'2)+%(32‘4x+J;Ay+Z.AZ)_q¢ (97)
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The momenta conjugate to the coordinates x, y and z are

p= Smmirda, ©98)
= g—ézm)'/+%z4y (99)
= %:mz-+%Az (100)

By definition, the Hamiltonian of the particle is
H=p*x +p'y +p*z — L (101)
Substituting for x, y, z from Equation (98), (99) and (100) respectively
and for L from Equation (97) in Equation (101), we obtain
_ P« q P q P: q
H = [px_?Ax )_’_7)’[17)} _sz j+;(pz _EAZ

m

q ’ q ’ q ’
1 px_ZAx py_sz pz_;Az
——m + +
2 m m m
g px—%Ax py=d4,  p.-La4
- A+ 4, + A, |+q0
c m m
Simplifying the above we get
1 (- - 2
H= —|p-L4| +q0 (102)
2m ¢
The canonical equations are
. oH 1
(@) v=r = —=—[3—12] (103)
— m C
dp
and
L) = 1({- - —q =
@) 3= [543 )i
or p= 2y d-gV¢ (104)

Check Your Progress

6. Define the Routhian or Routh function.

7. How do we get the time period of oscillation of the compound
pendulum?




Hamilton Equation

3.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The Hamiltonian of a system is defined to be the sum of the kinetic NOTES
and potential energies expressed as a function of positions and
their conjugate momenta.

2. Hamilton’s variational principle, or the Principle of Least Action, is
stated as

5]

4

3. Euler’s formula for any arbitrary homogeneous function f'= fix!, x?,
..... , xN) of m™ degree is

N
Z _E)f x, = mf
T o,

4. The cyclic coordinates are the generalized coordinates of a certain
physical system that do not occur explicitly in the expression of the
characteristic function of these systems.

5. Ignorable coordinate is a generalized coordinate of a mechanical system
that does not appear in the systems of Lagrangian function or other
characteristic functions.

6. The Routhian or Routh function usually denoted by R is defined as
R= pg-L

7. We get the time period of oscillation of the compound pendulum to be

given by
\j mgl

¢ The momentum of a particle p, is defined in terms of its velocity r, by,
p[ - miri

3.6 SUMMARY

e The kinetic energy is a homogeneous quadratic function of the
generalized velocities for systems in which constraints involved are
scleronomous, i.e., independent of time.

e For a conservative system in which constraints are independent of time,
the Hamiltonian function is equal to the total energy E of the system.

e The Hamiltonian function which is equal to the total energy is a constant
of motion for a system if it or the Lagrangian of the system does not
depend on time explicitly.

e The Hamiltonian formulation of mechanics is superior to the Lagrangian
formulation, mainly because of the identification of Hamiltonian

. . Self-Instructional
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3.7 KEY WORDS

e Hamiltonian: The Hamiltonian of a system is defined to be the sum of
the kinetic and potential energies expressed as a function of positions
and their conjugate momenta.

e Ignorable coordinate: It is a generalized coordinate of a mechanical
system that does not appear in the systems of Lagrangian function or
other characteristic functions.

e Central force: A central force on an object is a force that is directed
along the line joining the object and the origin

e Simple pendulum: Simple pendulum is one which can be considered
to be a point mass suspended from a string or rod of negligible mass.

3.8 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Deduce canonical equations from variational principle.
2. Describe the general conservation theorem briefly.

3. Show superiority of Hamiltonian formulation over Lagrangian
formulation.

Long-Answer Questions

1. Explain Hamiltonian equations.
2. Give a detailed account of the ignorable coordinates.
3. Discuss the Routhian function.

4. Explain the applications of Hamiltonian dynamics.
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UNIT4 HAMILTON’S PRINCIPLE

Structure

4.0 Introduction

4.1 Objectives

4.2 Hamilton’s Principle: An Introduction

4.3 Hamilton’s Principle for a Conservative System — Principle of Least
Action

4.4 Answers to Check Your Progress Questions

4.5 Summary

4.6 Key Words

4.7 Self Assessment Questions and Exercises

4.8 Further Readings

4.0 INTRODUCTION

William Rowan Hamilton formulated the principle of stationary action
which expresses that the dynamics of a physical system is established
by a variational problem for a functional based on a single function,
the Lagrangian, which holds all physical information relating the
system and the forces acting on it. Hamilton’s principle is applicable to
the electromagnetic and gravitational fields also. It contributes in quantum
mechanics, quantum field theory and criticality theories significantly. In this
unit you will study Hamiltonian of the system and the Legendre transformation
relations for the change of basis. Hamilton’s principle for conservative system
and principle of least action is also discussed.

4.1 OBJECTIVES

After going through this unit, you will be able to:

e Explain Hamiltonian of the system and the method of Legendre
transformation

e Describe Hamilton’s principle for a conservative system

e Understand principle of least action and Lagrangian formulation of
mechanics
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42 HAMILTON’S PRINCIPLE:
AN INTRODUCTION

Legendre transformation refers to the mathematical method for changing the
basis of the description of a system from one set of independent variables to
another set of independent variables.

Consider a function f'= f(x, y) of two independent variables x and y.
The total differential of fis

df = aldx+alafy (1)
ox dy
Let us define u= al (2)
ox
and V= al 3)
dy
We may then write Equation (1) as
df = udx +vdy “4)

Let us now consider « to be an independent variable and x a dependent
variable in order to change our basis from the variables (x, y) to the variables

(u, y).
Let f" = f"(u, y) be a function of u and y defined according to
J'=Jux ®)
We then have df' = df—udx — xdu (6)
Using Equation (4) in Equation (6), we obtain
df’ = udx + vdy — udx — xdu
or df' = vdy — xdu (7)
Since /" =f"(u, y), we have

df = Y qur Py (8)
Ju dy
Comparing Equation (7) and (8) we obtain
-
REPY ©
and v = s (10)
dy



The relations given by Equation (9) and (10) are called the Legendre Hamilton's Principle
transformation relations for the change of basis from (x, y) to (u, y). It is
possible to extend the above method if we need to transform more than one

variable.

. . . NOTES
Consider a mechanical system having s degrees of freedom. Let g, ....., g,

be the generalized coordinates that describe the system.

In the Lagrangian formulation of mechanics, the independent variables
are the s generalized coordinates and time. The Lagrangian function L
that characterizes the system is, in general, a function of the generalized
coordinates, the generalized velocities and time, i.e.,

L= L(qr G Gy oevr Gso 1) = L(q, G, 1) (11)
In Equation (11), g stands for all the coordinates and ¢ stands for all
the velocities.

We note that although the generalized velocities appear in the
expression for L explicitly, they cannot be treated as independent variables
because of being equal to the total time derivatives of the generalized
coordinates. Hamilton developed an alternative formulation of mechanics
by considering the independent variables for the system as the generalized
co-ordinates (¢, ....., q,), the generalized momentap , ....., p_and time . In
this formulation, the generalized velocities are dependent functions such as

G = G (Gpseoves Gy Proovvvos Do 1) (12)

We may note that the generalized momenta are derived variables defined
in terms of the Lagrangian L as

oL (g, q.t)
9,

(13)

Dy

It follows from the above that to go over from the Lagrangian
formulation to the Hamiltonian formulation, we need to change our basis of
description of the system from (g, ¢,¢) set to the (g, p, ) set. Such a change

of basis can be carried out by the method of Legendre transformation
discussed in the previous section.

Anew function H=H (q, ...... 4, P> --..., P, 1) = H (g, p, 1), which
also characterizes the system under consideration, is defined in terms of the
Lagrangian function of the system L(q, ¢,¢) in a manner analogous to

Equation (8) as

H(qapa t) = Zpk q'k_L(q’q.at) (14)
k=1

The function H(q, p, f) given by Equation (14) is known as the
Hamiltonian of the system.
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Check Your Progress

1. What do you understand by Legendre transformation?

2. Write the equations for the Legendre transformation relations for the
change of basis.

3. What is the Lagrangian function?

4. Give the function which is known as the Hamiltonian of the system.

43 HAMILTON’S PRINCIPLE FOR A
CONSERVATIVE SYSTEM - PRINCIPLE OF
LEAST ACTION

Lagrangian formulation of mechanics, which is an alternative to Newtonian
formulation, is based on one of the fundamental variational principles given
by Hamilton known as the Hamilton’s variational principle. It is important
to note that the principle is stated in a form which is independent of any
coordinate system and as such the principle can be used for dealing with
non-mechanical systems and fields as well.

According to Hamilton, every mechanical system possesses a
characteristic function of coordinates, velocities and time called the

system having s-degrees of freedom, ¢, ..... , q, and Gps s G5 DE

respectively the generalized coordinates and generalized velocities (both the
coordinates and the velocities may be implicit as well as explicit functions
of time), then the Lagrangian of the system is given by

L= L(Gys.cee Gy Gpsoevr G5 1) (15)

Atany instant of time 7, the configuration of the system can be represented
by a point called the system point in the s-dimensional mathematical space,
namely, the configuration space of the system. As time passes, the system
point moves in the configuration space and traces out a definite curve or path
during a definite interval of time. Hamilton’s principle is concerned with the
trajectory or the path which is followed by the system point.

The principle states that of all possible paths along which the system
may move from one point to another in its configuration space between two
given time instants, say t1 and t2, which are consistent with the constraints
imposed on the system, if any, the actual path which the system follows is
the one for which the time integral of the Lagrangian of the system is an
extremum (either maximum or minimum).



Mathematically, the principle is stated as

5]
S = JLdt = An extremum (16)

4

[}
The line integral J.Ldt which has been denoted above by the symbol
|
S, 1s called the Hamilton’s principle function, or action integral, or simply
the action during the time interval from ¢, to £,

In most of the dynamical problems, the minimum condition for the
action S is satisfied. For this reason, the principle is also called Hamilton’s
principle of least action.

In terms of calculus of variation we can express Hamilton’s principle
given by Equation (16) as

)
8S = adet =0

)
or 85 = 8] L(gps-osr @y s s 1) =0 (17)
ul
Check Your Progress

5. Give mathematical statement for Hamilton’s principle for a
conservative system.

6. What do you understand by Hamilton’s principle for a conservative
system?

7. Why Hamilton’s principle for a conservative system is also called
Hamilton’s principle of least action?

44 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Legendre transformation refers to the mathematical method for
changing the basis of the description of a system from one set of
independent variables to another set of independent variables.

2. The relations given by the following equations are called the Legendre
transformation relations for the change of basis from (x, y) to (u, y):

_af/ _ af/
» and v %
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3. The Lagrangian function L that characterizes the system is, in general,

a function of the generalized coordinates, the generalized velocities
and time, i.e.,

L= L(qy,.s g Gps s Gso 1) =L (g, 4, 7)

. The function H(q, p, t) given by the following equation is known as

the Hamiltonian of the system.

H(g,p,t)= zpk dr —L(q.4,1)
f=1

. Mathematically, the principle is stated as

)
S = JLdt = An extremum
Ul

15}
The line integral _[Ldt which has been denoted above by the symbol

f

S, is called the Hamilton’s principle function, or action integral, or
simply the action during the time interval from ¢, to z,.

. The principle states that of all possible paths along which the system

may move from one point to another in its configuration space between
two given time instants, say t1 and t2, which are consistent with the
constraints imposed on the system, if any, the actual path which the
system follows is the one for which the time integral of the Lagrangian
of the system is an extremum (either maximum or minimum).

. In most of the dynamical problems, the minimum condition for

the action S is satisfied. For this reason, the principle is also called
Hamilton’s principle of least action.

4.5

SUMMARY

Although the generalized velocities appear in the expression for L
explicitly, they cannot be treated as independent variables because of
being equal to the total time derivatives of the generalized coordinates.

e The generalized momenta are derived variables defined in terms of the

Lagrangian L as
_ 9L(g.4.1)

. a‘h



e Every mechanical system possesses a characteristic function of Hamilton's Principle
coordinates, velocities and time called the Lagrangian of the system
usually denoted by the symbol L.

e Hamilton’s principle is concerned with the trajectory or the path which

. : NOTES
is followed by the system point.

4.6 KEY WORDS

e Legendre transformation: It refers to the mathematical method
for changing the basis of the description of a system from one set of
independent variables to another set of independent variables.

e Mechanics: The branch of science which deals with motion of objects
under the action of forces, including the particular case in which a body
continues at rest is called mechanics.

e Mechanical system: It is a system that manages power to complete a
work that involves forces and movement. Here power means the rate
of doing work or transferring heat.

¢ Generalized coordinates: The coordinates in a state space that together
absolutely describe a system are called generalized coordinates. If
they are selected so as to be independent of each other, the number of
independent generalized coordinates matches the number of degrees
of freedom of the system.

4.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions
1. Derive the Legendre transformation relations for the change of basis.
2. Describe Hamilton’s principle briefly.

Long-Answer Questions

1. Discuss Hamilton’s principle for a conservative system. Also state why
it is called the principle of least action.

2. Give an introduction to Hamilton’s principle and derive the Hamiltonian
of the system.
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5.0 INTRODUCTION

The Hamilton-Jacobi equation named for William Rowan Hamilton and Carl
Gustav Jacob Jacobi, explains extremal geometry in generalizations of
problems from the calculus of variations. It is an alternative formulation
of classical mechanics, equivalent to other formulations such as Newton’s
laws of motion, Lagrangian mechanics and Hamiltonian mechanics. It is
a first-order partial non-linear differential equation, especially applicable
in understanding conserved quantities for mechanical systems, which may
be possible even when the mechanical problem itself cannot be solved
completely. In this unit you will study characteristic function and Hamilton-
Jacobi equation. You will learn Hamilton’s principal function, Abbreviated
action and solution of mechanical problems using Hamilton-Jacobi method.
Application of action angle variable and Jacobi identity is also explained.

5.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain characteristic function and Hamilton-Jacobi equation

e Understand Hamilton’s principal function and Hamilton’s principal
function

e Solve mechanical problems using Hamilton-Jacobi method and
calculate motion of a body falling freely under gravity

Hamilton-Jacobi Theory
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e Describe action and angle variables, application of action angle variable
to obtain the frequency of a linear harmonic oscillator

e Define Jacobi’s identity

5.2 CHARACTERISTIC FUNCTION AND
HAMILTON-JACOBI EQUATION

Consider a mechanical system of s degrees of freedom described by the

generalized coordinates g, ....., ¢ and generalized momenta p , ....., p.. The
Hamiltonian for the system which involves time explicitly is
H=H(q,p,)=H(q,, ... 4 P> -+ D 1) (1)
The Hamilton’s canonical equations are
. oH . oH
% = ——; and g =-— (2)
Py 9g

Let us affect a canonical transformation from the old set of variables {q, p}
to anew set {Q, P}. Let I be the generating function of the transformation. If
K represents the transformed Hamiltonian then the following equations hold

. oK . oK
= — P -
O = 5s A3y 3)
and K= H +—%1; 4)

Let us consider the above transformation to be such that the new
variables are constants of motion (Q, = Constant, P,_= Constant), so that

QkZO and 1",(=O (5)
According to Equation (3) and (5), we then get
oK oK
2= =0 and —=0
op, " g, ©)

Equation (6) allows us to take the transformed Hamiltonian K
identically equal to zero. Equation (4) then demands the generating function
F to be such that

oF
H — =0 7
q.p1 +— (7)

Let us choose the generating function F to be a function of old
coordinates, new constant momenta and time, i.e.,

F=Fgq,P,1 (8)
From Equation /' (q, q, ) = F(q, p, 1) = 2P, Q,, we then have
_ OF
P o 9)



In view of Equation (9) we may rewrite Equation (7) as Hamilton-Jacobi Theory

..... t|+—=20 (10)

Equation (10) is referred to as the Hamilton—Jacobi equation. We may NOTES
note that the Hamilton—Jacobi equation is a first-order partial differential
equation in (s + 1) variables, namely, g , ....., g, t.

By convention, solution of Equation (10) is denoted by S and is called
the Hamilton’s Principal Function.

The complete solution of Equation (10) involves (s + 1) constants of
integration. We may note that if we add a constant, say a., to the solution S, so
that the solution may be written as S + o then we find that such a replacement
of the solution satisfies Equation (10). Hence, we find that out of (s + 1)
constants mentioned above, one is an additive constant. We may thus write
the general solution of the Hamilton—Jacobi equation as

§= 84, gy Opy ey 0, ) 0L (11)

In the above, o, o, ..... , o are the s independent, non-additive
constants of integration. Clearly, solution of the Hamilton—Jacobi equation
S is a function of s coordinates, s constants and time. This is precisely the
same description as that of the generating function F considered above. The
constants can be chosen as the new momenta which are constants of motion.
Thus,

o=p; k=1,...,s) (12)
The new momenta which are constants can conveniently be chosen to
be the momentum values p, p,, -----» P, at the initial time ¢ = 7.

Transformation equations given by Equation (9) can be rewritten as

S (13)

Py 361k

Equation (13) can be used to determine the relations between o, p,
and g, atr=1,.
We also have the transformation equation

s as

3B ey Pk S k= ls (14)

We may choose the values of 3, as the momenta and they can also be
expressed in terms of the initial values of the coordinates, namely, g, ....., g

We may write Equation (14) also as

4, = ¢, B, 0 (15)
Equation (15) along with the relations
P = ploy, B, 9 (16)

Self-Instructional
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From Equation (8) we get

ar _ 5 oF . +23_F 5+
NOTES dt ag, " “op, o
Using Equation (5) and (9) in the above, we obtain
dF . OF
o zpqu+ Y (17)
Equation (7) when used in Equation (17) gives
dF .
ar = Zpqu _H(qa P,t)
ot & - L@an (18)

where L [q, q, t] = Zpk ¢, —H (g, p,1),is the Lagrangian of the system.
Integration of Equation (18) over time leads to
dF .
—dt = |L|q,q,t
fran = Je[od)
or F = §+ constant (19)

In the above, S represents the familiar action of the system. We thus
identify the solution of the Hamilton—Jacobi equation, i.e., the Hamilton’s
principal function as the indefinite time integral of the Lagrangian of the
system, plus a constant.

We may now summarize the method for solving a mechanical problem
using Hamilton—Jacobi method. The steps are:

(i) Construct the Hamiltonian H for the system in terms of old
coordinates ¢, old momenta p and time ¢.

(i) Write the Hamilton—Jacobi equation and find its complete integral
S, 1.e., the Hamilton’s principal function.

(zii) Differentiate S with respect to s arbitrary constants o, and equate
the derivatives to the new constants 3, to obtain s algebraic
equations, such as

a5
oo,

= B, (20)

(iv) Solve the s equations thus obtained to get the old coordinates g,
as functions of time ¢ and the 2s arbitrary constants

g, = q (0, Oy ey 0, B By oo , B 1) (21)
(v) Obtain the old momenta according to

oS
Self-Instructional p kK g (22)
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(vi) Use Equation (21) and their time derivatives to determine 2s initial Hamilton-Jacobi Theory
conditions of the given mechanical system.

Abbreviated Action, or Hamilton’s Characteristic Function

Consider a conservative mechanical system. The Hamiltonian of the NOTES
system then has no explicit dependence on time and is a constant of motion
representing the total energy E of the system. We have

2

S = }Ldt = [ pdq; - Hat]

1

2 2
= JZ prdq;, — det

or S= 8 —Et, 1) (23)
2

where S, = | peday (24)

1

Substituting Equation (23) in the Hamilton—Jacobi equation given by
Equation (10), we obtain

—E+H[q1, ..... Gy ey —= | =0 (25)

The solution SO of the time-independent partial differential Equation
(25) is called abbreviated action, or Hamilton’s characteristic function.

5.2.1 Solution of Mechanical Problems Using Hamilton—Jacobi
Method

A. One-dimensional Harmonic Oscillator Problem

Consider a one-dimensional harmonic oscillator of mass m. Let g and p be
respectively the coordinate and momentum of the oscillator at any instant
of time 7.

The Hamiltonian function H of the oscillator is

2
_p 155
H 2m+2qu (26)

k . .
where ® = ,/— , k being the force constant of the oscillator.
m

The Hamilton—Jacobi equation is given by

oS
H + 2 =
(g,p) > 0

Using p = g—S , the above equation becomes
q

2
(oS}, 1, 22098
Zm[aqj +2m(0 1 +8t 0 27
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We note that in the above equation, the only term that involves an
explicit dependence of S on ¢ is the term %—f . We may write the solution of
Equation (27) in the form

S(q> a, t) = W(C]; (X) —of (28)
where a is a constant of integration.

From Equation (28), we get

s _ow

gq dq

S _
and Eyle o

Substituting the above in Equation (27), we get

L (owY 1 .,
—|— | +—mo’¢" = a
2m| dq 2

dq
or aa—I;V = \/2m(a—%mw2q2]=mm }(75:)(2 —qzj

Integrating the above gives

W= mof /( 232 -4 ]dq (29)

Using Equation (29), the solution given by Equation (28) takes the form

1
2moL—2m X Em(nzq2

S = mo (2"‘2 _ qu—w (30)
mo
We have the transformation equations
aS aS
P= — and =— 31
g oo G
Use of Equation (30) yields
1
p= mw[ S )2 (32)
me
1 dq
d = —|——-t
an B 0)_[ O
mo’
1 -1 m(u2
+t= ——
or B+t PRl LT



The above gives Hamilton-Jacobi Theory

g= 2% cosw(t+B) (33)
me
The constants o and 3 in Equation (33) may be related to the initial NOTES

values g, and p of coordinate and momentum of the oscillator, respectively.
Let at £ = 0, the particle be at rest at a position displaced by g, from the
equilibrium position. We then get from Equation (27)

1

2 2,
[a_SJ _ pozmla_&z%]

Since p, = 0, the above result gives

2 2
o= ’""’Tq (34)

From Equation (26) we find that o given by Equation (34) is the initial
total energy of the system. Equation (34) gives

20,
g, = 5 (35)

Using Equation (35) in Equation (33), we get
g = g,cos ot +p) (36)
Further, since g = ¢, at £ = 0, according to Equation (36), we get
cosBp=1orB=0
We thus get
q = q,cos ot (37)

Conclusion

The Hamilton’s principal function S affects a contact transformation which
transforms the oscillator with a canonical momentum o = H = Constant total
energy and a coordinate 3 which is zero at # = 0. We may write Hamilton’s
principal function of the oscillator as

5= mof|g? —q'dg -1 %!

[by using Equation (34) in Equation (30)]
Using the value of ¢ from Equation (36), the above gives

S= meq (sinz mt—%)dt (38)

It is now easy to show that S given by Equation (38) is the time integral
of the Lagrangian (L) of the oscillator. We have

L = Kinetic energy — Potential energy
Self-Instructional
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1w 1 55
= —mq ——m
2 1 2 1

Substituting from Equation (36), the above gives

molq?
L= — o [sin2 ot — cos’ mt}

mmzqoz .2 .2
= [sm ot —1+sin u)t]
2
2 2
() .
or L= o 9o [ZSln2 a)t—l]
2
. 1
Clearly, det = moozqu(sm2 mt_E)dt

B. Motion of a Body Falling Freely under Gravity

Consider a body of mass m falling freely under gravity. At some instant of
time ¢, let v be the velocity of the body and z be its height above the ground.
The kinetic energy of the body is

2

T = 1 2P
2 2m

(p being the linear momentum of the body)
The potential energy (gravitational potential energy) is
V= mgz
The Hamiltonian which represents the total energy E of the body is thus

2
=L pg=kE (39)
2m

We may write H in the usual notation of S as
1 (osY
H= E(gj +mgz (40)
where § is the Hamilton’s principle function.

Hamilton—Jacobi equation is given by
as

H —_— =
+ y 0
Using Equation (40), the above gives
1 (asY s
The general solution of Equation (41) can be written as
Sz, a,t) = W(z, a)—at (42)



From the above, we get Hamilton-Jacobi Theory

a5 _ow
dz 0z
GRS
Y NOTES
A
— = _ 4
> a (43)

Using Equation (43), Equation (41) becomes

L[ 2+m z—o= 0
2m\ dz &

1
or (aa—VZVJ = [2m o—mgz :IE
Integrating over the variable z, we obtain
1
W= I [2m(a—mgz)]5d2+A (44)
where A4 is the constant of integration.
Using the result given by Equation (44) in Equation (42), we get
1
S= j [2m(0—mgz) |2dz+C - at (45)
We obtain from the above

95 _ Vam e
J\/oc el

oo
or B+i= \/_2«/0c mgz \/7 o— mgz
2 —mg
1
or (0—mgz)2 = —g\E(BH)
or o—mgz = gZ%(BH)2
2
or mgz = o.— g ([3+t)2
or z= i——(B+t) (46)
mg 2

Letz =z, and p = 0, initially at z = 0.

Then we have

p= —=2m(o—mgz,)=0
0z
The above gives
o= mgz, (47)
Using Equation (47) in Equation (46), we obtain
_ mgz, & 2
B mg E(B - t) Self-Instructional
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or z= ZO—E(B+I)2
2
Since at £ = 0, z = z, we obtain
_ g r2
ZO - Z() _EB
The above gives = 0.

Hence, we obtain
1
= z,——gt
2= 5,738
This is the equation of motion for the freely falling body.

5.2.2 Illustrative Examples

2
Example 1: A single particle is moving under the Hamiltonian H = p?

(a) Solve the Hamilton-Jacobi equation for the generating function s(g, d,
f).

(b) If B and a are the transformed coordinate and momentum respectively,
find the canonical transformation g = ¢(3, o) and p = p(B, o)

Solution:

(a) We have the Hamilton-Jacobi equation as

L+ Hg.p.0=0 (0
where p= 9 (i)
dq

2
In the problem, H = % and hence using Equation (i7) we obtain and

according to Equation (7)

o, 1 [ﬁj =0 (i)

o 2 dq
As H does not depend on ¢g and ¢, the two terms on the left hand side of
Equation (iii) can be set equal to, say, — » and + » where 7 is a function of p.

We then get

S= vy gt (iv)
Setting o = 2y we get the generating function

S= ag —%oczt )

(b) Considering the constant o to be the new momentum P we have the
transformation equations

p= —=a (vi)



0% = 4™
Example 2: The Hamiltonian of a system is given by
H= Pn
2 q

Solve the corresponding Hamilton-Jacobi equation.

Solution:
2
Given H= P2 _K
2 q
The Hamilton-Jacobi equation for the system is
s
— + H{ =20
5, TH@.p. 1)
_0Os
We have p= —
dq

So that using Equation (i) in Equation (ii) we get
2
9 lfos) B _
ot 2\ dq q

We may set
§=A0+g@

where £(¢) is a function of only 7 while g(¢q) is a function of only g.

Using Equation (iv), Equation (iii) becomes

0, (@) 1 _
dt 2\ dq q
ey _ p 1 (dg(q)f

or ——
dt qg 2\ dg

The L.H.S. of Equation (v) depends only on time while the R.H.S.

(vii)

(i)

(iii)

(iv)

)

depends only on g. Hence, we may set both sides equal to a constant say £
o

. Thus we get
@ _
dt o
Integrating, we get
_ U
Z‘ =
=4
Also E_l M = E
q 2\ dq o
2
or 1(@] _np
2\ dq q o

Hamilton-Jacobi Theory
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or dg(q) _

dq
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N
q o

Carrying out the integration we get

1/2
g(g) = 2po arc sin{\/g+(M) }

NOTES
o

Then the solution of the Hamilton-Jacobi equation is

) ((X— ) 1/2
= Tr442u? arc Sin[\/er(Mj 1
(04 o o

Example 3: Write down the Hamilton-Jacobi equation for a three-dimensional
harmonic oscillator and obtain the solution of the equation.

Solution:

The Hamiltonian function of the three-dimensional oscillator can be written as
1 1 1 1 .
H= ——(pl+p3+p)+5pal +5haar + 5k ()
m 2 2 2
where we have assumed the spring constants &, k, and k, along the three
cartesian axes (referred in the above by the suffixes 1, 2, 3) to be different.

Since the oscillator is a conservative system, the Hamiltonian A does
not depend on time explicitly and instead it is constant of motion. Thus

H = E(say) (if)
The Hamilton’s principal function S is thus
S(g, P, 1) = Wiq,,p)— Et (iii)
We have p.= w (iv)
j aqj

Using the above we may write the Hamiltonian given by Equation (7) as
1 (aw) 1
H= —| == | +=k.4® |=E
Z} 2m (E)q ; j 2/
The above can be alternatively written as

S aw Y
)y (_] +mk; - q;
194, '

Equation (5) is the Hamilton-Jacobi equation for the oscillator. It can
be solved using the method of separation of variables according to which
we may write

= 2mE v)

W= W(q,)+ Wq, + Wq,) (vi)
Substituting Equation (vi) in Equation (v) we get three equations.

LAY
(a—lj +mhkygt = 2mo,

Self-Instructional q
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(%J +mk,q? = 2ma (vii)
p) 292 2
9
2
oW,
(@3] +mhkyg3 = 2moL, NOTES

In the above

a to,to,=E (viii)
On integrating Equation (vii) we obtain
w, = J(zmal —mhiq,)* dg,
W,= [@ma,-mkq3)dg, (ix)
w,= J-(Zm% —mhyq3 )’ dgs

The constants o, o, o, are designated as the new momenta P, P, P,
respectively. The new constant coordinates are given by

_ W JZ dgy
0, oP  do, J 1

*qul
oW, _ o, _
= £ — —_ X
0, oP, 00, 2 )
kz%
_ W3 3W3
Q3 h \/7 .[
\/ *ks%
For the conservative system
H=K=E=a, ta,+a, (xi)
The equations of motion in the new coordinates are
'm0
ok  OE ..
o, = L _ % 4 Xii
_ ok OE
62 = — ==
0P, 0oy
The above equations on integration give
Ql =it B1
0,=1t+h, (xiii)
Q3 =1t B3

From Equation (x) and (x7ii) we obtain

t+B, = \FJ _7k

Self-Instructional
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m
or — J‘—Z
20, 1— kg
\/ 20,
NOTES
or \/Z sin”! ¢ ’i =1+,
k 204
q

= t+B1

_ |20
1
mw?

or

sinw; (¢ +B;) (xiv)

Similarly, we obtain

q,= /2oc22 sinw, (¢ +B,) (xv)

mmw:
q,= 2%2 sin wy (¢ +B5) (xxvi)
mw;
In the above
k.
w. = \/Z,j=l,2,3 (xvii)
J m

Example 4: Using Hamilton-Jacobi method discuss the motion of a particles
of mass m moving in a uniform gravitational field along the z-axis.

Solution:

Let at any instant of time 7, p, Py D, be the components of momentum of
the particle along the x, y and z axes, respectively. We then have the kinetic
energy of the particle as.

1
T= 2 (p24p24p2
5, (P +p2)
If the z-coordinate of the particle at the instant ¢ be z, is

V= mgz

Thus, the Hamiltonian of the particle is
H= L(p§+p§+pf)+mgz (i)
2m
The Hamilton-Jacobi equation for the particle is thus
1|(9s, ? os, 2 os, ? _ .
Eli(a—xJ +($j +( 3z ) ]'l'ng =F (ll)

Let us set

5, = S,(x)+S,(v) +S,(2) (i)
Substituting Equation (iii) in Equation (ii) we get

2 2 2
L (%) + 95 +(ai) +mgz = FE
2m |\ ox ay oz
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2
or . {af +ol+ (ai) } mgz = E (iv)
2m 0z
From (i) we find x and y to be the cyclic coordinates and hence
I a, = Constant
ox
9% - o, = Constant v)
dy
We may write Equation (iv) as
2, 2 [9s3 ’ — 2
SR vl 2mE — 2m*gz
Z
0s, 1/2
or > = [ZmE—Zngz—(xlz—(xﬂ

Integrating the above we get
1/2
s, = H:2mE—2m2gz—0c12—d22] dz (vi)
Integrating Equation (v) we obtain
s, = faldx, s, = joczdy (vii)
Substituting Equation (vi) and (vii) in Equation (iii) we obtain
sy = [oydx+ [on,dy+ [ [2m(E—mgz)—of —a31"?dz (viii)

Atr=1,x,¥,,z, be the coordinates of the particle, we get the Hamilton-
Jacobi function for the particle as

t
$= S —EJ- dt
j I T X 12
or S= _[ o dx + J. (dey-kj. [Zm(E_ng)—Ole _d22:| dz— E(t—1y) 0
XO )’0 ZO
We now have
_ Os s s as
Bl aa1932_aa29B3—aa3_aE
We thus get
B] = % '[ Otldx+ J‘ (x1[2m(E _ng) _ (Xlz _ a%]_l/zdz
1 X0 )
or Bl = X—Xy- J. oy [2m(E —mgz)—or —ai]2dz  (x)
20
Similarly,

B,= y-yo— | o[2m(E-mgz)-of —03]"2dz  (xi)
“
t—t,= [ m2m(E-mgz)-of 31 dz  (xii)

20

=
w
Il
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Using the initial values at 7 =7, we get

B,=0 (oxii)
B,=0 (xiv)
We may hence write
1
X=X, = ;Ocl(t—to) (xv)
1 .
Y=>y= ;az(t_to) (xvi)
iy g

—E(t—to)z (xvii)

Equation (xvii) can be written as

[Zm(E —mgz,) — (112 - 0(%]

/
z= —%(t—to)z +l[2m(E—mgzo)af ~a3] " —10)+ 2
m
The above shows that the z-coordinate of the particle varies with time
in a parabolic manner.

Example 5: Solve the problem of the motion of particle of mass m moving
under a central force using Hamilton-Jacobi method.

Solution:

We know that such a motion takes place in a plane and is hence a two-
dimensional motion. The convenient generalized coordinates are the polar
coordinates 7 and 0 in terms of which the Hamiltonian of the particle is
given by

H= %(pf%pé)wm (i)
m r

Where U(r) is potential corresponding to the central force, p_and p, are the
momenta congugate to the coordinates » and 0 respectively. We may write

s = s, — Et (since the system is conservative)(ii)

The Hamilton-Jacobi equation for the problem is then
1 (35, ) 1 (3sy ) _
E(a—;j +2rn7(a—eoj +U(I")+U(I")—E _0 (lll)

Using the method of separation of variables and noting that 0 is cyclic,
we can obtain s, by integrating Equation (iii). The s, thus obtained when
substituted in Equation (i) gives

2
5 = p9+9+J[Zm{E—U(r)}—f—g]l/zde—Et (iv)

For the problem we have

a, = E and o, =P, (v)
B = i_a_S_J'm 2m{E_U(r)}_p_§ _mdr—t
' 9q, OE r
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1
_Os 05 _ Do p§7 .
BZ_ E—a—e—_[r—z{Zm{E—U(r)}—r—z (Vl)
Both B3, and B, are constants. Hence we may write Equation (v) and NOTES

(vi) alternatively as

) -1/2
t= | mI:Zm{E—U(r) —p—g} + constant  (Vvii)
r

b -1/2
0= I%{Zm{E—U(r)}—f—g} + constant (viii)

The above equations give the dependence of 7 on ¢ and 6 and hence
give the path of motion of the particle.

5.2.3 Action and Angle Variables

Let us consider a periodic system having one degree of freedom. Let ¢ be the
generalized coordinate and p the generalized momentum which describe the
system. Considering the system to be conservative we have the Hamiltonian
of the system given by

H = H( g, p) = a(constant) (48)
According to the above, the momentum p for the system is a function
of ¢ and the constant a, i.e.,
p=r o)
A knowledge of the above function gives the trajectory of the system
in its two-dimensional phase space.

A practical example of such a conservative one-dimensional system is
a linear harmonic oscillator for which p is given by Equation (32)
1
( 200 )2
mo =4
mo

2 2
) m-m 20 2 2 2

i
Il

or p= ——moq
mo
or p’ = 2mo — m*w*q? (49)
The above can be written as
2 2.2 2

pr  mog _y

2m(2x 2m2(x
or r_, 9 __ (50)

2mo. 20,
mo’

Clearly, the representative point in the phase space of the oscillator
traces an ellipse as shown in the Fig. 5.1.
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Fig. 5.1

We now introduce a new variable J for the oscillator according to

J= ngdq (51)

where the integration is taken over one period round the ellipse. J has

the dimensions of angular momentum (moment of linear momentum) and is
called the phase integral or the action variable for the oscillator.

Substituting for p from Equation (49) in Equation (51) we get

J= Cﬁ\ﬂmoc —-m*w’q*dg

The above yields J as a function of a (because ¢ is integrated out) or
the Hamiltonian H, i.e.,

J= J(a)=J(H) (52)
Alternatively, we obtain o or H as a function J

a= H=H({J) (53)
The Hamilton’s characteristic function S, can be written as

S, = Sya.)) (54)

The generalized coordinate conjugate to J is called the angle variable
and is defined by the transformation equation

dd,
w= (55)
The other transformation equation which gives p is
a3,
p== (56)
q
We thus get the equation of motion for the angle variable to be
. 0H(J)
= —“2=v(J 57
i = o) (57

where v (J) 1s a constant function of the action variable J only.



We may write the solution of Equation (57) as Hamilton-Jacobi Theory
w=vt+f (58)

where B is a constant. We find the angle variable to vary linearly with time.

If Aw be the change in the variable w as ¢ undergoes a change of one NOTES
cycle, we get
ow
Aw = $2% 4
w= ¢ 5% 2
0 d9 )
Aw= §2L Lo gg=G 20y
o R v Febvl
d ¢dd .
or Aw = —CJS > dg (J being independent of g) (59)
dJ 7 dq

Using Equation (56) in the above, we obtain

d dJ . .
Aw T Cﬁ pdq (using Equation(51)) (60)

If T be the time required for g to complete one cycle then according
to Equation (58) we get

w= vt (61)
In view of Equation (61), Equation (60) gives
vt=1
or - L (62)
v

It is clear from the above that since 7 represents the time period for
one cycle g, vmust represent the frequency, i.e., v gives the number of cycles
of g in unit time.

Since v has the dimensions of frequency, according to Equation (58),
w must have the dimension of angle.

We observe that use of action angle variables in periodic conservative
mechanical systems provides simplified method of obtaining time period, or
frequency of motion without requiring any detailed treatment.

5.2.4 Application of Action Angle Variable to Obtain the
Frequency of a Linear Harmonic Oscillator

Consider the mechanical problem of a one-dimensional harmonic oscillator
described in Sec. 6.3. The action variable J for the oscillator is given by

J= {ﬁpdq
Using p given by Equation (32), the above gives

J= 95\/2m0c—m20)2q2dq (63)
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where oo = H = E = Total energy of the system and ® = \/E being the force
m

constant.

To evaluate the integral in Equation (63), let us define a variable 0 as

= nfo‘jz sin@ (64)

From Equation (64) and (63) we get

J= \/2m06 m’ e’ ——sin 20 x \/ 20(2 cos0do

J= J.1[2m(x —sin 9 cosOdG
or = 2mo.cos’ 5 cos 0do

mO)

= j—cos 0do= J. m(1+COS G)de

0 0.
6 2n
or J= e 2T+ sin
® 2 o

or g= 2re_ 2k (65)
(O] ®
The above gives
oJ
oa=H= e (66)
Using Equation(57), we get the frequency of the oscillator to be
oH
Y

0 ((DJ ] o 1 [k
or V= —| —|mF—=—,/—

dJ | 2n 2 2m\m
5.2.5 Jacobi’s Identity

If/, g and k are any three functions of the coordinates (¢’s) and the momenta
(p’s) describing a mechanical system, then the following relation holds

[ilg, k1 + [g, [k Al + [k [f g]] = 0 (67)

The relation expressed in Equation (67) is known as Jacobi’s identity.

Proof: Using the definition and properties of Poisson bracket we get

g 9k _ 3 ok
g apj dp; 9q; ]

_{g,z {ia_k_ila_k
J

(68)

aqj apj apj aqj

| —



Let us put
Jg ok _
7 9p; 9q;
Jof ok
S0,
dof Ok
o

(69)

Using Equation (69), we may write Equation (68) as

[/ Le.k]]-[&.lf k] = [f; (a=D)] -~ [g (c — )]
[f,al =11, b]-[g, c]+[g.d]

sl

_ g Ok |5 92
- jj’;aq. ZBpé f_’g‘apéjgaqé
I I
- japj“a - jaq-_japA
_ gzai' a_é_-g a_k]'zi
L 94, | T op; j apj_ 704
o | * | o
+ —-— —+| g, ) — ——
i gapj 1594, | ;3%- _gapj
_oy okl L] ee o ag
z[: {a‘lj [LPJ ,g} _f’ apj:l]+ P; Haq g}{f’ aqfﬂ}

Og| ok | Og| Ok |_ Ul ok | ¥
. ;{qu{f’apj apj{f’aqj aqj{ ap]] apj{ an}

9 _ | 9%
-—[/:¢] [ax,g}[f,ax}

Using Equation(71) in Equation(70), we get

L1, L KT~ [ 1 KT = Z{ ke e It g]}

(70)
(71)

(the last four terms on the RHS of Equation (70) on expansion cancel
each other out)
or [
or [

flek]]-[e[rk]]=-[k[1.&]]
1 leKl]-[e.lr-K]]+[k[1.8]]=0
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Hamilton-Jacobi Theory or [f,[g,k]] + [g,[f,k]] + [k,[f,g]] =0

The above is the Jacobi’s identity.

Jacobi’s identity is helpful in finding the constants or integrals of

NOTES motion for a system.

Check Your Progress

What is the Hamiltonian for the system which involves time explicitly?
What are the Hamilton’s canonical equations?

Which equation is referred to as the Hamilton-Jacobi equation?

> w o=

What will be the Hamiltonian function of the one-dimensional
harmonic oscillator?

9]

. Write Hamilton’s principal function of the oscillator.
6. Write the equation of motion for the freely falling body.
7. Define Jacobi’s identity.

53 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Consider a mechanical system of s degrees of freedom described by
the generalized coordinates g, ....., ¢  and generalized momentap., .....,
p,- The Hamiltonian for the system which involves time explicitly is

H=H(q,p, ) =H(q,s ..ccs qs P> vees P> 1)
2. The Hamilton’s canonical equations are

_oH 4 __OH
qy w 5 03 %,
3 oF oF ; +8F ~0
Qs eeer Qs 20, yveees 20, s _at

4. Consider a one-dimensional harmonic oscillator of mass m. Let ¢ and
p be respectively the coordinate and momentum of the oscillator at
any instant of time ¢.

The Hamiltonian function / of the oscillator is

2
H= p—+lm0)2q2
2m 2

5. We may write Hamilton’s principal function of the oscillator as

S= mof g —q'dg -1 %!
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6.z=z,——gt
2g

7. If f, g and k are any three functions of the coordinates (g’s) and the

momenta (p’s) describing a mechanical system, then the following
relation holds

[le, k1] + (g [ Al + [k [, 8]] = 0

The relation expressed in Equation (67) is known as Jacobi’s identity.

5.4

SUMMARY

The Hamilton’s canonical equations are

c_OH. 4 g - 9H
qx apk 5 qy aqk

The Hamilton—Jacobi equation is a first-order partial differential
equation in (s + 1) variables, namely, g , ....., g, Z.

We write the general solution of the Hamilton—Jacobi equation as
S= 8(q,s oo G Oy eey O, 1)+ 0L

The Hamiltonian of the system then has no explicit dependence on
time and is a constant of motion representing the total energy E of the
system.

We may write Hamilton’s principal function of the oscillator as

S= mof\q; -q*dg —@

3.5

KEY WORDS

Jacobi’s identity: It is a characteristic of a binary operation which
explains how the order of evaluation influences the result of the
operation.

Canonical coordinates: The sets of coordinates on phase space which
can be used to explain a physical system at any given point in time are
called Canonical coordinates.

Action-angle coordinates: They are a set of canonical coordinates useful
in solving many integrable systems. The method of action-angles is
useful for obtaining the frequencies of oscillatory motion without
solving the equations of motion.

Poisson bracket: It is an important binary operation in Hamiltonian
mechanics which governs the time evolution of a Hamiltonian
dynamical system.

Hamilton-Jacobi Theory
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5.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

NOTES Short-Answer Questions

1. Summarize the method for solving a mechanical problem using
Hamilton-Jacobi method?

2. Describe the Hamilton-Jacobi equation briefly.

3. Write a short note on Hamilton’s characteristic function.

4. Describe briefly application of action angle variable to obtain the
frequency of a linear harmonic oscillator.

Long-Answer Questions

1. Describe Lagrange’s equations for conservative systems.
2. Discuss Hamilton’s principal function.

3. Give solution of one dimensional harmonic oscillator problem using
Hamilton-Jacobi method.

4. Explain motion of a body falling freely under gravity.

5. Give a detailed account of action and angle variables.
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UNIT6 CANONICAL
TRANSFORMATIONS

NOTES

Structure

6.0 Introduction
6.1 Objectives
6.2 Phase Space and Liouville’s Theorem
6.2.1 Liouville’s Theorem
6.3 Special Transformations
6.3.1 Generating Function for Canonical Transformation
6.3.2 Transformation Relations for Different Forms of the Generating
Function
6.3.3 Examples of Physically Meaningful Canonical Transformations
6.3.4 Conditions for Canonical Transformation
6.3.5 Infinitesimal Transformation
6.3.6 More about Infinitesimal Transformation
6.4 Lagrange Brackets
6.5 Poisson Bracket
6.5.1 Constants or Integrals of Motion
6.5.2 Canonical Transformation and Poisson Bracket
6.6 Calculus of Variations
6.6.1 Calculus of Variations
6.6.2 Variational Principle and Euler-Lagrange Equation
6.7 Answers to Check Your Progress Questions
6.8 Summary
6.9 Key Words
6.10 Self Assessment Questions and Exercises
6.11 Further Readings

6.0 INTRODUCTION

A canonical transformation is a change of canonical coordinates that protects
the form of Hamilton’s equations. They constitute the basis for the Hamilton-
Jacobi equations. The class of canonical transformations is much extensive, as
the old generalized coordinates, momenta and even time may be combined to
form the new generalized coordinates and momenta. In this unit you will study
phase space and Liouville’s theorem. You will learn special transformations
with examples of physically meaningful canonical transformations and
conditions for canonical transformation. You will examine Lagrange brackets
and Poisson bracket. Calculation of variations is discussed at the end of this
unit.
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6.1 OBJECTIVES

After going through this unit, you will be able to:

e Understand phase space, configuration space, hodograph, and
Liouville’s theorem

e Describe special transformations explaining generating function for
canonical transformation

e Interpret transformation relations for different forms of the generating
function and infinitesimal transformation

e Analyse Lagrange brackets and Poisson brackets

e Grasp constants or integrals of motion and canonical transformation
and Poisson brackets

e Interpret calculus of variations, Geodesics on a plane, Variational
principle and Euler-Lagrange equation

6.2 PHASE SPACE AND LIOUVILLE’S THEOREM

In the Lagrangian formulation of mechanics, for describing the motion of
a system having s degrees of freedom, the system at any instant of time ¢
is represented by a point in an abstract s-dimensional mathematical space
called the configuration space of the system. The point is called the system
point at the instant 7.

As time passes, the system point moves in the configuration space and
it traces out, in general, a curve that gives the trajectory or path of the system.

In the Hamiltonian formulation, s generalized coordinates and s
generalized momenta are independent variables for the system. An abstract
s dimensional mathematical space, any point of which gives the s momenta
of the system, is called the momentum space of the system. Clearly, any
point in the momentum space represents the state of motion of the system at
some instant of time. With progress of time, the point representing the state
of motion moves in the momentum space. The curve traced out by the point
is called hodograph.

To describe a function such as the Hamiltonian function H(q, p, f) for
the system we need a combination of the configuration space (coordinate
space) and the momentum space for the system. Clearly, such a space is
2s dimensional. Such an abstract 2s dimensional mathematical space, any
point of which represents the s coordinates (g, ....., gs) and s momenta (p,,
....., ps) of the system at some instant of time, is called phase space of the
system. Any point of the phase space describes not only the position of the
system as a whole but also the state of motion of the system at some instant



of time. As time passes, the point representing the configuration and the state
of motion of the system in the phase space traces out a trajectory called the
phase trajectory.

The concept of phase space and phase trajectory can be understood
from the following example: consider a linear harmonic oscillator of mass
m and oscillating along the X-axis.

The total energy of the oscillator when the displacement is x from the
equilibrium position is given by

2
E = lm)'c2 +lmol)2 =L e ¥ (1)
2 2 2m 2

.. . k.
where p = mx 1s the momentum of the oscillator and o=, /— is the angular
m

frequency of the oscillator.

We may express Equation (1) as

2 2
p X
SR 2
2mE  2E 2)
mo?

In view of Equation (2), we find that the oscillator traverses an elliptical path
in a two-dimensional space with x and p as the axes and having the semi-

major axis equal to and semi-minor axis equal to v2mE . In Figure

I’}’l(J.)2

6.1 are shown different paths of the oscillator corresponding to different
energies. We observe that the phase space of the oscillator is two-dimensional
and phase trajectories are ellipses of different semi-axes corresponding to
different total energies.

[ 4

I
\o——

Fig. 6.1 Paths of Oscillation
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Canonical Transformations  Qne important feature of phase trajectory is that no two phase trajectories can
intersect with each other. This can be seen as follows: Let two trajectories
cross at the phase point (xi,pi). If we consider this point to represent the
position and the momentum at = 0 then there will be two possible momenta

NOTES along which the motion could start. This is not possible because the solutions
of the oscillator equation

F+oix =0

at any instant for ¥ and hence for p is unique.

6.2.1 Liouville’s Theorem

The dynamical state of a mechanical system at any instant of time is
represented by a point in the phase space of the system which is an imaginary
mathematical space of 2s dimensions if ‘s’ be the degrees of freedom of
the system. As the system develops with time, the point representing the
dynamical state called the representative point traces a path or trajectory
determined by the Hamilton’s canonical equations given by

. OH , —0H

=22 p = i=1-s
@ api p api

Where H is Hamiltonian of the system given as
H=(qysqpoPp P D)

As a result of motion, the density p (number of phase point per unit
volume of the phase space at a given time in the phase space) changes with
time. Our interest lies in the determination of the rate at which the density

changes with time at a given point in the phase space. To obtain dt
the theorem given by Liouville. The theorem consists of two parts:

W€ use

b _,

(1) The density in phase space is a conserved quantity i.e.,

(i) Extension in phase space is conserved i.e., 7 (8I') = 0. This means
that the volume available to a particular number of phase points is
conserved throughout the phase space.

Proof of Theorem (1)

Consider the volume of phase space located between
q,and g, +3q, q, and q,* 8q.,..., ¢, and g + 3¢,
p,andp +dp ..,pandp +3dp
The number of phase points located in this volume i.e., in the volume

(8q, x ... x 8q ) *(8p, ... x 8p ) changes as the coordinates ¢ and momenta p
vary with time.
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In a time dt, the change in the number of phase points in the above

volume is equal to dt (3q, x ... x 3p)).

The above change is due to the number of phase points entering and
leaving the volume in the time dt.

Finding out the net increase 8N in the number of phase in the above
volume in time df, we get the rate of increasing of N to be given by

dq; dp .  dp .
5N - O (TP L P g
2{ (aq, +8p,][3% +8p,- p’]}

X 0q, X ... X Op,

d 9
But —(SN) ~ L dq,x ... dp,

dt ot

equating the above two relations we obtain

9p 9, 9| (% . . 9P .
£ = - + =L |+ | =—¢q. .+ —p | xdt
or 1104 %X op, Z{ (aq, ap,) (3% g T
X 0q, x ... x Op,
dp ' dp . dp .
= = - | =g+ =P,
. ot ,1{ (8% apl] [aqi 4 ap, P
We have the Hamilton’s equations
C_OH . _-3H
R
94, _—op, _ O’H
Now dq, dp, dq, dp,

Since the order of differential is immaterial (coordinates and momenta being
independent variables we get

(ap, ap,)
Z o0 "o |70
d D ap

Substituting the above in the expression for —

Py P, O dp
(atl,p—i_zaqi dt +zapi dt

we get

i=1 i=1

The above equation is identical with this equation of continuity in
hydrodynamics. Considering p = p(q, p, f) we get

Canonical Transformations
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dp Op ap .

— == z _p pi

dt ot aq, = Jp,
NOTES Comparing the above two equations we get

ap _

dt

We thus find that the density in phase space is conserved.
Proof of Theorem (2)

We know that
3N = pdV

Taking total time derivative of the above equation we get

(o)=L +p2 (57)

Since the number of phase points in a given region of the phase space
is invariant i.e., phase points are neither created nor destroyed, we get

< (6N)=

Hence we get

dp
SV §V)=
. +pd( )=0

But fi_p =( (Liouville’s theorem (1)) and hence
t

d

Since p = 0 we finally get

%(6V)=

The above result represents conservation of extension in phase space.

Check Your Progress

. Define configuration space.
. What is momentum space?

. What do you understand by hodograph?

AW N =

. What is phase trajectory?
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6.3 SPECIAL TRANSFORMATIONS

In Lagrangian formulation, a mechanical system of s degrees of freedom is
described by a set of s independent generalized coordinates denoted as NOTES
(¢y, ... 4 ). The Lagrangian function of the system is, in general, a function

of the generalized coordinates, the generalized velocities ¢,,q,, ....., ¢, and

time 7. The generalized velocities are, however, not independent variables
because they are the total time derivatives of the generalized coordinates.
Thus, Lagrangian (L) of the system is a function of (s + 1) independent
variables.

In Lagrangian formulation, there is no restriction to the choice of the
generalized coordinates. In a given problem, these are so chosen that solution
of the problem becomes mathematically simplified on the one hand and
provides physical insight into the problem on the other (the choice is so made
that most of the coordinates become cyclic or ignorable). The form of all the
general relations (Lagrangian equations) remains the same for all sets of
generalized coordinates. Any transformation from the set of coordinates
(q15 s g, ) to the new set (Q,, ....., O, ) represented by transformation equations

O, =0 (q1s ooos g5ot) 5 (k=1 oy ) 3)

leads to equations (Lagrangian equations) which are identical in form with
those involving ¢’s. In other words, Lagrange’s equations are covariant
to coordinate transformations which satisfy Equation (3) called point
transformation.

In Hamiltonian formulation, on the other hand, the system is described
by not only the s independent generalized coordinates but the description

includes s independent generalized momenta ( p,, ....., p, ) defined through the
. P) o .
equations 2« =afL. , k=1,....,s . The Hamiltonian function H of the system,
qk

in general, is a function of (2s + 1) independent variables, i.e.,
H=H(q1, ..... sG> Dls voeee ,ps,t)

and the Hamilton’s canonical equations are

q'kzgﬁ : ék=—§£; (k=1 ns) 4)
P d

It is important to remember that the independent variables ¢’s and p’s
are treated on equal footing or equal status, i.e., one is not considered to be
more fundamental than the other in this formalism. Thus, for a reason similar
to that used in the Lagrangian formulation, i.e., to work in the Hamiltonian
formulation with advantage so as to gain mathematical simplicity in solving
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Canonical Transformations  problems and to gain physical insight into the problems the concept of
coordinate transformation should be generalized to include simultaneous

transformation of the set of generalized coordinates g, ....., ¢, and the set
NOTES of generalized momenta p, ,...., p, to some new set Q,....,Q, and
(B, ..., P,), respectively related by transformation equations of the form
O =0k (@ svves Qo Do wvvves Do ) )
P, =P (s ccoes Ggs Ppy e , Py 1)

These transformations are fundamentally different from those given by
Equation (3), because here each new coordinate is a function of all the old
coordinates, all the old momenta and time, and similarly each new momentum
1s a function of all the old coordinates, all the old momenta and time.

Thus, while point transformations refer to transformation of the
configuration space of a system, the transformations of the type given by
Equation (5) refer to transformation of the phase space of the system.

It is easily seen that in all possible transformations of the type given
by Equation (5), the equations of motion are found not to retain their forms
(canonical forms) as given in Equation (4).

In the development of Hamiltonian formalism, only those transformations
find importance for which Q and P turn out to be canonical coordinates, i.e.,
for which the equations of motion of the form given by Equation (4) are
satisfied
_dK _ 0K

Qk_E =55 (k=1, .., 5) (6)

which plays the role of the Hamiltonian function in the transformed set of
coordinates and momenta.

The function K is defined according to

K=K Q,Pt =Zl’kQ'k—L’{Q,Q,tj ()
k

where L’ [Q, 0, t] is a function which when substituted in Hamilton’s
principle
2
8 j L'dt=0 ®)
1

gives the correct equations of motion in terms of the new set of coordinates
{0k}, namely,
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== (k=1 s) )
dt an an

%

All such transformations which conform to the above conditions are NOTES
referred to as contact, or canonical, transformations.

We may note the following:

(1) In point transformation, the new Lagrangian can be obtained from the
old by direct substitution of the transformation relations. Such direct
relationship between the new and old Lagrangian functions may not
exist in canonical transformation.

(i1) Point transformations are made keeping in view the particular
mechanical problem under consideration. Canonical transformations
are, however, problem independent. For all mechanical systems having
the same number of degrees of freedom, the numbers of transformed
canonical coordinates (Q, P) are the same.

6.3.1 Generating Function for Canonical Transformation

The Hamiltonian in the old sets of coordinates and momenta is

H=ZPkdk—L[Qaé»tJ (10)

o)
The principle of least action, Sdet =0, can alternatively be written in the
ul

modified form (using Equation (10)) as

5]
SJ{Zpk q'k—H} dt=0
ul

or 8?[ Y. pidg;, —Hdt]|=0 (11)

h

For the transformed coordinates {Qk} and momenta {Pk} to be canonical
they must also satisfy the modified Hamilton’s principle

5?[ Y RdQ, —Kdt|=0 (12)

The right hand sides of both the Equation (11) and (12) are zero. This fact,
however, does not mean that the integrands of the integrals in the Equation
(11) and (12) are equal. Subtracting Equation (12) from Equation (11) we
obtain

8]2'[ > pidg, —Hdt — Y RdQ, —Kdi |=0

h
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or 61[2;9,{ q'k—Hj—(ZPk Q'k—Kﬂ dt=0 (13)

Let us now consider a function F of coordinates, momenta and time,

NOTES ie., F=F ¢,p,t . Hence, we have

5}
dF q,p,t
SJ.Ldtzﬁ F q,p,t iz
1

bl
OF 2 (9F
—38 +)—38 —dtr =0 14
sfara] cxfin o] -
since at the end points ¢, and ,, we have 3¢, =0, 8p;, =0 and 57 = 0.

In view of the above, we find that Equation (13) is not affected if we

¥/
add szdt to it or subtract from it.

f

We hence get
S:[HZpk A —H]—(sz O, - H d — Sj—dt
or SZ[KZpk s —H]—[ZPk o, —Kﬂ dt=6:[62—];dz

We may now equate the integrands of the integrals on the two sides of
the above equation to get

. . dF
ZPka_H_ZPka "‘K:Z
. . dF
or Zpqu—Z&Qk+K—H=; (15)
k k

From Equation (15) it follows that F'is, in general, a function of (4s +
1) variables which are 2s old coordinates and momenta, 2s new coordinates
and momenta and time. However, there exist 2s transformation relations given
by Equation (5), and hence F is effectively a function of 2s + 1 independent
variables.

These variables are: time ¢ and any 2s variables out of the total 4s. The
2s variables may be chosen as (i) s old coordinates and s new coordinates,
(if) s old coordinates and s new momenta, (iii) s old momenta and s new
coordinates, and (iv) s old momenta and s new momenta and as such, the
function F' may have the following forms:

() F,(q, O, 0, (i) F,(q, P, 0), (iii) F,(p, O, 1), (iv) F,(p, P, O).
F being a function of old and new variables affects transformation
from old sets of coordinates and momenta to new sets of coordinates and
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momenta. In other words, the transformation relations given by Equation  Canonical Transformations
(5) can be derived from a knowledge of the function F. For this reason, the
function F'is termed the generating function of the canonical transformation

under consideration.
NOTES
6.3.2 Transformation Relations for Different Forms of the

Generating Function

In the following we will derive the transformation relations between the old
sets of coordinates and momenta with new sets of coordinates and momenta
when canonical transformation is affected by the generating functions having
the four forms as mentioned in the last section.

(@) Generating Function of the Form

F=HK q,0.t

From Equation (15) we have

: . dF,
2P 2RO+ K-H=—1 (16)
Since F,=F ¢,0,t =F qy,ecccsqs, Oy sne. Qy,t we get
dF, < F . <« OF, .
—L= (17)
dt gak Zan a

Using Equation (17) in Equation (16) we obtain

oF oF, oF
ZPk‘]k ZPka”LK H= Z—l qi+ 28 1Qk -
Ox ot

Equating the coefficients of g, and 0, on both sides of the above

equation we obtain

oF,
Pe = : (18)
dy
oF,
p =——1 19
or k an (19)
We also obtain K—-H= % or K=H+ 8;? (20)

(b) Generating Function of the Form

F,(gq,P,t) can be obtained from F (¢,0.t) by means of a change of the basis

of description from (g, Q) to (¢, P). This can be done using Legendre
transformation discussed in Section 4.2. The result is

Fy(q,P,t)=F (¢.0.t)+ > KO, 1)
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Canonical Transformations Using Equation (19) in Equation (21), we get
or, _or

=—L+P=-P+P,=0
9, d
NOTES Thus, the function F) is indeed independent of the new coordinates.
From Equation (21) we get
F(q,0.t)=F,(q,P,t) ZPka (22)

Using Equation (22) in Equation (15), we obtain

. . dF, d
szQk—ZPka"‘(K—H) —1= F,(q, P,t) szQk
3 k

dr  dt
or Zpkq'k—ZPkQ'ﬁ(K—H)
- S5 S AN A0+ TR0
or S v+ (K=H)= 352 + zggf S0+

Comparing the coefficients of ¢; and P, on the two sides of the above

equation, we get

oF,
Pr=5= (23)
dx
_ aFZ
O = oP, (24)
We also obtain
oF. oF.
H=2 o k=g %
ot o ot 25)

(c) Generating Function of the Form
As in the previous case, F;(p, O, t) is obtained from £ (g, O, ¢) by a change
of the basis of description from (g, 0)to (p, Q) which is affected using

Legendre transformation. We get

F(p, 0,t)=F(q,0.t) Zpk @ (26)
We observe

oF, oF

a% a%c

Using Equation (18), the above gives
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—=p—p =0 (27
a‘Ik

We observe that F,is indeed independent of old coordinates. Substitution
of Equation (26) in Equation (15) gives

. . d
zpk dy _Zﬂ Or +(K_H) zz F (P,Q,f)‘*‘zpqu
k k
oF. oF, o
Zﬁpk Zagi a +2pqu +2pk i
Simplifying, we obtain
o,

. . OF;
LR O H(K-H) =32 A+ Z—Qk 2P+ (28)

Equating coefficients of 0, and p, on both sides of the above equation

we get
oF, oF,

-P < P =— -3 29
: 00, o 00, 29)

oF, oF,
qr +—3=0 or QG =—— (20)

apk al’k

We also obtain

K—H=aﬁ or K=H+aﬁ (€28)

ot ot
(d) Generating Function of the Form
F,(p,P,t) can be obtained from F(¢,0.t)by a change of the basis of

description from (¢,0) to (p,P) which can be affected using double Legendre

transformation. The result is
F,(p.P.t)=F(p,0.1) ZPka Zpqu (32)

The above gives on using Equation (18)

oF, OF

St=o Lo =p-p =0

dq;  9gy

oF, OF

—4=—L4+Pp=-B+PF,=0 [using Equation (19)]
900,  9G;

Clearly, F, is not a function of old as well as new coordinates.

Substitution of Equation (32) in Equation (15) gives

Canonical Transformations

NOTES
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Canonical Transformations

. . d
Zkak_ZPka+K_H_d Fy(p,P,1) ZPka+2pqu
k

oF oF oF,
—2—41% 2 —t b+ 4 ZPka Z%Qﬁzpkc]ﬁzpm

NOTES oP,
Simplifying, we get from the above
oF, oF, . . oF,
K-H= Z Dk 28P4B‘_ZB‘Qk+ZE‘qk+8_4 (33)
3 % & 4

Equating coefficients of p, and B on both sides of the above equation

we obtain
oF, oF,
0=——%+q; or g =——+ (34)
dp Pk apk
oF, oF,
0 = —4 —_ = —4
aPk O or O, ch (35)
Equation (34) also gives
oF, oF,
K—-H-= —4 r K=H 4
ot o ot (36)

From the results obtained above we may note that irrespective of the
form of the generating function F affecting the canonical transformation

K= H+a—F

ot
. . : . oF
If F is not an explicit function of time, then ¥ 0 so that K = H.

Clearly, the transformed Hamiltonian X is obtained by substituting the values
of p and ¢ in terms of the transformed variables P and Q in the expression
for H.

6.3.3 Examples of Physically Meaningful Canonical Transformations

1. Consider a Canonical Transformation Affected by the Generating
Function

F=Y g, B 37)

The function F is of the form F,(g,P,t). Hence, Equation (23), (24)

and (25) hold and we have
oF oF oF
=, =—oand K=H+—
Pr 4, Oy I, an % (38)
Since F =Y ¢, F , we have the relations
oF oF

= , — = and K=H 39
RRRCPT 9k (39)
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The above two sets of relations give Canonical Transformations
0.=q;, , B,=p, and K=H (40)
so that the above generating function simply generates an identity
transformation. NOTES

2. Consider a Canonical Transformation affected by the Generating
Function

F==Y q,P, (41)
k

The above generating function is also of the form F,(g,P,t). Hence,

the relations given by Equation (23), (24) and (25) hold and we have the
relations

oF oF oF
= 0 =2 and K=H+Z 0
D 30, O oP, an + % (42)
From F=-) q,P , we obtain
oF oF oF
o and =0 4
20 T qr and — (43)

The above two sets of relations yield
Qk =—q, , B, =-p; and K=H (44)

Clearly, the above generating function generates transformation leading
to space inversion.

3. Consider the Canonical Transformation Affected by the Generating Function
F= 2 9Ok
k

The given generating function is of the form 7 (¢,0,t). Hence, the

relations given by Equation (18), (19) and (20) hold and we have the relations

pkzaaTi,ﬂ:—;?Fk and K=H+aa—]: (45)
Since F =Y ¢,0; , we get

So-=00 5o =g nd 520 (46)
From the above two sets of relations, we obtain

k= » h=—¢; and K=H (47)

Clearly, the above generating function interchanges the momenta and
coordinates. This illustrates the independent status or footing of generalized
coordinates and generalized momenta.
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Canonical Transformations 4, Consider a Generating Function of Canonical Transformation of the

Type
F=Y fila, - q.t)B (48)
k
NOTES The new transformed coordinates are given by
oF
0 =3p =k (CA) (49)

We find that the new coordinates are functions of the old coordinates.
In other words, the transformation generated by the function F of the type
given above corresponds to a point transformation. Since the function
v 4i» - q,,t 1S arbitrary we can remark that all point transformations are

canonical.
6.3.4 Conditions for Canonical Transformation

(7) Consider the canonical transformation from old set of coordinates and
momenta {g, p} to anew set of coordinates and momenta {Q, P}, i.e.,
consider the canonical transformations.

0. =0 qps e Qs Dys oeenee Dyt
eEed ! C k=12, (50)
P.=FB q,... qgsDs-eee Dgot
Let the generating function which affects the above transformation
when time is held fixed be of the form F=F ¢, Q . For this form of

generating function it has been shown that

oF
Pr=7 " (51)
qx
oF
P =— 2
and % 20, (52)
Further, since F=F g, Q0 we get the total differential of F to be
oF oF
dF =Y —dg, +Y —dO (53)
zk: I zk: 0,
Using Equation (51) and (52) in the above, we get
dF =3 pyday = Y RdO, (54)

Since dF is an exact differential, the expression on the r.h.s. of the
above equation

Zpdek _szko (55)

must also be an exact differential. The above condition of exact
differential of the expression 2 iy — szko can also be obtained

for any other form of generating function affecting the canonical

Self-Instructional transformation from {g, p} to {Q, P}, or vice-versa.
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(if) For atransformation from {g, p} to {Q, P} to be canonical, the bilinear

form Y, 8p.dq; —8q,dp, must remain invariant, i.e., we must have
k

z pdqy —dqdp; :2 8F,dQ;. — 80, dP,
k k

Proof: We have the Hamilton’s canonical equations

. OH
qr = . (56)
P
and Pr = o (57)
9qy
The above equations give
dq, = H 4 (58)
apy
and dp, = —a—Hdt (59)
g
From Equation (58) and (59) we get
apy
and g, | o~ Jar=0 (61)
9q

where dpk and gk are arbitrary variations of pk and gk, respectively.

Summing over all the degrees of freedom, the above equations yield

A N

oH oH
or 2 dpdq; — dq,dp; _2 8 +——98q, |dt=0
k T\ 9P dqy,

or Y. 8pdqy —8q,dp, —dHdt=0 (62)
k

Similarly, we obtain using the transformed coordinates and momenta
Y 8P.dQ, —80,dP, —8Kdt=0 (63)
k

If we assume the generating function affecting the canonical
transformation not to be an explicit function of time, we get K = H.
We then get from Equation (62) and (63)

2 Spdek - &Ikdpk = 2 8Pdek _SdePk (64)
k k

Clearly, for canonical transformation, the bilinear form remains
invariant.

Canonical Transformations

NOTES
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Canonical Transformations  6,3.5 Infinitesimal Transformation

The concept of infinitesimal contact, or canonical transformation, has

been found to be immensely useful in mechanics. The motion of a mechanical
NOTES system during a finite interval of time can be looked upon as a succession of
infinitesimal transformations of the motion generated by the Hamiltonian of
the system. This can be understood from the following:

Consider a mechanical system of s degrees of freedom described by
generalized coordinates g, ....., ¢, and generalized momenta p,, ....., p,. Letus

affect a canonical transformation of the coordinates and momenta to new
sets O, ..., 0, and A, ....., B, respectively.

The canonical transformation is said to be an infinitesimal
transformation if the new coordinates differ from the old coordinates by
infinitesimal amounts and similarly the new momenta differ from the old
momenta by infinitesimal amounts. Clearly, corresponding to infinitesimal
transformations, the transformation equations are of the form

=g, +0
Qe=q+S% 415 (65)
B = py +p,
where 8gk and Spk are respectively the infinitesimal changes in the
coordinate gk and momentum pk.

We know that canonical transformation affected by the generating

function ) ¢, 5, is an identity transformation leading to Qk = gk and Pk = pk

(see Section 6.3.3). This result allows us to consider the generating function
affecting in infinitesimal transformation to differ from the generating function
Y q.F by an infinitesimal amount. As such, the generating function for

infinitesimal transformation can be expressed as
F:zqk })k+8G q, p,t (66)
Inthe above, ¢ is an infinitesimal parameter related to the transformation and
G (g, p, ?) 1s any differentiable function of (2s + 1) variables.
F being of the from F, (g, p, t), we have according to Equation (23)

oF
Pe=5 " (67)
dy
From Equation (66) we get
oF oG
— =P, +e— 68
9g; ¢ 9 (65)
Combining Equation (67) and (68), we obtain
P =h +e 29 (69)
g
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Now, Canonical Transformations

Oy =P, — py

Hence, using Equation (69), we get
G NOTES

op =—€—— (70)
an

Again, according to Equation (67), we have
oF oG

= — 8_

Py

The second term in the above equation is linear in €. Besides, Pk differs from
pk by an infinitesimal amount. Hence, without introducing any serious error

[using Equation (66)] (71)

oG oG . . .

we may replace ep by e . We may note that the difference involved in
k Pi

such replacement is only of the second order of smallness in the infinitesimal

transformation parameter . We can hence write Equation (71) as

G
O =49 +£8_
Py,

so that we obtain

G
dq; =0y —q; = 88_ (72)
/43

From the knowledge of gk and dpk as can be calculated using Equation (70) and
(72) for each £, the values of the transformed coordinates and momenta can be calculated.

An important case of infinitesimal transformation arises when the
generating function G (g, p, ) affecting the transformation is the Hamiltonian
H(q, p, t) of the system and the parameter ¢ is an infinitesimal interval dt of
time 7. We then get from Equation (72) and Equation (70)

(i) 8q = ar 2
apk

. . . . OH
Using Hamilton’s equation g; = F the above becomes
P

. d
.. oH .
(i1) Opy =—dt—=—dt| - p,
9q,
_ o dpe
or O =di= = =dp, (74)

Equations (73) and (74) tell us that the infinitesimal transformation
causes the coordinates and momenta at the instant # to change to their respective
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Canonical Transformations  values at the time ¢ + df. In other words, infinitesimal transformation generated
by the Hamiltonian function describes the motion of the system during
the interval dt. Hence, a succession of such infinitesimal transformations

describes the motion in any finite time.
NOTES
6.3.6 More about Infinitesimal Transformation

In the following we will show that constants of motion of a mechanical system
are the generating functions that do not alter the Hamiltonian of the system.

Consider a function f (g, p) of generalized coordinates g and generalized
momenta p.

Let the system point in the phase space of the system undergo an
infinitesimal change so that the numerical values of the variables g and p
also undergo some change. As an example, let us consider the changes in the
variables to be a result of infinitesimal canonical transformations generated
by the function G(q, p). The change in the function f'is given by

8 = f(q+8q¢,p+8p)- f(q.p)

The above can also be expressed as

of of
of = E —3 E 93
f 34 qy t P Pi (75)

Using Equation (70) and (72) in the above, we obtain

F G < of , 3G
&f =) —€e—+ ) —(-€)—
Za% aPk zapk( )aCIk

szel Y9G } Y 96
aCIk aPk apk a‘Ik
or & =¢[f.G] (76)

where [f, (] is the Poisson bracket of the functions fand G. Replacing the
function f by the Hamiltonian H of the system in Equation (76), we get

dH =¢[H,G]| (77)

If the function G is a constant of motion, we have [H,G] =0, and hence
8H = 0. We thus find that a constant of motion generates an infinitesimal
canonical transformation under which the Hamiltonian remains invariant.
Alternatively, we can say that any infinitesimal canonical transformation
which keeps the Hamiltonian invariant is generated by a function which is
a constant of motion.
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Check Your Progress
5. Write the different forms of the generating function of the canonical
transformation under consideration.
. What is the generating function of the form F', (¢, O, 1)?
. Write the generating function of the form F, (g, p, ?).
. What is the generating function of the form £, (p, O, ).

O 0 3 O

. Write the generating function of the form F, (p, p, ©).
10. Define infinitesimal transformation.

11. Write the form of the transformation equations corresponding to
infinitesimal transformations.

6.4 LAGRANGE BRACKETS

Consider a mechanical system of s degree of freedom. Let the system be
described by generalized coordinates ¢, ....., gs and conjugate momenta

Dps -veees DS.

Let f=Aq, ... g8, ps ooy pS) = Rq, p) and g = g(q,, oo @S, P s wvvves
ps) = g(q, p) be two dynamical variables of the system.

The Lagrange bracket of fand g with respect to the basis (g, p) is written as
{/f, g}q p and is defined as

=y (9 i 9pi 94y |_
{f,g}q,pg(af P agJ 0 (78)

We may note the following

(a) Taking = qi and g = ¢j Equation (78) gives

o dq; 9 9Py 9gy
i, gy = e Bk Pk k2 (79)
a7} = 2. [aq,» 4, %g; aa,

(b) Taking = pk and g = pj Equation (78) gives

. 99, i _ 9P 94k
kopit =Y, | &2k Tk kg 80
(P = 2 B, 2, oms o, 0

(c) Taking /= gk and g = pj Equation (78) gives

. dq; 9p;,  Ip; 9q
gk, pj} = D, | s ok

=9, 81
| 3, ap; g ap, | 1)

We may further note the following important properties of Lagrange
bracket.

Canonical Transformations

NOTES
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Canonical Transformations (d) Lagrange bracket is invariant under canonical transformation from the
set of variables (g, p) to the set of variables (Q, P), i.c.,

{f.glqp=1g0OP (82)
NOTES (e) Lagrange bracket is non-commutative. Thus, we have
{fgt=-1{gf (83)

(f) The following general theorem that relates Lagrange bracket and
Poisson bracket is found to hold

2n
S St ] =6if (84)
k=1
where f, £, ....., f,n 1s a set of 2n independent functions, each of which
is itself a function of # coordinates g , ....., gn and » momenta p , ....., pn.

6.5 POISSON BRACKET

Consider a mechanical system of s degrees of freedom. Let g, ....., gs be
the generalized coordinates, and p , ....., ps be the generalized momenta in
terms of which the system is described. Let F' be any dynamical variable of
the system which is a function of the coordinates, momenta and time, i.e.,

F=F(q,....qs, D5 ......, pS, ) = F (q, p, 1) (85)

The total time derivative of /' is given by
d_F:ZBF. ZBF . OF

a2 %%c + apk o (86)
Using the Hamilton’s canonical equations given by
_oH M
i Py e 9
in Equation (86), we obtain
dF 2 OF M _ OF OH _OF
dt 7 dq; dp; opy dq;, Ot
dF {a_Fa_H_a_Fa_H} or
" dt 5 9q; dpp Ipy dg, | ot
dF oF
or E:[F’H]-’_E (87)

The quantity within the parenthesis on the right hand side of Equation
(87) turns out to be of fundamental importance in the formal development of
mechanics and is known as the Poisson bracket (PB) of ' and H. It is usual
to write it as [F, H]q p. Thus,

[F, Hlg p= Z{—————} (88)
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In general, for any two arbitrary physical quantities fand g, which are  Canonical Transformations
functions of coordinates, momenta and time, the Poisson bracket is defined as
of d¢ Of Og }
ggp=, | 89
v-glap ; [3% dpy Ipy 9q; )
Some of the special cases of Equation (87) give
(1) 4 =[gk, H]  (choosing F'= gk) (90)
(i) pr = pp.H  (choosing F =p,) (91)
Again, from Equation (89) it follows that the PB of a quantity
with itself is zero. Hence, we obtain from Equation (87)
(i) H = czc’J_I;I:E)a_I;I+ H,H :88_1;1’ (choosing F = H) (92)

We may note the following identities from the general definition of
Poisson bracket given by Equation (89).

NOTES

. gl = - [g]]
[fic]=0 (93)
[¢f. g] = c[f gl

In the above, c is a constant

g, tgl=1hgl+tfgl

[ ggl=gllgl+fglg, 94)
2 o [, [¥
Ef,g_[f,at}+|:at’gj| (95)

Furthermore, some of the special cases of Equation (92) and (93) are
easily seen to follow.

(a) Taking g = gj in Equation (89), we get

S i%_i%}
L4l ; {aqk dpy  9py 9q;
of { 9, Bjk=0ifj¢k}
= - =8, =0 o
© oDk i =lif j=k
p)
Thus, gl = o (96)
Pj

(b) Taking f'= gk and g = gj, we obtain from Equation (89)

0
[gk. 1= =5 =0 97)
P
Similarly, taking g = gj, we obtain
%)
[k, ] = — ok = =5, (98)
dp ;
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(c) If g = pj, we get from Equation (93)

. o op; If 9p; } oJf
- i) = A A I P
i ; {aqk dpy  Opy Ig; dg,
9
or Uil = L (99)
q;
If g =pj, then
.
[pi.pj] = 5"-=0 (100)
P j
If /= gi, then
Lai,pi] = 2% = (101)
qi, pj aqj ij
The above results are summarized as
(i, g1 = 0 = [pi, pj] (102)

(i, pj1 = dij

Equations (102) are known as the Fundamental, or basic, Poisson
brackets.

6.5.1 Constants or Integrals of Motion

Consider Equation (87) which gives the total time derivative of the dynamical
variable F'= F(q, p, 1)

dF [BF oH OF BH] OF
k

dr 9q; Op 0Py 9gy o

dF oF
or = [F.H] = (103)

o oF .

If F has no explicit time dependence, we have i 0 and Equation

(103) reduces to

< p.m (104)

” , Hlq p

If the variable /" under consideration is such that its Poisson bracket
with the Hamiltonian of the system vanishes, i.e., [F, H]g p =0, we get from
Equation (104)

dF
=0 105
7 (105)
or F = A constant of motion



We thus find that a dynamical variable of a mechanical system is a
constant of motion or an integral of motion, provided that

(7) it has no explicit time dependence, and

(i) its Poisson bracket with the Hamiltonian of the system vanishes.
6.5.2 Canonical Transformation and Poisson Bracket
Let us consider a mechanical system of s degrees of freedom described by
generalized coordinates ¢, ..., g, and generalized momenta p,, ....., p; .

Consider two dynamical variables f'anf g which are functions of the ¢’s and
p’s. The Poisson bracket of fanf g is, by definition,

Jf dg _of dg

/-2l g‘[aqk opr  Opy BQk] (oo

Let us consider a canonical transformation of the variables ¢’s and

p’s, respectively to O’s and P’s. In terms of the transformed variables, the
Poisson bracket of fand g is

_ Jf dg df og
1/ ’g]Q’P_g[anafz aPkanj (1on

The Poisson bracket given by Equation (107) can alternatively be
written as

[f’g]Q,P Zl: of [ag an+ Jg %]_ai( dg aqj +a_gapj ]] (108)

00, aq] op apj ob op; aqj 00, an 90,
On rearranging the terms, the above becomes
_vJ)o8 Jg
[f’g]Q’P_zk:{%[f’qj]Q,P+a|:f’pj:lg3p} (109)

Replacing /by ¢j and g by f'we obtain
_ dg; of _94; of
[f’qf]g,p_ [ :IQP - Z{aQ OP, OP 3Qi}

——Z {aq] ( of g, | of apk} 9q; [ o g, . I I j}

Ak Y TPk 5 et S ot

dq; OF,  dp; OF, dq, 90, dp; 90,
_ Z Y (9 94 94 94, |, O (04; 9p 04 Opy
a‘]k i aQi aPi BB aQ; apk i aQ[ aPi aPi aQi
f
_—Z{ I:quIk:I E[qjapk]Q’P}

Jf
= 5,
=25,7%

Canonical Transformations
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Canonical Transformations

using the properties [g;,q,]=0, [qj,pk]=01f j#k (g, p]=1ifj = k]

%)
or [f’q/ ]Q,P - _Qf. e
J
NOTES Similarly, we get
Jf
[f’pj]Q,P:_% m

Using Equations (110) and (111) in Equation (108), we get

-y %8 o o o
-ele.r = ;[ 9q; p; ’ P, aqj]

Jf dg Jf dg
; =) |- 112
or [f g]Q,p ;[aqj apj apj aqj} ( )
or [f.el,r=1r2],, (113)

Thus, the Poisson bracket remains invariant under canonical
transformation.

Check Your Progress
12. Define Lagrange brackets.

13. Write the equations of fundamental or basic Poisson brackets.

14. What do you mean by Poisson brackets?

6.6 CALCULUS OF VARIATIONS

For any moving system, the differential of a quantity, say o, usually written
as da refers to an infinitesimal change in the quantity along the path of
motion of the system.

Clearly, a differential is determined from the equations of motion that
holds for the system. The term variation of the quantity, usually written as
da, on the other hand, corresponds to a transfer of the quantity at a particular
time instant when we switch over from one path of motion to another lying
close to the former path and is compatible with the constraints imposed on
the system. It may be noted that a variation is subject only to the constraints
and is otherwise arbitrary.

6.6.1 Calculus of Variations

Let us begin with a simple problem: What is the shortest path between two
points in a plane?
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The method that will be used to derive it can also be applied to less  Canonical Transformations
trivial examples, for instance, to find the shortest path between two points
on a curved surface.

Let us take the two points on the plane having coordinates (x, y,) and
(x,,»,). Any curve that joins them is represented by an equation

y = y(x)

NOTES

such that the function y(x) satisfies the boundary conditions
yx) =y, and y(x)=y, (114)

Consider two neighboring points on this curve. The distance d/ between
them is given by

1
1 2 |5
- d 2
_ 2 277 _ y
di= | +dy” | _[1+(—dx” dx

or dl = [1+y'2]5dx
dy
h =
where y e

The total length of the curve joining the two points is
X

I= [\1+y2dx (115)
The problem thus reduces to find the function y(x) subject to the
boundary conditions given by Equation (114) which will make the above
integral the minimum. The problem differs from the more familiar kind of
minimum value problem in that what we have to vary in this problem is not
just a single variable or a set of variables but a function y(x). However, we can
still apply the same criterion: When the integral has a minimum value it must
be unchanged to the first order by making a small variation in the function
y(x) (we shall not be concerned with the problem of distinguishing maxima
from minima. All we shall do is to find the stationary or the extremum values).

More generally, we may be interested in finding the stationary values
of an integral of the form

1= [ f(3.5)dx (116)

X0

where f(y, ') is a specified function of y and its first derivative. Let us first
solve this general problem.
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Canonical Transformations Consider a small variation dy(x) in the function y(x) subject to the
condition that the values of y at the two end points are unchanged [refer to

Figure 6.2].
NOTES X
o+ 8y X Vi
Ty
i
I
Yoo Vo :
i
l >
L » X
Fig. 6.2 Variation in Function
(x,) = 0; dy(x,) =0 (117)
To the first order, the variation in f(y, y') is
O = alﬁy + a—flfiy’
dy y
d(o
where oy = Ez’y
x

Thus, the variation of the integral / is

¥ d(6
ol = j[g—iﬁwa%%jdx

*o

The second term may be integrated by parts. The integrated term,

namely
< "
)
{ay' y}x
vanishes because of the conditions given by Equation (117). Hence,
we obtain
of dfof
= [|L-L| L ||oy(x)d
81 xj[ay dx[ay’ﬂ v (x)dx (118)

Now in order that / be stationary, the variation 8/ must vanish for an
arbitrary small variation 8y(x) (subject only to the boundary condition given
by Equation (117)). This is possible only if the integrand in Equation (118)
vanishes identically. Thus, we require

al—i(al] =0 (119)

’
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Equation (119) is known as the Euler-Lagrange equation. It is, in
general, a second-order differential equation for the unknown function y(x)
whose solution contains two arbitrary constants that may be determined from
the boundary conditions.

We can now return to solving the problem we started with—that of
finding the curves of shortest length between two fixed points called the
geodesics on a plane.

Geodesics on a Plane

What is the shortest path between two given points in a plane?

In this case, comparing Equation (115) with Equation (116) we have
to choose

af af 1 2\
so that =0, =—(l+y
dy ' 2 ( ) 1472

N | —
[\
'\<\

I

<

Thus, the Euler-Lagrange Equation (119) reads
U
dx 'l + y/2

This equation states that the expression inside the parenthesis is a
constant and hence )’ is a constant. Its solutions are the straight lines

=0

y = ax + b (a, b are constants)

We have thus proved that the shortest path between two points in a
plane is a straight line.

The constants a and b are fixed by the conditions given by Equation
(114). So far we have used x as the independent variable, but in the applications
to be considered later, we shall be concerned instead with functions of time
t. It is easy to generalize the discussion to the case of a function fof s variables
4,4, -----»qs and their time derivatives ¢;, g, ..., g, . In order that the integral

be stationary, it must be unchanged in the first order by a variation in
any one of the functions ¢;(¢) (i=1,2,....,s), subject to the conditions

dq; t, =0=0q; t, . Thus, we require Euler-Lagrange equations
o Al
o0 dt[aqij 0, i=1,2,...s (120)

These s number of second-order partial differential equations determine
the s functions ¢i(¢) to within 2s arbitrary constants of integration.

NOTES
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Canonical Transformations  6.6.2  Variational Principle and Euler-Lagrange Equation

The D’Alembert’s principle, which is widely used together with Newton’s

laws of motion for dealing with mechanical systems, is a differential principle.
NOTES This is because, in using this principle, we need to consider the instantaneous
state of a system (defined by positions and velocities in the configuration
space of the system) along with some infinitesimal virtual displacements
from the instantaneous position.

The variational principle finds immense usefulness in treating
mechanical system on the one hand, while on the other hand, it considers the
motion of the system as a whole between the given time limits along some
small variation in the motion of the system between the same time limits
from the actual motion. In this sense, the variational principle is essentially
an integral principle. In the following, we will discuss some important aspects
of the calculus of variation that happens to be useful for future development
of different formulations of mechanics.

Consider a curve given by
y =y (121)

defined between two points (x, y,) and (x,, y,) as shown in Figure 6.3. We
may conveniently call the two points as end points.

Leta functionf= f [ y,%,x]: f v,y'x bedefined on the above curve.
X

Our basic problem is to obtain the curve for which the line integral of the
function f'between the end points (x , y,) and (x,, y,) is stationary, i.e.,
X
= j f ¥, ¥, x dx =Extremum (either maximum or minimum)

X

X )

Fig. 6.3 Neighbouring Curves

In Figure 6.3, two neighboring curves governed by Equation (121)
are shown between the end points y(x) = y, and y(x,) = y,, the curve-1
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corresponding to the stationary value of the integral /. Consider the point
P(x,y)on Curve 1 forx=ux.

The point on Curve 2 for the same value of x is the point Q x,y +dy
. Here, 8y defines the variation in y as we go over from Curve 1 to Curve 2,
keeping x the same.

It is useful to associate some parameter, say o, with all the possible
curves determined by the constraints between the end points indicated. The
a should be such that for some given value, for simplicity, say, for o = 0 the
Curve 2 coincides with Curve 1.

Corresponding to the extremum value of the integral, y is then a function
of both the independent variable x and the parameter . We may express

y(a, x) = yx) + oan(x) (122)

where n(x) is a function of x which has continuous first derivative and vanishes
at the two end points. Clearly, y(a, x) reduces to y(x) at the two end points.

In view of our considerations above, the integral / becomes a function
of the parameter o and we get

(o) = ff[y ox, ) o,x ,x|dx (123)

X
Condition that /(o) has an extremum value is thus

dl o
oo

=0 (124)

a=0

Differentiating Equation (123) with respect to o we obtain

o(a) a%ﬁf[y(a,x),y'(a,x),x]]dx

oo

j[raary]

dx (we may note that aa_x =0)

M dy 0o, dy’ do o
ol(a)  Flof oy of %y
- [| L2 L2V g
o oot Jl {ay o0 0y dodx | (129)
Integrating by parts, we have
R%) X Xy
ja—f,i P Vg — {a_f,a_y} —ji af, G (126)
M dy" dx| ox dy’ ox M dx| dy” |ox
y N x)
Clearly, e n(x)x1 =n(x,)-n(x)=0 (127)

X

NOTES
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We thus get

X afi a_y - xzi af a_y
Jay'dx(axjdx - Idx[ay’]aadx (128)

Using Equation (128) in Equation (125) we obtain
[ 2
9 (o) {ia_y_i(aija_y} i

X

R [P TR (P P

Jo,
o _d(of
{ay dx[ay'ﬂ n(x)dv (129)

We may note that the functions y and y’ with respect to which the
derivatives of the function fappear on the right hand side of Equation (129)
are functions of a. However, for a = 0 we get y(a, x) = y(x), ¥'(a, x) = y'(x)
and Equation (129) becomes independent of a. Since m(x) is an arbitrary

|
= —

Il
B e—F

function, for a: to vanish so that /(o) has an extremum value, we find
o=0
from Equation (129)
o _dro ) _
dy dx|ady
dg)\_
or I (ay' ] o (130)

Equation (130) is the Euler-Lagrange equation as obtained earlier.
The Euler-Lagrange equation can be generalized to the case when
L= S (Vs Vgo Vs coees Vg X) (131)

In this case, the equation reads
d( 9 9
N /A A SR (132)
dx | o'y Iy
The results of the calculus of variation can be expressed in terms of
d-notation as

X2
3 = ij(yl, ..... s Ve Ve ' X)dx =0 (133)

X

Check Your Progress

15. What do you understand by variation?

16. Define geodesics on a plane.
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6.7 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. In the Lagrangian formulation of mechanics, for describing the NOTES
motion of a system having s degrees of freedom, the system at any
instant of time ¢ is represented by a point in an abstract s-dimensional
mathematical space called the configuration space of the system. The
point is called the system point at the instant z.

2. In the Hamiltonian formulation, s generalized coordinates and s
generalized momenta are independent variables for the system. An
abstract s dimensional mathematical space, any point of which gives
the s momenta of the system, is called the momentum space of the
system.

3. Any point representing the state of motion moves in the momentum
space. The curve traced out by the point is called hodograph.

4. As time passes, the point representing the configuration and the state
of motion of the system in the phase space traces out a trajectory called
the phase trajectory.

5. The function ' may have the following forms:

(D) F\ (g, 0,0, (i) F,(q, P, ), (iii) Fy(p, O, 1), () F,(p, P, 1).

6. K=H+%
ot
7. K=H+ai
ot
8. K=H+aﬁ
ot
9. K=H+a—F
ot

10. The canonical transformation is said to be an infinitesimal transformation
if the new coordinates differ from the old coordinates by infinitesimal
amounts and similarly the new momenta differ from the old momenta
by infinitesimal amounts.

11. Corresponding to infinitesimal transformations, the transformation
equations are of the form
O =q; +dq;
Pe=pe+dp;
where 3gk and 8pk are respectively the infinitesimal changes in the
coordinate gk and momentum pk.
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Canonical Transformations 12. Consider a mechanical system of s degree of freedom. Let the system

be described by generalized coordinates ¢, ....., gs and conjugate
momentap,, ....., ps.
NOTES Let f=Aq,, ..o g8, Py -eoes S) = flq, p) and g = g(q , -.ees GS, P s oovnes

ps) = g(q, p) be two dynamical variables of the system.
The Lagrange bracket of fand g with respect to the basis (g, p) is written as

{f; g}q p and is defined as
dg; dp;  9p; 9g;
=3 | Sk -2 o
{fgtap ; ( Y 3 o % )
13. [qi, /1 = 0 = [pi, pj]
lgi, p/] = 6ij

14. The quantity within the parenthesis on the right hand side of the
following Equations (87) turns out to be of fundamental importance
in the formal development of mechanics and is known as the Poisson
bracket (PB) of F and H.

dF _ 5 OF OH < OF OH _OF

E k a% aPk E@ 5

dF {aFaH aFaH}raF
k

dt 94y 9p 9Py 94y o
ar _ [F,H]+a—F
dt ot

15. The term variation of the quantity, usually written as o, corresponds
to a transfer of the quantity at a particular time instant when we switch
over from one path of motion to another lying close to the former path
and is compatible with the constraints imposed on the system. It may be
noted that a variation is subject only to the constraints and is otherwise
arbitrary.

16. The curves of shortest length between two fixed points called the
geodesics on a plane.

6.8 SUMMARY

e To describe a function such as the Hamiltonian function H(q, p, t) for the
system we need a combination of the configuration space (coordinate
space) and the momentum space for the system.

e One important feature of phase trajectory is that no two phase
trajectories can intersect with each other.
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e Asthe system develops with time, the point representing the dynamical ~ Canonical Transformations
state called the representative point traces a path or trajectory
determined by the Hamilton’s canonical equations given by

. _OH . —3H

= p=—— =1, NOTES
g P, P P,

e In Lagrangian formulation, there is no restriction to the choice of the
generalized coordinates.

e In Hamiltonian formulation, on the other hand, the system is described
by not only the s independent generalized coordinates but the
description includes s independent generalized momenta p, ....., p

. JL
defined through the equations »« = k=1 ....5 .

qx

e In point transformation, the new Lagrangian can be obtained from the
old by direct substitution of the transformation relations.

e Canonical transformations are, however, problem independent.

KEY WORDS

e Configuration space: The vector space explained by generalized
coordinates is known as the configuration space of the physical system.

e Hodograph: The curve traced out by any point in the momentum space
representing the state of motion is called hodograph.

e Canonical transformation: It is a change of canonical coordinates
that protects the form of Hamilton’s equations.

e Generating function: It is a process of encoding an infinite sequence of
numbers by considering them as the coefficients of a power series. This
formal power series is known as the generating function.

e Infinitesimal transformation: The canonical transformation is said to
be an infinitesimal transformation if the new coordinates differ from
the old coordinates by infinitesimal amounts and similarly the new
momenta differ from the momenta by infinitesimal amounts.

¢ Differential: For any moving system, the differential of a quantity
refers to an infinitesimal change in the quantity along the path of motion
of the system.

e Variation: The term variation of the quantity corresponds to a transfer
of the quantity at a particular time instant when we switch over from
one path of motion to another lying close to the former path and is
compatible with the constraints imposed on the system.

e Geodesics on a plane: The curves of shortest length between two fixed

points called the Geodesics on a plane. Self-Instructional
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6.10 SELF ASSESSMENT QUESTIONS AND
EXERCISES

NOTES Short-Answer Questions

Write a short note on point transformations.

Derive generating function of the form | (¢, O, 7).

Derive generating function of the form F, (¢, p, ).

Derive generating function of the form F, (p, O, 7).

Derive generating function of the form F, (p, p, ?).
Analyse different conditions for canonical transformations.

Write properties of Lagrange brackets.

® N kWD =

Derive the transformation relations between the old sets of coordinates
and momenta to new sets of coordinates and momenta.

9. Describe integrals of motion briefly.
10. Give a brief account of canonical transformation and Poisson brackets.

11. Interpret geodesics on a plane briefly.
Long-Answer Questions

1. Discuss Liouville’s theorem.

2. Describe transformation relations for different forms of the generating
function.

3. Explain calculus of variations with suitable diagrams.

4. Describe Variational principle deriving Euler-Lagrange equation.
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KINEMATICS OF RIGID BODY MOTION AND
SPECIAL THEORY OF REATIVITY

UNIT 7 MOMENT OF INERTIA

Structure

7.0 Introduction
7.1 Objectives
7.2 Moments and Products of Inertia
72.1 Theorems of Moment of Inertia
722 Mass Moment of Inertia
7.3 Moment of Inertia of a Body about any Line through the Origin of Coordinate
Frame
7.4 The Momental Ellipsoid
7.5 Rotation of Coordinate Axes
7.6 Answers to Check Your Progress Questions
7.7 Summary
7.8 Key Words
7.9 Self Assessment Questions and Exercises
7.10 Further Readings

7.0 INTRODUCTION

In physics, moment of inertia is defined as quantitative measure of the rotational
inertia of a body. The moment of inertia, also known as the angular mass or
rotational inertia, of a rigid body is considered as a tensor that determines the
torque required for a desired angular acceleration about a rotational axis. It depends
on the body’s mass distribution and the axis selected. Principally, the term moment
of inertia is specifically given to rotational inertia, the rotational analog of mass for
linear motion, hence the moment of inertia must be specified with respect to a
selected axis of rotation. Fundamentally, the moment of inertia is a physical quantity
which describes how easily a body can be rotated about a given axis. Inertia is the
property of matter which resists change in its state of motion. Consequently, inertia
is considered as a measure of the force that keeps a stationary object stationary or
amoving object moving at its current speed. The larger the inertia, the greater the
force that is required to bring some change in its velocity in a given amount of time.

In this unit, you will learn about moment of inertia with reference to moments
and products of inertia, moment of inertia of a body about any line through the
origin of coordinate frame, the momental ellipsoid and rotation of coordinate axes.

Moment of Inertia

NOTES
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7.1 OBJECTIVES

After going through this unit you will be able to:
e Understand the concept of moment of inertia
¢ Define what products of inertia is
¢ Explain moment of inertia of a body about any line
¢ Analyse the moment of inertia through the origin of coordinate frame
¢ Describe the momental ellipsoid

e Understand the rotation of coordinate axes

7.2 MOMENTS AND PRODUCTS OF INERTIA

Let us consider an element of area d4 within an area 4 in the x-y plane as shown

in Figure 7.1 whose centroid is (x, ). Then the term I y*dA is known as moment
of inertia of the area about x-axis and is denoted by / .

So I = Iysz
. . _ 2
Similarly, I, = J.x dA.

y
@

Fig. 7.1 Inertia

Polar Moment of Inertia

Moment of inertia about an axis perpendicular to the plane of an area is known as
polar moment of inertia. It may be denoted as /__. Thus, the moment of inertia
about an axis perpendicular to the plane area at O in Figure 7.1 is called polar
moment of inertia at point O and can be written as

— 2
Izz = Ir dA
Radius of Gyration
Radius of gyration is a mathematical term and is defined by the relation
— 2 2 — 1 XX
]xx - Akx = jy dA or kx - 7



o /1 [1
— w — zz
Similarly, ky =\ and k= =

where k is known as radius of gyration; /=moment of inertia and 4 is the cross-
sectional area.

axis
Fig. 7.2 Radius of Gyration

From the above relation a geometrical meaning can be assigned to the term
radius of gyration. In case of moment of inertia the area is squeezed and kept as a
strip of negligible width at a distance & such that there is no change in the moment
of inertia. It can be represented as shown in Figure 7.2

7.2.1 Theorems of Moment of Inertia

There are two theorems of moment of inertia:

1. Perpendicular axis theorem.

2. Parallel axis theorem.
1. Perpendicular Axis Theorem: The moment ofinertia of an area about an
axis perpendicular to its plane (polar moment of inertia) at any point is equal to the
sum of moments of inertia about any two mutually perpendicular axes through the
same point and lying in the plane of the area.
Proof: Referring to Figure 7.3. Let z-z be the axis perpendicular to the plane of
the area. Then we have to prove

L,=I,+1,

Letusconsider anelemental area d4 atadistance » from O. Let the co-ordinates

ofdAbexandy. Then from the definition,
L= [rPaa = [2+yhda = [Xda+ [y da =1, +1,,

X.

y

dA

2,/ °

Fig. 7.3 Perpendicular Axis Theorem

Moment of Inertia
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2. Parallel Axis Theorem: Moment of inertia about any axis in the plane of
an area is equal to the sum of moment of inertia about a parallel centroidal axis and
the product of area and square of the distance between the two parallel axes.

B y

Alg A
Fig. 7.4 Parallel Axis Theorem

Proof: Letus consider an elemental strip of area d4 at a distance y from x-axis
and parallel to it. So, its distance from the axis A4 will be (¥ + y), according to the
Figure 7.4.

Moment of inertia of the elemental component about axis 44 will be
= dA(y+y)
So, the moment of inertia of the entire lamina about A4 axis
L= [yl
= [yaa+[2yy da+ [yaa
= jy2dA+2yjydA+y2jdA

NOW,I y2dA = Moment of inertia of the area about x—x = I.

j ydA= A .j% = the distance of centroid from the reference axis xx. But xxis
passing through the centroid itself. So j% =0andhence 25 [y d4 =0.

Aginy® a4 = 47
L,=1_+ 47

Note: The above equation cannot be applied to any two parallel axes. One of
the axes must be centroidal axis.

7.2.2 Mass Moment of Inertia

Mass moment of inertia of a body about an axis is defined as the sum total of
product of its elemental masses and square of their distance from the axis. Thus,
the mass moment of the body shown in Figure 7.5 about axis AB is given by



1= I #*dm where ris the distance of element of mass dm from A4B.

A

B
Fig. 7.5 Mass Moment of Inertia

Note: Mass moment of inertia is similar to the area moment of inertia. In this case
instead of area, mass of the body is to be considered.

Moments of Inertia, Products of Inertia and Inertia Tensor
of a Rigid Body

As per the standard equation,

we have

1 N
67 - 16-3n26-(d7]7]

i=1

N | —

2
- %Zml.rfﬂz—%Zmi(fi-Zj (1)

In view of the above result, we may express the rotational kinetic energy as

given by Equation
1 - - 2
T,=23™ [92”2‘(9'”j }
as
1> -
T= 59 @

IfQ. Q,Q, be, respectively, the Cartesian components of 15 along the X,

Y and Z axes and if x,, y, and z, be the components of ;1) along these axes,
respectively, we may write the rotational kinetic energy given by Equation

2
7, Zym oo (]|

Moment of Inertia
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as

10!

S Y R s R e R R

1 2.2 2.2 2.2 2.2 2.2 2.2 2.2 2.2 2.2
= EZml [Qxxi + Qv +Q1z; +nyi +nyl- +QyZ,- +QIx; +QCy; +szi]

1
—Xm (O + Q)7 + Q227 +20,Q 3y, +20,Q. 3,7, + 20,0, 7,x, |

Rearranging the terms and simplifying, we may write the above as

nm 3030 020 ekl o)

1
_EZ m, [Qnyxiyi + Qnyyixi + Qszini + QZQyziyi +Q.Q z.x; + Qxszizl.]

3)
Defining
1= Xm (3 +2)=Em (7 -)
1= Yom (427 )=2m (- 57) “
L= Ym (3 + 57 )= m (i -2)
and I==Ym.x .y

I, = _Zmi'yi'zi (%)

we may rewrite the rotational kinetic energy of the rigid body given by Equation
(3)as

Trot: E

All the quantities defined by Equation (4) and (5) have the dimensions of

1
(QU +Q0, + Q2 [+Q,Q, 1, +Q,0.1. +Q.QL,  (6)

moment of inertia.

I 1,1, givenby Equation (4) are called the moments of inertia.
1,11, givenby Equation (5) are called the products of inertia.

Now, we may write Equation (6) in a shorter form as

1
- =>1,0.Q
T 22 W ™)
where Jok=xy,z2 (8)



I, as introduced above is called inertia tensor of the rigid body.
From the definitions of moments and products of inertia given by Equations
(4) and (5), we find that
Ijk = 1 kj ©)
Clearly, the inertia tensor of the rigid body is a symmetric tensor.
If we denote x, y, zby x,, x,, x,, respectively, then, in general, any element
of the inertia tensor is given by

N
2
1= 1y= ;m (778 =% ]. i k=1,2,3. (10)
In case the rigid body is a continuous mass distribution, the summation
signs in Equation (4) and (5) should be replaced by integration, so as to get

1 I(rz—xz)p(r)dV:Ip(r)(yz+zz)dV

XX

I = j(rz—yz)p(r)dV:Jp(r)(xz+22)dV (11)

I= I(rz —zz)p(r)dV=Jp(r)(x2 +y2)dV
I = —Ip(r)xde

y

and I= —IP(F)yZdV (12)

I —Ip(r)zde

zX

In general, we obtain

1= [p(r)(r8, —xx )dv (13)

In terms of the inertia tensor and angular velocity components, the total kinetic
energy of the rigid body can be expressed as

1,1
T= MV +5 2 10,0, (14)
2 24

We may express the angular momentum components in terms of moments of
inertia and products of inertia. We get from Equation

j= ZM{%@—@?]Z}

i=l

the x-component of 7 as

<
Il
.Mz

m [’izQx - (Qxxi QY +Q, )xi:|

= szmi (”iz _xlz)_Qyzmiyixi _szmizixi

Moment of Inertia

NOTES

Self-Instructional
Material

149



Moment of Inertia

150

NOTES

Self-Instructional
Material

Using Equation (4) and (5) in the above, we get

J=IQ IO +1Q (15)
Similarly, we obtain
J=1Q +1Q +10Q (16)
y yx© X w oy vz~ “z
']Z = ]ZXQX + IZyQy + ]ZZQZ (17)
In general, we may write for any component of the angular momentum
J = ;]./ka (18)
where k= x,z (19)

Let Ube the potential energy of the rigid body. It is, in general, a function of
six generalized coordinates which define the configuration of the body in space.
The Lagrangian function of the rigid body is then

L=T-U
Lo I 00
L= MV 219,90, -U (20)
ik

Example 7.1 Determine the moment of inertia of a rectangle of sides a and b
about the centroidal axes and also the axis AB as shown in Figure 7.6.

"
y

177777 j‘dy
y T

x

X ]

y
Fig. 7.6

Solution: Let us consider an elemental strip of width dy at a distance y from the
centroidal axis xx. So the moment of inertia of the area about the centroidal axis
xx will be

b/2 b/2
Ixx: I ysz = I yzxady [+ dA =ady]
-b/2 -b/2

b/2
3 o ra
al— =a|l—+—| = —
3 24 24 12

-b/2

al2 x3 al2 ba3
Similarly, 7 = j X xbde = b|—| =—.
Yy 3 12
—al2 al2



_ab abt _ ab'+3abt _ ab
12 4 12 3
Note: The moment of inertia of a hollow rectangular area as shown in Figure 7.7
will be

3 3 3 3
mn ab nm”  ba
[ =—-—and/ =-—-—.
xx 12 12 Yy 12 12
a
b n
|‘—>
— |
Fig. 7.7

Example 7.2 Determine the moment of inertia of a triangle of base b and height
h about the axes OX and OY and also about the centroidal axes, as shown in
Figure 7.8.

Fig. 7.8

Solution: Let us consider an elemental strip at a distance y from the base AB. Let
dy be the thickness of'the strip and dA its area. Width of'this strip is given by

_h-y
by ==L xb.

Moment of inertia of this strip about AB (OX)

:ysz:yZ b1 dy= yz—(h;y)xbxdy
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". Moment of inertia of the triangle about AB (OX)

h h 3
h— 2 Y
]OXZJ.yz(—hy)xbxdyzz';(y —7]bdy
0

3 47 3 .4
:by__y_ :b h__h_
3  4h 0 3  4h

Similarly, the moment of inertia of the AOBC about OY

3
= Lh éj = ihb3
12 \2 96
Hence, M.O.I. of the AABC about

1.3 1.3
— ol = L
Toy = 2794 48

It is noted that the triangle ABC is symmetrical about OY.

Moment of Inertia about the Centroidal Axis GG: From the parallel axis
theorem

— =2

Now, y the distance between the non-centroidal axis 4B and centroidal axis
GG isequal to 4/3

Example 7.3 Determine the moment of inertia of a circle of diameter d about its
diametral axis.

Solution: Let us consider an element of sides 7 d0 and dr as shown in the figure.
Moment of inertia of the element about the diametral axis x-x

=% dA
= (rsin 0)% rd0 dr
=3 sin® 0.d0 dr.



Moment of Inertia

NOTES
d
! |
Fig. 7.9
.. Moment of inertia of the circle about x-x axis given by
R27
I, = [[r sin*0d0ar
00
_ ﬁ% (1-cos20) o
00 2
R 3 . 2
_ J‘r_{e_smﬂﬂ} &
0 2 0
_ r4Rz 0+0-0] = 2K
) [2n-0+0-0] 2
0
=R 078 554
o= g i
L.
\/
D
Fig. 7.10
If d is the diameter of the circle, then R=d /2
] = E(ET
x 42
_omdt 4
= 0.049 4"
Note: Referingto the Figure 7.10. Moment of inertia of the hollow circle about xx
nD* nd* T, 4 4
= - - T p*-a
b=~ e T -
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Moment of Inertia Example 7.5 Determine the moment of inertia of a quarter of a circle about the
base. Also determine the moment of inertia the centroidal x-x axis.

Solution: Letus consider an element of sides 7 and » d0 as shown in Figure 7.11.

NOTES
N
rdo
X X

N

R

3

Fig. 7.11

Moment of the element about 4B
= (rsin 0)>.rd0 dr
=3 sin® 0 dO dr

3
= %(l—cos29)d6dr

.. Moment of inertia of the area about AB

Rn/2r3
Lp=11 — (1= c0s20) d0dr
00

R 3 . /2 4
Ir_[e_smze} g =
2 2, 8

0

nR*
16 °
Now for the moment of inertia of the area about centroidal x-x axis

Weknow I, ,= I, + 45

TR aR> (4RY
=1+ x| —
16 4 3n
nR* 4R 4
or I =—-—=0055R".
XX 16 o

Example 7.6 Determine the moment of inertia with respect to x-x axis for the

2 2
area enclosed by the ellipse whose equation is z—z + z—z =1.
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Solution: Letus consider an element of aread4 =2y .dx

2 2

. X y
Given,—+— =1

n’az b?

y2 2

ol
x2
y=bl-—

a
I 2 2b |
dA: 2b 1_)(:_2dx:7 aZ_xzdx
a

a a 2 3a
: b 2b 2b
S l= Iysz = I " (a* —xz).j. a® —x*dx = Tj(aZ_x2)3/2dx
a 3

a
—-a

Let x =asin 0 or, dx=a cos 0 dO
at x =a;, 6= r
2
at x =—a;0= —
2
3 w/2
Ixx = % a’ cos® 0.acos0do
a g/
n/2 3
=2ab* | cos'0d0 = 2ab’ x % = 8ab
8 4
-n/2
Check Your Progress

1. What do you understand by polar moment of inertia?
2. Define radius of gyration.

3. Give definition of the mass moment of inertia.

7.3 MOMENT OF INERTIA OF A BODY ABOUT

ANY LINE THROUGH THE ORIGIN OF
COORDINATE FRAME

The moment of inertia, also termed as the angular mass or rotational inertia, of a
rigid body is a tensor that determines the torque essential for a desired angular
acceleration about a rotational axis. It depends on the body’s mass distribution
and the axis selected. Its simplest definition is the second moment of mass with
respect to distance from an axis. The bodies which are constrained to rotate in a
plane, only their moment of inertia about an axis perpendicular to the plane is
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considered. Basically, the mechanics involves transforming observational quantities
from one coordinate system to another and will use a special subset called linear
transformations for defining the coordinate transformations. Such coordinate
transformations relate the coordinates in one frame to those in a second frame by

means of a system of linear algebraic equations. Thus, if a vector y in one
coordinate system has components X in a primed-coordinate system a vector
X to the same point will have components X, given by,

Xi’=ZAinj+Bi
J

In vector notation we could write this as,

X'=4X+B
This defines the general class of linear transformation where A is some matrix
and g is avector. This general linear form may be divided into two constituents,

the matrix A and the vector g .Itis clear that the vector g may be interpreted as

ashiftin the origin of the coordinate system, while the elements A, are the cosines
of the angles between the axes X, and X, and are called the directions cosines
(Refer Figure ). Certainly, the vector is a vector g from the origin of the un-
primed coordinate frame to the origin of the primed coordinate frame. Consider
two points that are fixed in space and a vector connecting them, the length and
orientation of that vector will be independent of the origin of the coordinate frame
in which the measurements are made. Transformations that scaled each coordinate
by a constant amount, while linear, would change the length of the vector as
measured in the two coordinate systems. Since we are considering the coordinate
system to describe the vector, hence its length must be independent of the
coordinate system. Thus we will analyse the linear transformations to those that
transform orthogonal coordinate systems while preserving the length of the vector.

Thus the matrix A must satisfy the condition,
X7 = (AT )o(AX) = XX
Which in component form becomes,
5 [2 4, j (2 4x, ] D)) (z 44, ij =y
! J J i i

This is true for all vectors in the coordinate system so that,

z Aiink = 6jk = z Aj_ilAik



The Kronecker 5,~j deltais the unit matrix and any element of a group that
multiplies another and produces that group’s unit element is defined as the inverse
of that element. Therefore,

4,=[4,]

Interchanging the elements of a matrix produces a new matrix which is termed
as the transpose of the matrix. Thus orthogonal transformations that preserve the
length of vectors have inverses that are simply the transpose of the original matrix
so that,

A*l — AT
Figure 7.13 shows two coordinate frames related by the transformation
angles ¢, Four coordinates are necessary if the frames are not orthogonal.

Y

@

12

Fig. 7.13 Coordinate Frames

7.4 THE MOMENTAL ELLIPSOID

In order to discuss the dynamics of rigid body, equations may be written,

c=Jo, Tzé((o,Jm) 21)

A much more satisfactory definition on an inertial system is provided by the
general theory of relativity, in which it is a system in the neighborhood of which the
gravitational field vanishes, whether this field is produced by matter or by acceleration
or rotation of the axes relative to the coordinate system mentioned above.

with
A -H -G

J=|-H B -F 22)
-G -F C
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As per the transformaion law for the tensor J then becomes

J=8Js" (23)

The components of J in the space coordinate system are not constant,
because in this system the values of the x’s change with time. For this reason it is
convenient to work in the body coordinate system when discussing the motion of
rigid rotators.

The inertia tensor J is symmetric and therefore its matrix has three real

eigenvalues, and the corresponding eigenvectors are mutually orthogonal. If these
three vectors are introduced as the coordinate axes of the body coordinate system,

then 7 is diagonal when referred to these axes, i.e., the products of inertia vanish

in this coordinate system. The diagonal elements of J are positive for any coordinate
system, so that the eigen-values 4, B, C of J are positive.

The directions of the eigenvectors of J are called the principal axes of the
rotator relative to the fixed point. In this system, the kinetic energy can be written:

T = 1(A®; + B®; + C®3) (24)

and the angular momentum has components (4®,, B®,,C®,). If the angular

velocity happens to be along one of the principal axes, the angular velocity and
angular momentum are therefore parallel to each other.

Associated with a symmetric matrix J there is a quadratic form, and a
quadric surface defined by

(x, Jx)= J xx =1 (25)

gy

which, ifJis the inertia matrix, is necessarily an ellipsoid. This surface is called the
momental ellipsoid because the moment of inertia of the rotator about an axis
through the fixed point is easily expressed in terms of this ellipsoid. The moment of
inertia / about an axis is defined by the equation.

T=1lw (o along the axis) (26)
If s, denotes the distance of the pth particle of the rotator from the axis, then
2
1= 2ms; (27)
p
Now let x be parallel to w. Then, from Equations (25) and (21),
o=02N"X
Insertion of this in Equation (26) then yields

1
2

T=1102Tx%), 1=~



Thus the moment of inertia about an axis is the square of the reciprocal of
the distance from the origin to the momental ellipsoid in the direction of the axis.

7.5 ROTATION OF COORDINATE AXES

The defining equations for the moments and products of inertia, do not require
that the origin of the Cartesian coordinate system be taken at the mass center.
Next, one can calculate the moments and products of inertia for a given body
with respect to a set of parallel axes that do not pass through the mass center.
Consider the body shown in Figure 7.14. The mass center is located at the
origin O’ = C of the primed system x" )’ z'. The coordinate of O’ with respect to
the unprimed system xyz is (xc, yc, zc). An infinitesimal volume element dV'is
located at (x, y, z) in the unprimed system and at (x', ', z’) in the primed system.
These coordinates are related by the equations,

x=X4x, y=¥Y+y, =7 +2z. (28)
A
2 v
Centroid : y’
{,I-N Ye,s .2(.}. ! i -

o'=C

Oe | e

SO A T

r ;
Ty

Fig. 7.14 Rigid Body and Centroidal Axes x'y'z': x =x'+x,y =y +y, z=2 +2z,

The moment of inertia about the x-axis can be written in terms of primed
coordinates

= [ o[ 4307+ @427
v

= Jeu s+ 2yc / py'dV + 2z, / pZdV +m(yi+22), (29)
v v

where m is the total mass of the rigid body, and the origin of the primed coordinate
system was chosen at the mass center. One can write

_— _ofies g .
!p.x dV—!p_\ dV—Vjp.,dV—O. Go)
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and therefore, the two integrals on the right-hand side of (29) are zero. In a similar
way, one can obtain I, and /. The results are summarized as follows:

2 2
Iix =1, Cxly! M (.\1‘: + ::) )

C

é, )
Iy =Icyy +m(x;+27),

G
I; = IC:*:’ +m (‘3 +"f) :
or, in general,
L=l +md, (32)

where d is the distance between a given unprimed axis and a parallel primed axis
passing through the mass center C. Equation (32) represents the parallel — axes

) A
P
o - > 7
i 5
¥ ? -

Fig. 7.15 Rotation of Coordinate Axes

T heorem. The products of inertia are obtained in a similar manner,
Ly = f p (¥ +xc) () +yc)dv
Vv
= Ieyy +Xc [ py'dV + y. / px'dV +mxcve.
v v

The two integrals on the previous equation are zero. The other products of
inertia can be calculated in a similar manner, and the results can be written as
follows:

]xy - ICx'y’ tm xc yc’

Ixz - ICx'z' tm xc Zc’

[ =1I,.tmyz. (33)
Equations (31) and (33) shows that a translation of axes away from the

mass center results in an increase in the moments of inertia. The products of inertia

may increase or decrease, depending upon the particular case.



. What is an inertial system?

. What are the principal axes?

Check Your Progress

7.6

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. Moment of inertia about an axis perpendicular to the plane of an area is

known as polar moment of inertia. It may be denoted as .. Thus, the
moment of inertia about an axis perpendicular to the plane area is called
polar moment of inertia and can be written as

Izz = J.rsz

. Radius of gyration is a mathematical term and is defined by the relation

I
I, = 4k’ =[y*da or k= =

/1 I

1141 — w — zz

Similarly, ky - and k, =

where k is known as radius of gyration; /= moment of inertia and 4 is the

cross-sectional area.

. Mass moment of inertia of a body about an axis is defined as the sum total

of product of its elemental masses and square of their distance from the
axis. Thus, the mass moment of the body about axis 4B is given by

1= I r*dm where ris the distance of element of mass dm from A4B.

. Itis asystem in the neighborhood of which the gravitational field vanishes,

whether this field is produced by matter or by acceleration or rotation of the
axes relative to the coordinate system.

. The directions of the eigenvectors of intertial tensor J are called the principal

axes of the rotator relative to the fixed point.

7.7

SUMMARY

In case of moment of inertia the area is squeezed and kept as a strip of
negligible width at a distance & such that there is no change in the moment of
inertia.

The moment of inertia of an area about an axis perpendicular to its plane
(polar moment of inertia) at any point is equal to the sum of moments of
inertia about any two mutually perpendicular axes through the same point
and lying in the plane of the area.
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Moment of Inertia e Moment of inertia about any axis in the plane of an area is equal to the sum
of moment of inertia about a parallel centroidal axis and the product of area
and square of the distance between the two parallel axes.

NOTES e The inertia tensor of the rigid body is a symmetric tensor.

¢ The moment of inertia, also termed as the angular mass or rotational inertia,
ofarigid body is a tensor that determines the torque essential for a desired
angular acceleration about a rotational axis.

e The moment of inertia about an axis is the square of the reciprocal of the
distance from the origin to the momental ellipsoid in the direction of the
axis.

7.8 KEY WORDS

¢ Polar moment of inertia: Moment of inertia about an axis perpendicular
to the plane of an area is known as polar moment of inertia.

¢ Parallel axis theorem: Moment of inertia about any axis in the plane of an
area is equal to the sum of moment of inertia about a parallel centroid axis
and the product of area and square of the distance between the two parallel
axes. .

e Mass moment of inertia: Mass moment of inertia of a body about an
axis is defined as the sum total of product of its elemental masses and square
of'their distance from the axis.

e Inertial system: Itis a system in the neighbourhood of which the gravitational
field vanishes, whether this field is produced by matter or by acceleration
or rotation of the axes relative to the coordinate system.

7.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write a short note on theorems of moments of inertia.
2. Write short notes on the followings:

a. Polar moment of inertia

b. Radius of gyration

¢. Mass moment of inertia

d. Inertial system
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Long-Answer Questions Moment of Inertia

1. Giveadetailed account of moments and products of inertia.

2. Discuss moment of inertia of a body about any line through the origin of
coordinate frame. NOTES

3. Explain the momental ellipsoid.

4. Describe rotation of coordinate axes.
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UNIT 8 RIGID BODY EQUATIONS
OF MOTION

Structure

8.0 Introduction

8.1 Objectives

8.2 Principal Axes and Principal Moments
8.2.1 About a Rigid Body
8.2.2 Configuration of a Rigid Body in Space: Space Fixed and Body Fixed

(or Moving) Coordinate Systems

8.2.3 Angular Velocity of a Rigid body

8.3 Angular Momentum of a Rigid Body
8.3.1 Kinetic Energy of a Rigid Body
8.3.2 Principal Axes of Inertia and Principal Moments of Inertia
8.3.3 Rigid Bodies with Symmetry

8.4 Eulerian Angles
8.4.1 Equations of Motion of a Rigid Body: Euler’s Equations
8.4.2 Euler’s Equation for Force Free Motion
8.4.3 Euler’s Equation in a Force Field
8.4.4 Torque Free Motion of a Rigid Body
8.4.5 Force Free Motion of a Symmetrical Rigid Body
8.4.6 Motion of Symmetric Top Under the Action of Gravity
8.4.7 Illustrative Examples

8.5 The Compound Pendulum

8.6 Answers to Check Your Progress Questions

8.7 Summary

8.8 Key Words

8.9 Self Assessment Questions and Exercises

8.10 Further Readings

8.0 INTRODUCTION

In classical mechanics, Euler’s rotation equations are a vectorial
quasilinear first-order ordinary differential equation describing the rotation of
a rigid body, using a rotating reference frame with its axes fixed to the body
and parallel to the body’s principal axes of inertia. Angular momentum is
the rotational equivalent of linear momentum. The total angular momentum
of any rigid body can be split into the sum of two main components: the
angular momentum of the centre of mass about the origin, plus the spin
angular momentum of the object about the centre of mass. In this unit you
will discuss principal axes and principal moments about a rigid body. You
will understand configuration of a rigid body in space and angular velocity
of a rigid body. You will describe angular momentum of a rigid body and
Eulerian angles. Compound pendulum is also explained at the end of this unit.



8.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Discuss principal axes and principal moments about a rigid body

¢ Understand configuration of a rigid body in space and angular velocity
of a rigid body

e Describe angular momentum of a rigid body

e Interpret kinetic energy of a rigid body, principal axes and moments
of inertia

e Explain Eulerian angles, Euler’s equations of motion of a rigid body
and torque free motion of a rigid body

e Describe the compound pendulum

8.2 PRINCIPAL AXES AND PRINCIPAL MOMENTS

In classical mechanics, Euler’s rotation equations are a vectorial
quasilinear first-order ordinary differential equation describing the rotation
of a rigid body, using a rotating reference frame with its axes fixed to the
body and parallel to the body»s principal axes of inertia.

8.2.1 About a Rigid Body

Abody is essentially a system of particles which are distributed in a continuous
manner throughout the volume occupied by the body.

If the distance between any pair of particles in a body remains fixed
irrespective of its motion in space then the body is said to be a rigid body.
This condition is satisfied only approximately by systems that exist in nature.
However, in solids, deviations from the above conditions are negligibly small
so that a solid can be considered as a rigid body for all practical purposes.

If we assume a rigid body as a system consisting of N discrete particles
then the constraints involved are

ry= ¢(,j=1,2,3, ..., N) (1)
where 7, which is the distance between the i™ and the /" particles, is a constant
equal to c;- However, in a solid, particles are distributed continuously and
hence it often becomes necessary to change over from discrete set of particles
to continuous distribution of particles. This is done by replacing (i) any
summation over the particles by integration over the volume in which the
particles are distributed, and (ii) the mass of each particle by infinitesimal
mass pdV of an element of volume dV of the body at which p is the density
of the material of the body.
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8.2.2 Configuration of a Rigid Body in Space: Space Fixed and
Body Fixed (or Moving) Coordinate Systems

A rigid body, irrespective of the number of particles of which it is made,
has six degrees of freedom. Consequently, the configuration of a rigid body
in space can be specified by six generalized coordinates. These coordinates
can be chosen in several ways depending upon the exact problem of motion
which is considered. To fix up these coordinates it is usual to consider two
Cartesian coordinate systems as shown in Figure. 8.1. These are:

(i) Aframe XYZ called the space-fixed system whose origin and axes are
fixed in the space outside the body,

(i) Aframe X X, X, called the body-fixed system whose origin and axes
are fixed within the body. It is most convenient to consider the origin
of this system to be located at the centre of the mass of the body.

X5

N

Body fixed
system

Space fixed
o system Rigid body

/

X

v
=

X,
Fig. 8.1 Space Fixed System and Body Fixed System
The six generalized coordinates that specify the configuration of the
body can then be taken as:

(i) Three coordinates of the origin of the body-fixed system with
respect to the space-fixed system, and

(if) Three angles which define the orientations of the axes of the
body-fixed system relative to the space-fixed system.

It is the body-fixed system that participates in the motion of the body.
8.2.3 Angular Velocity of a Rigid body

Letus refer to the Figure 8.2. Let us consider the origin of the body-fixed system
X, X, X, to be the centre of mass of the rigid body under consideration
located at the point O.

Let R be the position vector of O with respect to origin O, of the space-fixed
system. Consider any point P of the body whose position vector with respect

to O is 7 while that with respect to O,1s 7. Let us now consider an arbitrary



5 Rigid Body Equations
infinitesimal displacement of the rigid body which causes a change of T to of Motion

- - - .
T +dt,where dt isthe vector sum of:

(/) An infinitesimal translation d R of the centre of mass O without any NOTES

change in the orientation of the body-fixed system with respect to the
space-fixed system, and

(i) Aninfinitesimal translation (d 5>< ?) of the centre of mass which results

from an infinitesimal rotation of the body through an angle d¢. We may
note that an infinitesimal rotation can always be represented by a vector.

Here, the magnitude of d5 is d¢ and direction is along the axis of

rotation.
XZ
X3
z P -
;
?
O/
0
R
0, Y
Xl
X
Fig. 8.2 Angular Velocity
Thus, we can write
- - - -
dt = dR+doxr (2)

Let v be the instantaneous velocity of the point P as observed from
the space-fixed system. We then have
d d
- T
= — 3
v 3)
If ¥ be the translational velocity of the centre of mass of the body with
respect to the space-fixed system, then we have
-
dR

Vo= 4)
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Differentiating Equation (2) with respect to time, we get

- - -
dt _dR d¢ -
= +—=Xr

dt o dt e
Using Equation (3) and (4) the above becomes

V=V+0xr (5)
where = a0 (6)
dt

is the angular velocity of rotation of the body. The direction of Q is along
the axis of rotation.

Let us now consider the origin of the body-fixed system to be shifted
from its centre of mass O to some point O, such that

—

00" = d (7)

Let the position vector of the point P with respect to the new origin be

~

—
orp = r’'

(8)
If 7* be the velocity of the new origin O’ as observed from the space-

fixed system and if Q' be the new angular velocity of rotation of the body
about an axis passing through O’ and parallel to that passing through the
centre of mass O considered above, then we obtain an equation similar to
Equation (5) as
- - = o
v =V"+Q'xr’ 9)
According to Figure 10.2, we have
— — -
o0 +0P = r
Using Equation (7) and (8), we get
- -
;

= 7'+d (10)

Substituting for i given by Equation (10) in Equation (5), we obtain

- o d = —), -
v = V+QX(r'+d)
or V= V10xr+0+d (11)

Comparing Equation (9) and (11), we obtain

V'=7v+Qxd (12)



and Q=0 (13)
From the results given by Equation (12) and (13) we find that

(7)) the angular velocity of rotation of the rigid body about

an axis is independent of the choice of the origin of the

body-fixed system provided the direction of the axis of
rotation remains the same, and

(if) the velocity of translational motion of the rigid body depends
upon the choice of the origin of the body-fixed system.

Check Your Progress

1. What is a rigid body?

2. Does the angular velocity of rotation of the rigid body depend upon
the choice of the origin of the body-fixed system?

8.3 ANGULAR MOMENTUM OF A RIGID BODY

Consider a rigid body. Let the body-fixed system have the origin O located
at the centre of mass of the body as shown in Figure 8.1. Any general
displacement of the body is a translation of the body as a whole and hence
of the centre of mass accompanied by a rotation of the body about an axis
passing through the origin O of the body-fixed system.

Let us approximate the rigid body by a system of discrete particles 1,
2, ..., N.

e . .o, . .
Let , be the instantaneous position vector of the i particle with respect

to the space-fixed system.

If ;, be the linear momentum of the ™ particle, we get the angular

momentum of the i particle about the origin of the space-fixed system

where 17; is the velocity of the particle as observed from the space-fixed

system. Summing over all the particles constituting the body, we get the total
angular momentum of the body about the origin of the space-fixed system
as

- N - -
J = Zmi[r,.xViJ (14)
i=1
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Using Equation (5) we can write the velocity 17,) in terms of the velocity

V of the centre of mass and the angular velocity of rotation Q of the body
as

v =V +Qxr (15)
In view of Equation (15), Equation (14) takes the form

N
7 = zm,;x(max;]

i=l
S>> = N - (= -
m{};XV}LZmi-riX[QXrij (16)

N

—_

By definition, the position vector of the centre of mass of the body
with respect to the space-fixed system is

B - Zmi’?‘ zzmi’? (17)
Zmi M
where M is the total mass of the body. In view of Equation (17), we may
write Equation (16) as

- = N g e e
J = M| RxXV +2mi Qlrr |-r|r -Q
i=1
dR
- = -
We have RxV = Rx;:O

and hence, we obtain
N
7 = Sm|dr =774
- N 22 P
or J = Ym| Q- Q-r | (18)

8.3.1 Kinetic Energy of a Rigid Body
The kinetic energy T of the rigid body described above is given by

21
T= z’—mivi2
i=1 2
Using the expression for \7; given by Equation (15), we get
2
1 - = -
= —m,; | V+QXr,
T 2 5 m; ( X7, j

=z%m[7.7+z%m,v.(axz) z%m[a*][r] (19)



we have Zm,l_}(s_ix;:]

|
M
3=
SN
—
=l
X
te)}
N—

(20)

or Zmll7> [s_ix;;j

Further, we have

2
)] weo)

Using Equation (20) and (21), Equation (19) gives
2
T= %MV2+Z%mi[QZ f—(?)-ﬁ” (22)

Equation (22) shows that kinetic energy of the rigid body consists of
two parts:

(7)) Translational kinetic energy, given by

r = L2 (23)

trans 2
as if the total mass M of the body is concentrated at the centre of
its mass which moves with the velocity V.
(if) Rotational kinetic energy, given by

r,= Z%M{Qz —(?ﬁ” (24)

We may note that it has been possible to write the total kinetic energy
as the sum of the translational and the rotational kinetic energies because
of our consideration of the origin of the body-fixed system as the centre of
mass of the body.

8.3.2 Principal Axes of Inertia and Principal Moments of Inertia

In the discussion above, for clarity, we used the notations x, y, z to denote the
components of a position vector. Similarly, we used the notations Ijk with j, k
=X, Y, z to denote the elements of the inertia tensor. Reverting to the notations
X, X, X, for the body fixed (moving) coordinate system, we may write the
inertia tensor / as square matrix

Ly L, I
I= |1 Ip Iy (25)
Iy Iy, I
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The above symmetrical tensor can be reduced to a diagonal matrix for
a particular choice of directions of the axes of the body-fixed system. These
particular directions are called principal axes of inertia.

The corresponding diagonal elements are called the principal moments
of inertia.

Thus, the principal axes of inertia are those with respect to which the
off-diagonal elements of the inertia tensor vanish.

Let us denote the principal axes by X', X and X'. Further, denoting

I,.=1,1,, =1 andIzz,h6 =1, wemay write the inertia tensor as
Xy x| P “yn 2 Pl 3
I, 0 0
I,=10 1, 0 (26)
0 0 I

In terms of the principal moments of inertia, the rotational kinetic
energy given by Equation
1
T = 521 0,
ik

rot

can be written in a simpler form as

p— 1 |2 V2 V2
T = 5(1191 +1,Q% +1,Q%)

where Q ', Q, Q. are, respectively, the components of angular velocity o
along the principal axes.
The three components of angular momenta given by Equations
JX - IXXQX + IXyQy + ]XZQZ
J=IQ+I Q +I1Q
Y yx ox woy Yz z
and J=1Q +1Q +1Q
should read as (considering the body-fixed coordinate system as
XX X)
Jl - IIIQI + IIZQZ + ]1393

J,=LO +1.Q +1.Q (27)
Jy= L, T L, F 10,

which can be expressed in the form

J =18 (28)

where / is given by the matrix in Equation (25). We may write Equation (28)
in matrix form as

Ji Ly Ly, Ly (€
S| = |1y In I |2 (29)
J3 Iy Ly I | 4



If the axes X, X, X, are respectively the principal axes of inertia X',
X', X/, then Equation (29) reduces to

i L 0 0\Q
Ll=10 1, 0|Q) (30)
7' 0 0 L)\Q)

and the components of angular momentum J along the principal axes are

given by
jl' - 1191,
j =10 31)
j3' - ]3Q3’

or J =18 (32)

One important property of principal moments of inertia / , 1, and I,
is that the sum of any two of these is greater than the remaining third. For
example,

L+ = Zm(2x'12+ x'§+x'§) > Zm(x'§+ x'g)
or L+1>1
8.3.3 Rigid Bodies with Symmetry

In rigid body dynamics it is usual to consider the body to have a definite
shape and symmetry. From the symmetry existing in the body, the principal
axes become known. For example, in the case of a circular cylinder, the axis
of cylindrical symmetry is one of the principal axes.

If the axis of cylindrical symmetry be X, then because of symmetry,
we obtain

]13 = —me1x3 =0, and Iy :—me2x3 =0,

so that J, = 1,,Q, = [,Q.. Thus, by definition X, axis or the axis of cylindrical
symmetry is a principal axis. The other two principal axes are in the X, X,

plane with 7, = I..
In general, a rigid body is said to be symmetric if two of its principal
moments of inertia are equal.

If 1, #1,#1,1.., all the three principal moments of inertia be different,
then the rigid body is said to be an asymmetric top.

If two principal moments of Inertia be equal, i.e., I, = I, = I, the rigid
body is said to be a symmetrical top.

Arigid body is said to be a spherical top if all three principal moments
of inertia be equal, i.e., /, = [, = I,. For such a body, the three principal axes
may be chosen arbitrarily such that they are mutually perpendicular.
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Check Your Progress

3. Define the position vector of the centre of mass of the body.

4. What is meant by the kinetic energy of the rigid body?

8.4 EULERIAN ANGLES

As has been discussed above, the configuration of a rigid body which has
six degrees of freedom is completely specified by locating the coordinates
of a Cartesian system fixed in the body with respect to the coordinate axes
of a system fixed in space external to the body.

In other words, it is usual to consider two coordinate systems for
describing the motion of a rigid body:

(7)) A space fixed system XYZ whose origin and whose axes are fixed
in space, and

(i) A body fixed system X, X, X, whose origin and axes are fixed
within the body so that this system moves along with the body and
it is usual to call it the moving system. The above two coordinate
frames are shown in the Figure 8.1.

As has been pointed out earlier, it is convenient to choose the origin of
the moving system as the centre of mass of the body. Of the six generalized
coordinates required to specify the configuration of the body, three are taken
as the three Cartesian coordinates of the centre of mass of the body, i.e., the
origin of the moving system with respect to the space-fixed system. About
the remaining three let us look into the following:

Let

i,jand k be, respectively, the unit vectors along the X-, Y- and Z-axes.

i’,}’and k’ be respectively the unit vectors along the X X, and X-
axes.

a,, B, and v, be the direction cosines of the X-axis relative to the X -
X,- and X -axes, respectively.

a,, B,, and v, be the direction cosines of the Y-axis relative to X -, X -
and X -axes, respectively.

a,, B, and vy, be the direction cosines of the Z-axis relative to X -, X -
and X -axes, respectively.

We then have the relations

A,

= oyi +PByj+mk



JAJ = azf+|32}+721€ (33)
k= oc3f+[33j'+y312
We further have

7= ol By =1

JJ = e 4By =1 (34)

Kk = o5 +B3+7; =1

and i,'Ji’ = 00, +BiB, + 77, =0
"k = 005 BB + Y, =0 (35)

K= 0304 + B3Py + 737, =0

We find nine direction cosines connected by six relations. Thus, three
remain unconnected. However, these three are not independent of each
other and as such they cannot be taken as the remaining three generalized
coordinates for the specification of the configuration of the rigid body.

Various sets of the remaining three generalized coordinates have been
proposed. The most common and useful of them are the Eulerian angles.
They refer to the angles corresponding to three successive rotations of the
space-fixed system performed in a particular sequence or order, such that at
the end, the axes of the space-fixed system coincide with those of the body-
fixed system. Clearly, the Eulerian angles give the orientations of the axes
of the body-fixed system relative to the space-fixed system.

In the following, we consider the three successive rotations of the
space-fixed system to define Eulerian angles.

First Rotation

The space-fixed system (XYZ) is rotated about the Z-axis counter-clockwise
by an angle ¢, such that the X- and Y-axes, respectively, take the new positions
X' and Y’and the new Y—Z plane, namely the Y'—Z' plane contains the axis
X, of the body-fixed system as shown in the Figure 8.3.

Z'A
V4

.

X'

Fig. 8.3 First Rotation
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Let &, and k| be, respectively, the unit vectors along the transformed

set of axes X', Y’ and Z'.
We then have

>

b

fcos¢+}'sin¢

Ji = —isino+ jcosd (36)
kl =k
The above equations can be written in the matrix form as
i cos¢ sing 07
Ji|=|-sind cosdp 0] (37)
i 0 0o 1)
The matrix of transformation from XYZ to X' Y’ Z' is thus,
cos¢p singp 0
D= |-sing cosd O (38)
0 0 1

Second Rotation

The transformed system X" Y’ Z” is rotated about the X'-axis counter-clockwise
by an angle 0, such that Z'-axis which is the same as the Z-axis coincides
with the axis X, of the body-fixed system and the transformed X ¥ plane
becomes the X, —X) plane of the body-fixed system as shown in Figure 8.4.

YAV
ﬂx
7" =X,
YH
0
v
0
0, > Y
¢
X
X', X"

Fig. 8.4 Second Rotation

Let i, j» k& be, respectively, the unit vectors along the transformed
set of axes X, Y’ and Z”. We then have

2 g
b =4




Jr = JicosB+k/sin® (39)
k= —J/sin®+k cos®

In matrix form, the above equations can be written as

iy 1 0o o\(#
1= cos® sin@® 0] (40)
/21 —sin® cos® O ]Ql'

The matrix of transformation from the X’ Y’Z” system to (X’Y’Z”)
system is thus
1 0 o
C= | cos® sin® 0 (41)

—sin® cos® O

Third Rotation

Thenew system (X" Y"Z") obtained after the second rotation is rotated about the Z"
(= X,) axis counter-clockwise by an angle y such that the transformed axis
X" coincides with X -axis while the transformed axis Y coincides with
X,-axis of the body-fixed system as illustrated in Figure 8.5.

Z”, 7z = )(3

X', X" X"= Xl

Fig. 8.5 Third Rotation

Let i, j, k" be, respectively, the unit vectors along the transformed

axes X', Y"" and Z"". We get according to the operation performed

"= 4 =i cosy + j siny

~.
=
=~

= =T =i siny i cosy )

A A A

kl’" — k/ - kl ’”
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In matrix form we may write the above equations as

LY

~
N
=~

1 cosy siny 0)f?
}1 = | |=|-siny cosy 0] jr (43)

i) W) Lo o

~

The matrix of transformation from (X"Y"Z'") system to X""Y"'Z"" (or
X, X, X)) system is thus
cosy siny 0
B = |—-siny cosy 0 (44)
0 0 1
The complete transformation from (XYZ) system to (X, X, X)) system
is thus in matrix form given by
i iy’ X
J'|= B|J |=BC|j |=BCD
v k)

N o S

i
or Jl=4 (45)

where A = BCD

(46)

Using the matrices for B given by Equation (44), C given by Equation
(41) and D given by Equation (38), we obtain

cosycosh—cosOsinhsiny  cosysind+cosOcosdsiny  sinysind
A=| —sinycos¢—cosOsindpcosy —sinysind+cosOcosdcosy cosysind | (47)

sinOsin¢ —sinOcos ¢ cos0

Since all the elements of the matrix A are real, the matrix A4 itself

is real.

Each of the matrices B, C and D corresponds to orthogonal
transformation because the transformation of the axes is caused by simple
rotations. We, thus, have

D=D"', C=c™!, B=B" (49)
We have the total transformation matrix A4 = BCD
Taking transpose of the above, we get

A=BCD=DCB 49)
or 4=D"'c'B ' =(BCD) " =47 (50)

Thus, 4 is also orthogonal.



8.4.1 Equations of Motion of a Rigid Body: Euler’s Equations

There exist several methods to analyse the dynamics of a rigid body. One such
method is due to Euler in which the analysis is made in terms of the body-
fixed frame of reference or the moving coordinate system which rotates with
the body. Simplification arises because relative to this frame, the moments of
inertia and products of inertia are time-independent while relative to space-
fixed system they are functions of time.

8.4.2 Euler’s Equation for Force Free Motion

We know that a rigid body undergoes pure rotational motion about an axis
passing through a fixed point in the body when a net external torque about

that axis acts on the body. The external torque T and the angular momentum

J of the body about the axis of rotation are related according to

dJ

.

r—_
dr

= (51)
where the time derivative of J is calculated relative to the space-fixed
system external to the body.

If G be the angular velocity of rotation of the body then the time
derivatives relative to space-fixed system of axes and body-fixed system of

axes are given by
7 R
— =|—| + QX (52)
(dt lpace dt body

In view of the relation expressed by Equation (52), we may write
Equation (51) as
dJ
- - -
r=|— QxJ
” + Qx (53)
ody
If, for convenience, we choose the axes of the body-fixed system as
the principal axes of the body, we get

J = L9, + L9, +kLQ, (54)

. . =
where Q , Q,, Q. are, respectively, the components of the angular velocity €

along the principal axes along which the unit vectors are 7, j, k, while I b1

I, are the principal moments of inertia.

Since, relative to the body-fixed system, the principal moments of
inertia and the unit vectors are stationary or time-independent, we get from
Equation (54)
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B}
dj

" = i1Q, + JL,Q, + kI, (55)

ody

The component of r along the principal axis along which the unit
vector is i , is given by

N
% ~ ~ . . .
I={T=i dd—‘t] +OxJ [usinig Equation (53)]

body
dJ
~ N

= — +1 (Q xJ j

dt

ody
= 1Q + i [;(szs —Q,j,)+ j(Q3j1 —Q,j3 ) +k(Qy ), =y )J
or I = [191 +(Qy /5 ~Q3/5)
or Fl = [191 + 921393 _Q31292 [uSing Equation (54)]
or I, = 1191 _(12 _13)9293 (56)

Similarly, we obtain for the other two components of the torque r
along the remaining principal axes as

r, = 1292_(13_11)9391 (57)

I = [393_([1_12)9192 (58)
Restricting our considerations to force-free motion of the rigid body,
we get
(i) Potential energy of the body =0
(ii) Kinetic energy of the body = Rotational kinetic energy (7' )
so that the Lagrangian L of the body becomes
L - Trot

Choosing the axes of the body-fixed or the moving system as the
principal axes of the body, we get the Lagrangian as

L= %(11912 + 1,0} +1,03) (59)

Further, for convenience, let us choose the generalized coordinates
corresponding to the three rotational degrees of freedom as the Eulerian
angels v, 0 and ¢. We may then write the Lagrangian as

L= L(\If,e,(l),\if, 6’¢) (60)



The Lagrange’s equation for the coordinate vy is

dfoL)_ oL
dt| oy oy
dzaL 0Q, & oL 0Q;

La - ~0 61
TU=o0, oy =0, oy (61)

The components of the angular velocity Q can be expressed in terms
of the Eulerian angels as

(i)sinesin\u+écosl|f

©
Il

Q, = dsinOcosy —Bsiny (62)

Q; = (i)cos9+\il
From the above we obtain
0Q,
oy
0Q,
EY
0Q,
EY
0Q,
EN
0Q,
and W =0 (64)
0Q,
EY
From Equation (59), we get
oL
Q,
oL
0Q,
oL
9Q,

= ¢sinBcosy —Bsiny =Q,

—¢sin @siny —Hcosy = —Q (63)

= [

= 5Q,

8.4.3 Euler’s Equation in a Force Field

Sincearigidbody, ingeneral, has six degrees of freedom, itsmotion canbe described
interms of six independent coordinates. Thus, the general equations of motion of
arigid body are six in number. In the Newtonian formulation, three of these are
given by

SR

F - Sp-xi-F
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where p is the linear momentum of any particle, and 7 is the force acting
on the particle.

The summation is carried over all the particles of the body. Here, the

total force F includes, in principle, both external as well as internal forces.

We may start with the fundamental equations expressed as

dP dM
- -
— = Fand| — =k
dt dt
/fixed /fixed

The designation ‘fixed’ is written explicitly since the above relations
(from Newtonian mechanics) are valid only in an inertial frame of reference.
The moving system X, X, X,, is fixed in the rigid body and hence rotates

with angular velocity Q . With reference to figure 10.3, if the radius vector

—
of a point in the system changes from ¥ to r + & then the geometrical
situation is correctly represented, if we write

— — -
o = 00 X r

—
where 80 is a vector whose magnitude is equal to the infinitesimal rotation

angle 80 and having direction along the instantaneous axis of rotation.
Similarly, we can write

Let us consider an arbitrary vector A.The change in this vector in time
dt with respect to the fixed axis differs from the corresponding change with
respect to the axis moving with the rigid body, only by the effects of the
rotation of the body axes. In other words, we may write

- - -
[dAJ - [dA] {m]
/fixed moving rot

However, the change in the components of a vector, arising solely
from an infinitesimal rotation d6 of the coordinate axes is exactly given by
Equation (91). Hence, we get

- - -
[a’AJ = [dA] +d0x 4
/fixed moving

The time rate of change of 4 is then

- -
a4 _1d4
dt dt

/fixed moving

-
+Qx A4



The six equations of motion with respect to the body-fixed system are

thus

Tl
I

—
K =

dP
= >
—_— +QxP
dt
moving
dM
- -
—_ +QxX M
dt

moving

Choosing the axes of the moving system to coincide with the principal

axes of the body and taking P

F:

1

~
|

K:

3

=MV and M. = IQ,, etc., we obtain

dv;
M ijam—%j

v,
M-;f+gxf4%mj

dQ
= 1 7;9293 (13 _12)

e,

i
L—2QQ, I,-1
3 dt 1==2 £2 1)

I

QSQl (Il _13)

Substituting the above results [Equation (62) to (85)] in Equation (61),

we obtain

4
di

or (!, -

or LQ, =
Similarly, we obtain the
I 1Q1 =

1)Q,

LN
p
—
dp.
dt

<!

(1393)_[119192 _[29291]= 0

[2)91Q2 - I3Q3
(I 1 12)9192
equations for Q; and Q, as

(12 o ]3)9293

- ([3 o 11)9391

S3-37-F

dM
- -
F and | — =K
dt
/fixed
- -
00X r
56x v

(66)

(67)
(68)

(69)

(70)

(71)
(72)
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- - -
(dAJ - [dA] {m} (73)
/fixed moving rotational
dd dd
- 5
L I +Ox A (74)
dt dt
/fixed moving
dP
- =
F=|— +QxP (75)
dt
'moving
dM
- - o

'moving

Choosing the axes of the moving system to coincide with the principal
axes of the body and taking P, = M V: and M=1Iq, M, =1Q

dv,
F=M d—tl+QzV3—Q3V2]

i etc., we obtain

1
dv.

F =M d—t2+Q3V1—QlV3) (77)

dv.
F.=M d—;+Qle—Qlej

aQ

K = 11j9293(13 -1,)
dQ

K2 =1, 759391 (11 _13) (78)
dQ

K, = 137t3s21s22(12 ~1)

Equations (77) and (78) are Euler’s equations for the motion of a rigid
body in a force field.

We may note that Equation (66) for Q, is the Lagrange’s equation for
the coordinate y but Equation (67) and (68) are not Lagrange’s equations
for the coordinates 0 and ¢.

8.4.4 Torque Free Motion of a Rigid Body

Euler’s equations obtained in the previous sections can be conveniently
applied to describe the motion of the rigid body when no net force or no net
torque acts on the body. We first consider the torque free motion.

Consider a rigid body rotating about an axis passing through the centre
of mass of the body. Let us choose the centre of mass, which is a fixed point
within the body, as the origin of the principal axes of the body. Considering



no torque to be acting on the body, Euler’s equations given by Equation (56),
(57) and (58) reduce respectively to

I, s:zl = (,-1) 9,0, (79)
Lo, = (I,-1),Q (80)
LG, = (I -1)QQ, (81)

Multiplying Equation (79), (80) and (81) respectively by Q , Q, and
Q, and adding, we get

[9Q+L00+[0Q =[[-L+[-1+]-1]Q Q Q=0

d(1. 5, 1. 5 1 zj
or —| =L += L +=1,Q5 | =0
dt(Z 1°=1 2 2°%2 2 3==3
I SRR SP-C T Qe B
or S +5 12+ 1,05 = a constant
1
Thus, T = E(11§212+12£2§+13Q§) = a constant (82)

Equation (82) shows that the kinetic energy of rotation of the body is
an integral of motion.

Since no torque acts on the body, the total angular momentum J of

—

the rotating body is another integral of motion [a;—‘t] = torque= 0 or J = a constant

. Thus, we have

- ~ ~ A
J = i1,Q+jL,Q,+kI,Q, =a constant (83)
We have
— - n ~ A o ~ r
Q. J = i+, +kQ, | [iQ + JL,Q, + k1,0 ]

= Q7 +1,Q5+1,Q3 (84)
Combining Equation (82) and (84) we obtain

2T = Q-] =a constant (85)

rot

(i) Inertia Ellipsoid

We may note that the motion of a rigid body depends on the structure of
the body through the quantities (numbers) /, 7, and /,. Hence, any two
bodies which have the same principal moments of inertia move in exactly
the same manner although they may have different shapes. The simplest
geometrical shape for a body having three given principal moments is that of
a homogeneous ellipsoid. Hence, it often becomes convenient to describe the
motion of a rigid body in terms of the motion of equivalent ellipsoid. Such
a description of a rigid body was due to Poinsot which has the advantage of
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providing a geometrical description of the motion without trying to obtain a
complete solution of the problem.

Poinsot’s construction can be understood as explained below. The
kinetic energy of the rotating rigid body relative to a coordinate system whose
axes are the principal axes is given by

1= 1
T, EQ-J=5(11£212+IZQ§+I3Q§)

We may write
2T = 1LQ] +1,Q5 +1,Q; = IQ° (86)
where / is the moment of inertia of the body about the axis of rotation.

Let # be a unit vector in the direction of & , so that

Q= Qn (87)
Let the direction cosines of the axis of rotation be o, p and y.
We then get

A= oi+Pj+vk (88)

and we can write the moment of inertia of the body about this axis as

— 2 2 2
1= o I, +B°1, +y° 1, +2[ 0B+21 By+2I, Yo

(89)
Let us now define a vector P according to
=) n
P = 90
i (90)
Using Equation (87) the above becomes
p_ 8 _ &
V1 i
In view of Equation (86) the above can be written as
P = i=L(ig,+jgz+l€93) 91)
N2r Nor

Further, we may write P in terms of its components P, P,, P, as

P = iR+ P +kP, (92)
Comparing Equation (91) and (92) we obtain
Ql QZ Q3
o =—=, PB= 93
A PTar Aor ®3)
In view of Equation (93), Equation (86) gives

LP*+LP +LPE =1 (94)




Equation (94) is the equation of an ellipsoid and is called the equation
of inertia ellipsoid.

(ii) Invariable Plane

Consider a rigid body rotating about a fixed point, say O, without the action

of any external force or torque. The angular momentum vector J isa constant
of motion and has a fixed direction in space as shown in Figure 8.6. The line

along the fixed direction of J is called the invariable line. We have for force/

torque free motion
Q.7 = 2T = constant
Clearly, the projection of & along J is Q cos 6 which is constant and
hence the tip of @ describes a plane called the invariable plane. To an observer
fixed in the body-fixed coordinate system the angular velocity vector @ is

found to precess about the angular momentum vector J .

(¢}

)

Invariable plane

Rotating lbody

Invariable line
N
J

Fig. 8.6 Fixed Direction

For force-free motion of the rigid body we have

- =
PJ = ﬂ=\/2T = constant (95)

2T

The above shows that the tip of the vector P also describes an invariable

plane. It can be seen that this invariable plane is the tangent plane at the point
P of the inertia ellipsoid.

The distance between the origin of the ellipsoid and the tangent plane
at the point P is

= 21 = constant (96)

J

<~

- = =
PJ Q.
J

d=Pcoso=

§‘

Rigid Body Equations
of Motion

NOTES

Self-Instructional
Material 187



Rigid Body Equations
of Motion

NOTES

Self-Instructional
188 Material

As a consequence we find that as the angular velocity vector G and

hence P changes with time, the inertia ellipsoid rolls on the invariable plane
with the centre of the ellipsoid at a constant height above the plane.

The curve traced out on the invariable plane by the point of contact
with the ellipsoid is called herpolhode and the corresponding curve described

on the ellipsoid is called polhode. We find that the polhode undergoes pure
rolling on the herpolhode in the invariable plane (Refer to Figure 8.7).

In the case of a symmetrical rigid body rotating about the symmetry
axis (z-axis) we have /, = I, and we find the inertia ellipsoid to be an ellipsoid

of revolution. Vector P and hence vector Q remains constant in magnitude.

As a result, the polhode becomes a circle about the symmetry axis of the
ellipsoid and herpolhode is a circle on the invariable plane. The angular

velocity vector G describes a cone called the body cone. As observed by

the observer in the space-fixed system & moves also on the surface of a cone
called the space cone (Refer to Figure 8.8).

Inertia ellipsoid
/ Polhode

Invariable plane

Herpolhode
Fig. 8.7 Invariable Plane

Inertia ellipsoid //

Body cone

«— Invariable plane

Polhode

/ Space cone
/ Herpolhode

Fig. 8.8 Space Cone



8.4.5 Force Free Motion of a Symmetrical Rigid Body
As another application, we use in the following, Euler’s equations to discuss
force free motion of a symmetrical rigid body.

Choosing the symmetry axis as the principal z-axis we get /, = I, and
Equation (56), (57) and (58) give

1 =(I-1)Q,Q, (97)
19, =-1)0,0=-(-1)0,Q (98)
LG, =0 (99)
Equation (99) yields
Q, = constant (100)
1.e., the component of angular velocity along the symmetry axis is a constant.
Putting Q, = h-1y Q, (which is a constant) (101)

1

we may write Equation (97) and (98) as

Q= QQ, (102)

Q =-QQ (103)

Differentiating Equation (102) with respect to time we get

Q= QQ,
Substituting Equation (103) in the above we obtain

.
3, = - Qo

or G, +0Q =0 (104)
Solution of Equation (104) can be put in the form
Q, = Asin Q¢ (105)

where 4 is some constant. We have chosen the phase constant such that at
t=0, Q =0.

From Equation (105) we get
Q, = AQ, cos Q¢ (106)
Using the above in Equation (102) we obtain
AQ, cosQt = Q, Q,

or Q, = Acos Qt (107)
Combining Equation (105) and (107) we obtain
QI +Qf = A2 (108)
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which is the equation of a circle of radius 4. Let us now consider the vector

—> .
Q, in the x-y plane as

—

Q, = iQ,+/Q, =i AsinQt+ ] AcosQt
The above gives

Q, | = A= constant (109)

We further find that the vector Q, rotates about the symmetry axis with
constant angular frequency Q given by Equation (101) as shown in Figure 8.9.

The angular velocity of the body given by

—

Q = iQ +)Q, +kQ,

can thus be written as

Q= QO+Qik (110)
with |G| = Q2 +Q! = constant (111)

We find the angular velocity vector G to have a constant magnitude
and precessing about the axis of symmetry with the constant angular

frequency Q (Refer to Figure 8.10). We find the vector 3 to move on the

surface of a cone about the axis of symmetry with constant angular frequency
Q,. This motion takes place with respect to the principal axes of the body
which are themselves rotating in space with angular frequency Q. Equation
(101) shows that closer the values of 7, and 7, lower becomes the precessional
frequency Q compared to rotational frequency Q,. We may determine Q,
and Q, from a knowledge of the constant magnitudes of kinetic energy 7'and
the angular momentum J given as

N
T= 5119p+513§23 (112)
S = QL+ 1503 (113)
The above results can be applied to the problem of rotation of the earth.
z
Y o
. B
Q,(t=0) ! !
i\ i
Q, g
I
I //'
I AN
Q, (1=55) y !
X
Fig. 8.9 Symmetric Axis with Fig. 8.10 Symmetric Axis with
Constant Frequencies Angular Frequencies



We know that the earth is almost symmetric about the north-south
(polar) axis and slightly bulged at the equator. As a consequence we have /|
slightly less than /.. On calculation we obtain

L-f, _ 1
2 306
and Q = _m rad s™!
3 24 x 60 x 60

The time period of precession of the axis of rotation of the earth is thus

I
_2_n:2_n_1:2_nx306
Q Q3 L-L

or T = 306 days
Thus, an observer on the earth should find the axis of rotation of the

earth to trace out a circle about the north pole every 306 days which agrees
well with observation.

8.4.6 Motion of Symmetric Top Under the Action of Gravity

Consider the motion of a symmetric top spinning about the axis of symmetry
namely the Z’-axis of the body-fixed system. Z'-axis is taken to be one of the
principal axes, the other two principal axes being X' and Y’ axes.

According to the above consideration; the principal moments of inertia
about the X" and the Y’ axes, namely /, and /, are equal.

Let the top have its pivot at its lower tip O which is the common origin
of the body fixed and the space-fixed coordinate system X'Y'Z’ and XYZ
respectively.

Let G be the centre of gravity of the top at a distance / from the point O.

Symmetry
Axis of the
top

Fig. 8.11 Symmetric Axis of Top under the Action of Gravity
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The only force that acts on the top of mass m is mg which acts vertically
downwards from the point G. Let us consider the Z-axis of the space-fixed
system to pointing vertically upwards while the X and Y axes to lie in the
horizontal plane (Refer to Figure 8.11).

The most convenient generalized coordinates in terms of which the
motion of the top can be described are the Euler angles ¢, 6 and y as shown
in the Figure 8.11.

The Lagrangian function for the top under consideration is given by
L=T-V= %Il(Qf+Q§)+%I3Q§—mglcose (114)

Substituting for Q, Q, and Q, in terms of Euler angles, the above
becomes

2
L=—] [ézﬂf)zsinz 6}+%I3 {lifﬂi)cose} —mglcos 0 (115)

N | —

The above expression for L shows that y and ¢ are cyclic coordinates.
As a consequence the momenta conjugate to these coordinates, namely p,
and p, are constants of motion or the first integral of motion.

We have
p.= a—l::I3[\il+(1')cose]:I3Q3zlla (116)
y a\ll
d = 9L 7 sin?0+1, cos 6] + 1. cos 0 =1 b 117
an pf—ﬁ—[lsm ,co8” 0] + 7, cos Oy =1 (117)

In the above the integrals of motion have been expressed in terms of
new constants a and b.

A third integral of motion is the total energy of the top given by

E=T+V= %zl[éuqumz e]+%13g§ + mglcos6 (118)

Solving for ¢ and v, the equations (116) and (117) yield

. b—acos0
¢ sin’ @ ( )
. Il_a_ b—acos0

and W 7 [—sinze }cose (120)

Using Equation (119) and (120) in Equation (118) we get
1 (b—acos 9)2

1 1 .
E = —IFa*>+-1,67+~1 +mgl cos© 121
51 51 1 sin2 g ( )
For convenience we introduce a new quantity £’ as
E= E—%I%az (122)



Using Equation (121) in Equation (122) we obtain Rigid Body Equations

5 of Motion
E= L1192l BmacosO L cse (123)
2 sin” 0
We may consider £’ to be the sum of the kinetic energy %Il 62 and an NOTES
effective potential energy function ¥(0) defined as
2
V(6) lelw+mglcose (124)
2 sin” @
In view of Equation (124) we may write Equation (123) as
E = %1162+V(e) (125)
The above gives
r D) q1/2
6 = |={E-V(@®)}
L4 i
or dt= - ; a9 =
“{E -V ()}
L4y i
Integrating the above between time limits # = 0 to ¢ = ¢, we get
¢ (1)
do
far = | ; — (126)
D L{E' - V(e)}}
1
The solution of the above equation to get 6 and hence solve for ¢ and
v as functions of 7 is however complicated and involves elliptic integrals.
For this reason, only the qualitative features of the motion of top from
energy considerations are presented as in motion under central force.
1. Steady Precession of the Top
The variation of the effective potential V(0) with 6 is as shown in Figure 8.12.
We find ¥(0) to assume infinite values for 6 = 0 and 6 = = and and for a
particular value, namely 6 = 6, /(6) assumes the minimum value. Thus the
physically acceptable value of 6 lies between 0 and =. The minimum value
of V(0) correspondes to the condition % = 0. Using the expression for
J(0) given by Equation (124), the above condition yields
_ _ 2
ab %zcoseo -1 (b c.zc3oseo) ~ mglsing, =0
sin9, sin” 0,
Solving the above we obtain
)
b—acos6, = asin” 0, 1+ 1—@ (127)
2cos 0, La Self-Instructional
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b — a cos 6, is a real quantity. Thus, for 6, < n/2, we get

- 4mglcc2)se0 > 0

Lia
or Ifa> > 4mgll cos 6,
We have lLa=1Q,.
Q7 > 4mgl 1, cos 6,

or Q, > %ngl]l cos 0, (128)

3

V() 4

Vi b=

Fig. 8.12 Steady Precession

Iftheenergy ofthetopissuchthatE'=V . then6hasonlyonevaluenamely
6 = 6,. Thus corresponding to this energy the precession angle 6 remain
constants. This is referred to as steady precession in which case the symmetry
axis of the top describes a right circular cone about the vertical Z-axis of the
space-fixed system. The condition that must be satisfied for steady precession
is that the value of Q, be given according to Equation (128).

2. Nutational Motion of the Top

Referring to the effective potential energy diagram we find that if the energy
ofthe topbe suchthat E'>V .. say E=FE', then the motion gets restricted
between two values of 6, namely 6 = 6, and 6 = 6,. This means that the
symmetry axes OZ' of the rotating top varies its inclination 6 with the vertical

such that® <6 <#6,. This kind of motion of the top is referred to as nutation.
We have

b—acos0

sin’ @

¢ =
Depending upon the values of 6, and 6,, ¢ may or may not change

sign. If ¢ does not change sign, the top precesses constantly about the vertical



axis Z and the axis of rotation of the top, i.e., the Z’ axis oscillates between
6 =6, and 6 = 6,. This is nutational motion which is an up and down motion
of the top.

When the rotating top is released at the angle 6 , it falls slightly due to
the gravitational torque. As a consequence, it gains in the precessional as well
as the nutational motion. The axis of the top reaches the maximum angle 6,
with the vertical with the result of maximum precessional velocity and zero
nutational velocity. The precessional velocity at 6 = 6, can be obtained from
the Equation (119) having the value

§ = b, 2mel
I, 1,Q;

The following are a few important results:

1. Frequency of nutational motion is given by

Il
2. Amplitude of nutation is given by
_ mglsin6,
"
This shows that nutation is less if the top spins fast.

8.4.7 Illustrative Examples

Example 1: If the moment of inertia of a cube about an axis that passes
through the centre of mass and the centre of any one face is /, find the moment
of inertia of the cube about an axis passing through the centre of mass and
one corner of the cube.

Solution:
A B
:
1
| 03
[ [ ]
1
]
D ; c

o |

Ol : [ Ne)
1
1

e F
/
/
/
/
//
// [ ] 02
1/
H G
Fig. 8.13
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As shown in the figure, let O be the centre of mass of the cube ABCDEFGH.
Considering the point O as the origin, let us choose a Cartesian coordinate
system with axes X, Y and Z passing through the centres O,, O, and O, of
the three adjacent faces ADHF, DCGH and ABCD, respectively. We then
have, according to the problem

[=1 =1 =1 (i)

and [=1,=1, = 0 (if)
Let an axis passing through the centre of mass of the cube and one
corner, say C, have direction cosines a, B and y, then the moment of inertia

of the cube about this axis is given by
I= o’ + leyy +y - 20l — 2Pyl , - 2yal
Using Equation (i) and (ii) in the above, we get
1= (@+p+7), (i)
The position vector of the corner C with respect to the origin O is
given by

- 2 A "
r la+ ja+ka

Clearly, 17| = Ba
We, thus, have

a 1 a 1 a

_a e 1o 1
e B ETE TR W

Substituting Equation (iv) in Equation (iii), we obtain
1= l+l+l [, =1,
3 3 3

Example 2: A thin uniform circular disc of mass m and radius  lies in the

X-Y plane (plane of the paper). A point mass STm is attached to the rim of

the disc as shown in the figure. The moment of inertia of the disc about an
axis through its centre of mass and perpendicular to the plane of the paper
is
ot oo
= —10 10
0 0 2

Find the moment of inertia tensor of the system of the disc and point
mass about the point A in the coordinate system shown.



AY

Fig. 8.14

Solution: The moment of inertia of the disc about the axes through the centre
of mass O and perpendicular to the plane of the disc is given to be

et 00
]Cm=:010 (i)
00 2

.. 5 . .
The mass point Tm attached to the disc contributes to the moments

and products of inertia about the origin 4 is

S5m 2 ..
ly= =8 =~ (i)
where 7, = (x1,%,,%3) is the radius vector of the mass point with respect to the

origin A4
In the above i,j=1,2,3,and
i,j=1,2,3 and
g = Lifi=j
5. = 0ifi=j (iii)

x, =x,x,=randx, =0

2 — 2 2 2 — 2

re= xS txHxr=2r

We, thus, get the moment of inertia tensor of the mass point about the

point 4 as

212 —p? — 0
]5_'” = sm —2 2wE 2
4 4
0 0 2r?
; s 1 -1 0
or % = n;r -1 1 0 (@v)
0o 0 2
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- lifi=j (#ii)
;=0 ifi=j
iL,j=1,2,3 (iv)
Using Equation (@7), (ii7) and (iv), we obtain
I, = m[(’”lz _x121)+(”22 —x§1)+ 5 —x321)+(r42 _xil)]
or I, = m[(a&®—a’) + (@’ —a®) + (4a’ — 0) + (4a* - 0)]
1, = 8ma’
Proceeding as above, we obtain
112 - 0 - 113
L, =0=1,
I,=0=1,
and L, = 2ma’
I, = 10ma’
Thus, the matrix of the inertial tensor is
8ma® 0 0
I=| 0 2ma® 0

0 0 10ma’
Example 3. In Example 2 find the moment of inertia of the system about an
axis which is inclined equally to the positive X-, Y- and Z-axes.

Solution: Since the axis is equally inclined to the positive X-, Y- and Z-axes,
its direction cosines a, B and y are equal.

The moment of inertia of the system about the axis is given in terms

of the elements of the inertial tensor Iij(i, j=1,2,3)as
I= azlll + lezz + y2133 o 2043]12 o 2BY123 a 2Y2]3|
Using the values of 1ij obtained in Example 2 and taking

a=p=y
We get, from the above equation,
1= o?8ma® + a2ma* + o*10ma® = 20ma’a?
We further have
o+ Bz + Y2 =1

302 =

[e—

or o’ =

W | —

Substituting for o, we obtain

I = 20ma* x %=23—0ma2



Example 4: Four point masses, each equal to m, are situated in the x—y plane
at positions (a, 0, 0), (-a, 0, 0), (0, + 2a, 0) and (0, —2a, 0). The masses are
joined by massless rods to form a rigid body.

Find the inertial tensor and express the tensor as a matrix using X-, Y- and
Z-axes as the reference system.

Solution: The system to be considered is as shown in the figure. Let O be
the origin of the reference system. The particles of mass m are situated at the
points A(a, 0), B(—a, 0), C(0, 2a) and D(0, —2a).

AY
Cg (0,2a)
(~a, 0) (a,0)
B A
p ¥ (0,-24a)
Fig. 8.15

By definition the elements I of the inertial tensor are given by
4

_ 25
]ij— Zm(rkﬁij xkixkj)
k=1
or I. = m (i’ZS--—x-x -)+(r254-—x X .)+(r26--—x X 4)+(r25--—x X, )
ij 1 Yij 1i'1 2 Vij 2i72 3 Y 3i%3j 4 Vi 4i4 j
()
In the above,
K= xlzl+x122+xlz3=az+0+0=a2
2
r o= x§1+x§2+x§3=(—a) +0+0=a>
2 ..
= x321+x322+x323=0+(2a) +0=4d> (if)
2
1= Xy X4 + X4 =0+(=2a)” +0=4a’

Example 5: Moments of inertia and products of inertia of a rigid body with
respect to a coordinate system XYZ having the origin at some point within
the body are / , Iyy, I, Ixy, Iyz and / . Obtain the moment of inertia of the

body about an axis inclined at angles o, B and y with the X-, Y- and Z-axes,
respectively.
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Solution: The figure shows the origin O within the rigid body and the

coordinate system X Y Z. Let AB be the axis about which the moment of
inertia of the body is to be found.

\4
=

Fig. 8.16

Let the axis AB make angles of a, B and y with the X-, Y- and Z-axes,

—_—
respectively. If 7 be a unit vector along OB , we get

n= fcosoc+}‘cosB+l€cosy )
Let P be a particle of the body having mass m. and radius vector i

Let PC be the perpendicular from P on the axis AB.
By definition, the moment of inertia of the particle about the axis AB

=m(PC).

Considering all the particles constituting the body, we get the moment
of inertia of the body about the axis AB as

2

I= Y m (PC) =Y m|rxi (ii)
i 7 k
We have rxn = | x Nz z;

coso cosP cosy,
=1 (y; cosy—z; cosP)+ j(z cos o —x, cosy) +k (x; cosp — y; cos )
The above gives
2

- A
rXA

= (y;cosy—z cosB)2 +(z; coso—x; cosy)2 +(x; cosB -y, cosoc)2




= (ylz + zl-z)cos2 OH—(xl-2 + 27 )0052 B+ (yl2 +xl-2)cos2 Y (iif)
—2y,z; cos ycos —2z,x; cosoLcos Y — 2x; y; coscos o
Using Equation (ii7) in (ii), we obtain
1= Zmi (y,2 +z[2)cos2 0c+2m,- (x,2 +zi2)cosz[3+2m,- (y,2 +x,-2)cos2 Y
—22 m,x;y; cos a.cosf — 22 m;y;z; cosfcosy— 22 m;z,X; COSYCOS O

Using the definitions of moments of inertia and products of inertia, the
above can be expressed as

I=1_ cos’ o+ 1, cos’B+1_, cos® Y+ 21, cosocosB+27, cosPeosy+217,, cosycoso

Using the theorem of parallel axes, the moment of inertia tensor disc
about the axis through A (parallel to the axis through 0) is

I = Igy +Mr?

A
(1 00 100
:m:010+Mr2010 (iv)
00 2 0 0
(1 ooy (400
=%010+040
00 2)(00 4
(500
mr
or ]A=4050 (v)
00 6

In view of Equation (iv) and (v) the moment of inertia tensor of the
disc and the mass point about the axis through 4 is

Im
1=1A=5T
50 0 1 -1
2 2
=~ s 0+ 2™ o1 1 o
4 4
00 6 0 0 2
(5 00y(5 =5 0
=’": 05 0[+-5 5 0
l006) (0 0 10
(10 =5 0
or 1=’":—51oo
0 0 16

O = ,|— (vi)
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b) 1 0’
U(ql,qz, ...... ,qs)=U(q10,q20, ...... ,qs’0)+2[§] qy +52[ - qu'Qk—'—
k Jo : A
(vii)

In the above expansion, we assume that g, =0 and g, is the displacement
from g, = 0.

Using Equation (vi) in Equation (vii), we obtain
1 0%u
U(q1:925rqs) = U(qla’qZ(n ...... ,qm)+—z —q 949k (viii)
: v )

Without loss of generality, we can set

UG, Gy -3 D og) = 0 (ix)
Hence, we get from Equation (viii)

1 9%u
U(Qaq’ """ ;CI):_ q9;49 (X)
1?12 s 2% aqjaqk . J9k
1
or U(qls qza """ P qs) = EzUjkqjqk
J.k

4
h ) =
where UJk (aqjaqk l

is constant depending upon the equilibrium values of g,’s, i.e., on g 's.

Check Your Progress
5. What do you understand by the Eulerian angles?

6. What do you understand by herpolhode and polhode?

8.5 THE COMPOUND PENDULUM

Any rigid body irrespective of its shape or size capable of oscillating in a
vertical plane about a horizontal axis passing through it is called a compound
pendulum.

Consider a body B of mass ‘m’ capable of oscillating in a vertical
plane about the horizontal axis XOX passing through the point O. The point
O is called the point of suspension. Let ‘G’ be the position of the centre of
gravity of the body. When the body is in its rest or equilibrium position the
line joining O and G is vertical.



Fig. 8.17 Motion in Compund Pendulum

When the pendulum is displaced slightly from its equilibrium position
to the dotted position, the centre of gravity undergoes an angular displacement
from the point G to the point G’ and the line OG turns to OG’ by on angle 6.

At the displaced position, forces acting on the body are (i) mg acting
vertically from G’ and (ii) the reaction force mg acting vertically upwards
from the point O. As a result a restoring torque acts tending to bring the
pendulum to its equilibrium position.

If OG = OG" = [ then the restoring torque acting at the displaced position
is given by
= mgx G'M
(G'M being the perpendicular distance
between the two forces)

T .
restoring

According to the figure we get
G'M = [sin®

So that the restoring torque becomes

Trestoring - mg lSll’l 0
The torque applied in displacing the pendulum is
T =1la

deflection
Where, [ is the momenta of inertia of the pendulum about the axis
X'OX and « is the angular acceleration created in the pendulum.

For the equilibrium of the displaced position, we must have

Tdeﬂection - Trestoring

or lTo=—mglsin®
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] d’e B /sin®

or o - ~mglsin

d’0 -mgl .
or gl = sin 0
Considering 6 to be small, we get sin 6 = 6 and hence

2 —
de _ —mgl,
dr’ I

We find for small angular displacement, angular acceleration is directly
proportional to angular displacement and is opposite to displacement.

As a consequence, the pendulum if lifts to itself at the displaced position
undergoes angular simple harmonic motion.

The time period of the angular simple harmonic motion is given by

- angular displacement
a angular acceleration

Using the expression for angular acceleration obtained above, we get

T= 2T % =2n L
d*0/dt mgl

If /. be the momenta of inertia of the pendulum about an axis through
G and parallel to X’OX then we get according to the theorem of parallel axes

I=1.+mP
If further ‘k” be radius of gyration of the pendulum about the axis
through G we get
I.=mk
Thus
I = mk* + mlP> = m(k* + )

The time period of oscillation thus takes the form

m(k*+1° 2,2
T= 21 M:ZE o+l
mgl gl
2
l+kl
or T=2m
g

From a knowledge of /, k and 7, we can calculate the acceleration due
to gravity in the laboratory, which is the primary purpose of pendulum.



We may find an alternative expression for time-period as follows:
Let us produce the OG upto a point S such that

k2
GS = 7

0S +GS L
re o /—mF
g g

k2

WhereL=OS+GS=l+7

We thus find that the compound pendulum is equivalent to a simple
pendulum of lenght L.

We then get

The points defined above is called the centre of oscillation. An important
point to note that the centre of suspension and centre of oscillation are
interchangeable. This means that if the pendulum is suspended through O or
suspended through S, the time period of oscillation remains the same. This
can be seen as below:

Let the pendulum be inverted and suspended through S. In this case,
the time period of oscillation becomes

2
SG+-
T= 2n4—3C
g
2
Putting SG = T we obtain
2
L +1
T = 2xn L =T
g

Clearly, the length of the equivalent simple pendulum can be determined
by finding experimentally the position of centre of oscillation corresponding
to a given centre of suspension.

Examples of Compound Pendulum: In the laboratory various kinds of
compound pendulum are in use. Some of them are (1) Bar pendulum (2)
Kater’s pendulum etc.

It is important to note that a compound pendulum is free from the
limitations of a simple pendulum namely the plot of the pendulum as point
mass, the suspension string as inelastic, flexible and mass less.

The working formula for a compound pendulum can also be obtained
using Lagrangian or Hamiltonian formulation of mechanics.
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8. Give some examples of compound pendulum.

. What is a compound pendulum?

Check Your Progress

8.6

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. If the distance between any pair of particles in a body remains fixed

irrespective of its motion in space then the body is said to be a rigid
body.

The angular velocity of rotation of the rigid body about an axis is
independent of the choice of the origin of the body-fixed system
provided the direction of the axis of rotation remains the same.

. By definition, the position vector of the centre of mass of the body

with respect to the space-fixed system is
1—5 _ Zmi ;; _ Zml;;
Zmi M

where M is the total mass of the body.

. The kinetic energy T of the rigid body described above is given by

N 1 )
T= zamivi
i=l

. They refer to the angles corresponding to three successive rotations

of the space-fixed system performed in a particular sequence or order,
such that at the end, the axes of the space-fixed system coincide with
those of the body-fixed system.

. The curve traced out on the invariable plane by the point of contact

with the ellipsoid is called herpolhode and the corresponding curve
described on the ellipsoid is called polhode.

Any rigid body irrespective of its shape or size capable of oscillating
in a vertical plane about a horizontal axis passing through it is called
a compound pendulum.

. In the laboratory various kinds of compound pendulum are in use.

Some of them are (1) Bar pendulum (2) Kater’s pendulum, etc.

8.7

SUMMARY

A rigid body, irrespective of the number of particles of which it is
made, has six degrees of freedom.



Rigid Body Equations

e | | o of Motion
e Q= s the angular velocity of rotation of the body. The direction
of & is along the axis of rotation. NOTES

e We get the total angular momentum of the body about the origin of the
space-fixed system as
N
= 3m [j
i=1
e The principal axes of inertia are those with respect to which the off-
diagonal elements of the inertia tensor vanish.

o If/ #1,#1,1.e.,all the three principal moments of inertia be different,
then the rigid body is said to be an asymmetric top.

e If two principal moments of Inertia be equal, i.e., I, = I # I, the rigid
body is said to be a symmetrical top.

¢ Arigid body is said to be a spherical top if all three principal moments
of inertia be equal, i.e., [, =1, = I..

¢ The kinetic energy of the rotating rigid body relative to a coordinate
system whose axes are the principal axes is given by

T = %5-7 = %(11912 + 1,Q% + L,QY)
e The time period of the angular simple harmonic motion is given by

7— o angular displacement
- angular acceleration
e The time period of oscillation thus takes the form
m(k* +1* 242
7= 2m M =27 ahal
mgl gl

or

8.8 KEY WORDS

¢ Rigid body: If the distance between any pair of particles in a body
remains fixed irrespective of its motion in space then the body is said
to be a rigid body.

e Angular momentum: The product of the moment of inertia and the
angular velocity is known as angular momentum.
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e Eulerian angles: They refer to the angles corresponding to three
successive rotations of the space-fixed system performed in a particular
sequence or order, such that at the end, the axes of the space-fixed
system coincide with those of the body-fixed system.

e Compound pendulum: Any rigid body irrespective of its shape or
size capable of oscillating in a vertical plane about a horizontal axis
passing through it is known as a compound pendulum.

8.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Describe angular velocity of a rigid body.
2. Write a short note on principal axes moments of inertia.
3. Describe Euler’s equation for force free motion.

4. Briefly describe force free motion of a symmetrical rigid body.
Long-Answer Questions

1. Describe Angular momentum of a rigid body.

2. Give a detailed account of the Eulerian angles.

3. Discuss torque free motion of a rigid body.

4. Explain motion of symmetric top under the action of gravity.

5. Give a detailed account of the compound pendulum.

8.10 FURTHER READINGS
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9.0 INTRODUCTION

Special theory of relativity is the generally accepted and experimentally well-
confirmed physical theory regarding the relationship between space and time.
It is the most accurate model of motion at any speed when gravitational effects
are negligible. It implies a wide range of consequences, which have been
experimentally verified, including length contraction, time dilation, relativistic
mass, mass-energy equivalence, a universal speed limit and relativity of
simultaneity. Time and space cannot be defined separately from each other.
Rather, space and time are interwoven into a single continuum known as
spacetime. Events that occur at the same time for one observer can occur at
different times for another. In this unit you will explain theory of relativity
discussing relativity in Newtonian mechanics and Galilean transformation.
You will understand Einstein’s idea and the basic postulates of special theory
of relativity. Equivalence of space and time is also discussed this unit.

9.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain special theory of relativity

e Discuss Newtonian mechanics and Galilean transformation
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e Understand Einstein’s idea and the basic postulates of special theory
of relativity

e Interpret equivalence of space and time

9.2 SOME FUNDAMENTAL CONCEPTS: THEORY
OF RELATIVITY

Relativity in Newtonian Mechanics

All motions involve displacement relative to something. According to Newton
‘absolute motion’ of a body is translation of the body from one ‘absolute place’
to another ‘absolute place’. Newton, however, did not define the meaning of
‘absolute place’. According to him, translatory motion of a body could be
detected only in the form of motion relative to another material body.

Besides displacement, motion takes place with passage of time. Newton
considered time as absolute or true meaning thereby that it proceeds uniformly
being independent of place or position and is not affected by anything external.

If the position of a point is represented by the position vector 7 or
the Cartesian coordinates (x, y z) and time is denoted by ‘#’ then the set of
four variables x, y, z and ¢ specifies the position and the time at which same
event occurs. This physical phenomenon can be represented by set of events
involving different space-time coordinates. To fix up the position and time of
an event we need a material, means together with the method of using them
which is referred to as the space time frame of reference. It then becomes
possible for an observer at rest in a given frame of reference to determine
the position of an event at every instant of time.

Inertial Frame of Reference

According to Newton’s first law of motion, a body tends to maintain its state
of inertia (state of rest or of uniform motion) unless an unbalanced external
force changes or tends to change its state of inertia. This statement becomes
meaningless unless the motion is defined explicitly with respect to same
frame of reference. To remove this situation, idea of ‘absolute space’ was
introduced which essentially represents the reference frame relative to which
all motions can be pefectly defined. This led to the choice of unaccelerated
frames of reference because in such frame all the laws of mechanics retain
the same form. By unaccelerated frame we mean a frame whose origin and
coordinate axes are taken over a fixed star. For all practical purposes we
may take our unaccelerated frame as a frame fixed over the earth’s suface
or a frame moving with a uniform velocity over the earth’s surface. Such
a coordinate frame in which Newton’s first law of motion holds is called
inertial frame of reference.



Frames which are accelerated relative to an inertial frame are non-
inertial frames.

To conclude, an inertial frame may be defined to be the one with respect
to which an isolated body (a body far removed from all other matter) would
move with uniform velocity

Galilean Transformation

Galileo during his studies of projectile motion observed from different
frames of reference obtained a set of equations which are called Galilean
transformation equations. These equations can be obtained as follows:

Consider two co-ordinate frames S and S’

Let the coordinates of a point in space be x, y, z with respect to the
frames and x’, y” 2’ with respect to the frame S’. The two sets of coordinates
are related as

X =x;+ e Xx+e,y+c,z

V=Yt ex ey o,z

Z' =z + ¢y X+ Cpy + Cpz
The time ¢’ and ¢ in the two frames are related as

1=t
In the above x' ,y';, z' are the coordinates of the origin of the frame S’
with respect to the origin of the frame S.

c,, = the cosine of the angle between the x axis of frames S and S'

c,, = the cosine of the angle between the x axis of frames § and the y
axis of the frame S’

c,, = the cosine of the angle between the x axis of frames S and the z
axis of the frame S” and so on.

Let us now suppose that the axes x, y, z of the frame § parallel to the
axes x, y, z of the frame S’ respectively.

Let us further assume the frame S’ to be moving with uniform velocity
v with respect to the frame S and at # = 0, the origins of the two frames
coincide.

We then get
X'=x-v_t
y=y-vt
Z’=z-v_t
=t
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Where v, v and v, are components of v along the three axes of the
motion of s'to be taklng place along the x (or x) axis only the above equations
reduce to

x'=x- vt
Y=y
=z
t' =t

The above set of equations are known as the Galilean transformation
equations. The derivation of the equations are based on the basic assumptions
of classical mechanics namely

(1) The time ‘¢’ can be defined independently of any particular frame
of reference and

(i1) The length is independent of frame of reference in which
measurement is made.

In view of the above it becomes possible to choose one frame of
reference and regard it to be absolutely at rest and consider the motion of all
other systems with respect to it.

However, most careful observations have never revealed any anisotropy
in physical space and as such the above conclusion does not appear to be
acceptable.

Einstein’s Idea and the Basic Postulates of Special Theory of Relativity

Newtonian Mechanics and Galilean transformation equations are based on
the following concepts of time and distance.

(a) There exists an universal time ‘# which can be defined independently
of coordinate frame i.e., time is absolute.

(b) The distance between two simultaneous events taking place at two
positions in space is an invariant quantity, the value of which is
independent of the frame of reference with respect to which the
measurement is made.

Besides the above, the laws of mechanics in all inertial systems and
all inertial systems themselves are equivalent from the point of view of
mechanics.

Einstein in 1905 proposed that motion through ether was a meaningless
concept. According to him only relative motion i.e., motion relative to same
frame of reference physical significance.

He rejected the two previous concepts mentioned above which
recognises the principle that the physical laws should take the (1) same form



in all frames reference. Special theory of relativity deals only with the systems
in uniform translatory motion with respect to each other.

For accelerated systems, Einstein’s general theory of relativity predicts
correct results.

Einstein formulated the special theory of relativity on the basis of the
following basic postulates:

Postulate 1: Any physical phenomenon should have the same form of
development in all systems of inertia.

or

Any physical phenomenon have the same form of
development in all inertial frames of reference.

The above postulate states the equivalence of all inertial frames. This
is called the principle of relativity.

Postulate 2: The speed of light in free space is the same for all observers
and is independent of the relative velocity between the
source of light and the observer. This is called the principle
of constancy of speed of light.

In the first reading it appears that the postulate 1 is similar to that for
Newtonian relativity in which there exists an absolute frame of reference
in which laws of motion are strictly valid. The experimental results of
Michelson- Morley experiment however proved the non-existence of such
absolute frame.

Hence Einstein did not introduce the concept of absolute frame of
reference. He emphasized that the relativity principle as given in the above two
postulates is valid in all frames of reference, which are in uniform rectilinear
motion relative to one another and is applicable to the laws of mechanics as
well as to the laws of electromagnetism.

It is important to note that postulate 2 demands a new set of
transformation equations other than the Galilean transformation equations
between two inertial frames of reference (x, y, z, t) and (x’, )/, Z/,t). Such a
set of equations was developed by H.A. Lorentz.

Check Your Progress

1. State Newton’s first law of motion.
2. Define an inertial frame.

3. What do you understand by the Galilean transformation equations?

4. State the principle of constancy of speed of light.
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9.3 EQUIVALENCE OF SPACE AND TIME

In the theory of general relativity, the equivalence principle is the equivalence
of gravitational and inertial mass. According to Albert Einstein’s observation,
the gravitational ‘force’ as experienced locally while standing on a gigantic
body, such as the Earth, is the same as the pseudo-force experienced by an
observer in a non-inertial (accelerated) frame of reference.

As per the Einstein’s statement of the equality of inertial and
gravitational mass, a little reflection will show that the law of the equality
of the inertial and gravitational mass is equivalent to the assertion that the
acceleration imparted to a body by a gravitational field is independent of the
nature of the body. The Newton’s equation of motion in a gravitational field
can be expressed as:

(Inertial Mass) - (Acceleration) = (Intensity of the Gravitational Field)
- (Gravitational Mass)

This is only possible when there is numerical equality between the
inertial and gravitational mass that the acceleration is independent of the
nature of the body. As per the equivalence principle given by Galileo in the
early 17th century, the Galileo communicated through the experiment that the
acceleration of a test mass due to gravitation is independent of the amount
of mass being accelerated.

Kepler used the discoveries and postulates of Galileo to show that
the equivalence principle can be accurately described through the real
world example as what would occur if the moon were stopped in its orbit
and dropped towards Earth. This can be deduced without knowing if or in
what manner gravity decreases with distance, but requires assuming the
equivalency between gravity and inertia.

During the Apollo 15 mission in 1971, astronaut David Scott showed
that Galileo was right, as acceleration is the same for all bodies subject to
gravity on the Moon, even for a hammer and a feather.

Newton’s gravitational theory simplified and formalized Galileo’s
and Kepler’s ideas by deducing from Kepler’s planetary laws how gravity
reduces with distance. For example, an inertial body moving along a geodesic
through space can be trapped into an orbit around a large gravitational mass
without ever experiencing acceleration. This is possible because space-time
is radically curved in close vicinity to a large gravitational mass. In such a
situation, the geodesic lines bend inward around the center of the mass and
a free-floating (weightless) inertial body will simply follow those curved
geodesics into an elliptical orbit. An accelerometer on-board would never
record any acceleration.



By contrast, in Newtonian mechanics, gravity is assumed to be a force.
This force draws objects having mass towards the center of any massive
body. At the Earth’s surface, the force of gravity is counteracted by the
mechanical (physical) resistance of the Earth’s surface. So in Newtonian
physics, a person at rest on the surface of a (non-rotating) massive object is
in an inertial frame of reference.

In physics, the space-time is any mathematical model that fuses the
three dimensions of space and the one dimension of time into a single
four-dimensional continuum. Space-time diagrams can be used to visualize
relativistic effects, such as why different observers perceive where and when
events occur.

Until the 20th century, the assumption had been that the three-
dimensional geometry of the universe, i.e., its spatial expression in terms of
coordinates, distances, and directions, was independent of one-dimensional
time. However, in 1905, Albert Einstein specified the following special
relativity on two postulates:

1. The laws of physics are invariant, i.e., identical in all inertial systems
that is for non-accelerating frames of reference.

2. The speed of light in a vacuum is the same for all observers,
regardless of the motion of the light source.

The logical consequence of these postulates together define the
inseparable connection of the four dimensions, previously assumed as
independent, of space and time.

Einstein framed his theory in terms of kinematics, the study of moving
bodies. In 1908, Hermann Minkowski presented a geometric interpretation
of special relativity that fused time and the three spatial dimensions of space
into a single four-dimensional continuum now known as Minkowski space.
A key feature of this interpretation is the formal definition of the space-time
interval. Although measurements of distance and time between events differ
for measurements made in different reference frames, the space-time interval
is independent of the inertial frame of reference in which they are recorded.

Definition: Non-relativistic classical mechanics treats time as a
universal quantity of measurement which is uniform throughout space
and which is separate from space.

Classical mechanics assumes that time has a constant rate of passage
that is independent of the state of motion of an observer, or indeed of anything
external. Furthermore, it assumes that space is Euclidean. According to the
special relativity, time cannot be separated from the three dimensions of
space, because the observed rate at which time passes for an object depends
on the object’s velocity relative to the observer. Additionally, the general
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relativity defines that how gravitational fields can slow the passage of time
for an object as seen by an observer outside the field.

In ordinary space, a position is specified by three numbers which are
termed as dimensions. In the Cartesian coordinate system, these are called
x, y, and z. The position in space-time is termed as an event, and requires
four numbers to be specified: the three-dimensional location in space and
the position in time, as shown in Figure 9.1. Therefore, space-time is four
dimensional. An event is something that happens instantaneously at a single
point in space-time, represented by a set of coordinates x, y, z and .

Fig. 9.1 Position in Space-Time

Figure 9.1 specifies that each location in space-time is marked by four
numbers defined by a frame of reference, the position in space, and the time,
which is shown as the reading of a clock located at each position in space.
The ‘observer’ now synchronizes or harmonizes the clocks in accordance
with their own reference frame.

Space-Time in Special Relativity
The space-time relativity can be defined through the following basic
postulates.

Space-Time Interval: In three-dimensions, the distance Ad between
two points can be defined using the Pythagorean Theorem as,

(Ad)* = (Ax)*+ (Ay)* + (Az)?

Even though two viewers may possibly measure the x, y, and z position
of the two points using different coordinate systems, but the distance between



the points will be the same for both assuming that they are measuring using
the same units. The distance is considered ‘invariant’.

In special relativity, however, the distance between two points is no
longer the same if measured by two different observers when one of the
observers is moving, because of Lorentz contraction. The situation is even
more complicated if the two points are separated in time as well as in space.
For example, if one observer sees two events occur at the same place, but
at different times, a person moving with respect to the first observer will
see the two events occurring at different places, because of their position as
they are stationary, and the position of the event is receding or approaching.
Accordingly, a different measure has to be used for measuring the effective
‘distance’ between two events.

The fundamental reason for merging space and time into space-time is
that space and time are separately not invariant, which is to say that, under
the proper conditions, different observers will disagree on the length of time
between two events (because of time dilation) or the distance between the
two events (because of length contraction). According to special relativity,
a new invariant termed as space-time interval is defined which combines
distances in space and in time.

Check Your Progress

5. Give Newton’s equation of motion in a gravitational field.

6. What is meant by space-time?

94 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. According to Newton’s first law of motion, a body tends to maintain its
state of inertia (state of rest or of uniform motion) unless an unbalanced
external force changes or tends to change its state of inertia.

2. An inertial frame may be defined to be the one with respect to which
an isolated body (a body far removed from all other matter) would
move with uniform velocity.

3. Galileo during his studies of projectile motion observed from different
frames of reference obtained a set of equations which are called Galilean
transformation equations. These equations are as follows:

4. The speed of light in free space is the same for all observers and is
independent of the relative velocity between the source of light and the
observer. This is called the principle of constancy of speed of light.
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5. The Newton’s equation of motion in a gravitational field can be
expressed as:

(Inertial Mass) - (Acceleration) = (Intensity of the Gravitational Field)
- (Gravitational Mass)

6. In physics, the space-time is any mathematical model that fuses the
three dimensions of space and the one dimension of time into a single
four-dimensional continuum.

9.5 SUMMARY

If the position of a point is represented by the position vector 7 or the
Cartesian coordinates (x, y z) and time is denoted by ‘#’ then the set of
four variables x, y, z and ¢ specifies the position and the time at which
same event occurs.

There exists an universal time ‘¢’ which can be defined independently
of coordinate frame i.e., time is absolute.

The distance between two simultaneous events taking place at two
positions in space is an invariant quantity, the value of which is
independent of the frame of reference with respect to which the
measurement is made.

Special theory of relativity deals only with the systems in uniform
translatory motion with respect to each other.

The gravitational ‘force’ as experienced locally while standing on
a gigantic body, such as the Earth, is the same as the pseudo-force
experienced by an observer in a non-inertial (accelerated) frame of
reference.

e Non-relativistic classical mechanics treats time as a universal quantity

of measurement which is uniform throughout space and which is
separate from space.

9.6

KEY WORDS

Absolute motion: According to Newton absolute motion of a body
is translation of the body from one absolute place to another absolute
place.

Special theory of relativity: It is the generally accepted and
experimentally well-confirmed physical theory regarding the
relationship between space and time.



e Space-time: In physics, the space-time is any mathematical model that
fuses the three dimensions of space and the one dimension of time into
a single four-dimensional continuum.

e Space-time interval: In three-dimensions, the distance Ad between
two points can be defined using the Pythagorean Theorem as,

(Ad)* = (Ax)*+(Ay)y* +(Az)’

9.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Write short notes on the followings:
a. Relativity in Newtonian mechanics
b. Inertial frame of reference
c. Equivalence of space and time
d. Space-time in special relativity
2. Describe Galilean transformation briefly.

3. Discuss briefly Einstein’s idea and the basic postulates of special theory
of relativity.

4. Write a short note on space-time in special relativity.
Long-Answer Questions

1. Give a detailed account of the theory of relativity.

2. Explain equivalence of space and time.

9.8 FURTHER READINGS
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TRANSFORMATION
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10.6 Key Words

10.7 Self Assessment Questions and Exercises
10.8 Further Readings

10.0 INTRODUCTION

In physics, the Lorentz transformations are a one-parameter family
of linear transformations from a coordinate frame in space time to another
frame that moves at a constant velocity, the parameter, within the former.
The transformations are named after the Dutch physicist Hendrik Lorentz.
The respective inverse transformation is then parametrized by the negative
of this velocity. In this unit you will understand Lorentz transformation
equations and elementary property of Lorentz transformation. You will discuss
consequences of Lorentz transformation. You will describe phenomenon of
contraction of length and time dilation. You will interpret simultaneity of
events, variation of mass with velocity and equivalence of mass and energy.

10.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain Lorentz transformation equations and its elementary property
e Discuss consequences of Lorentz transformation
e Describe simultaneity of events, variation of mass with velocity

e Understand equivalence of mass and energy



Lorentz Transformation

10.2 LORENTZ TRANSFORMATION EQUATIONS

For the postulates of Einstein’s special theory of relativity to be acceptable, it
becomes important to inquire whether they are consistent with experimental NOTES
observations or not. In order to make deductions from the special theory of
relativity we must compare the descriptions of a given phenomenon in terms
of two inertial frames moving relative to each other.

Let us consider two inertial frames 7 and I” having their coordinate
axes parallel, i.e., the axes x, y, z of the frame 7 are respectively parallel to
the axes x’, y/, z’ of the frame 7’

y y’

Fig. 10.1 Relativeness of Two Frames

Let the frame I” move with a uniform translational velocity ;.

Space-time coordinates of a point as observed from the frame / are (x,
¥, z, t) while those observed from the frame I’ are (', ', 2/, ¢').

If the motion of I’ is restricted along the x” and hence the X axis then
any measurement of the coordinates yield.

y=y (1)
7=z (2)
As velocity of light, say ‘c’ remains unaffected by the motion of medium
a light signal starting from the origins o and o” at the time =0 — ¢ when o
and o’ coincide spread out in spherical wave. After a time ¢, the spherical
wave as observed from the frame / is described by the equation.
X+Hyr+z2Z2—c=0 3)
The spherical wave as observed from the frame 7’ is described by the
equation
x’2 +y’2 + Z’Z _ C2f’2 — 0 (4)
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Equations (3) and (4) may for generality be written as

Xty 22— =2 (5)

X?+y?+z22 - =5" (6)
Since (x, y,z, t)and (x’, )/, 2/, ') have linear relations between them, we

have, for any set of values of x, y, z, t which makes s> = 0, s will also be zero.

We may hence write

s?=k(v)s? (7)
where k(v) is a constant being a function of v.

Alternatively if the frame / is in uniform translation motion with
respect to the frame 7’ i.e., if the two frames interchange their roles then we
have the relation.

s?=k(v)s? (8)
Equations (7) and (8) holds simultaneously when

k(v)=1 ©)
giving

=g’ (10)

Using Equations (1), (2) and (10) we can write from Equations (5)
and (6)

X?— et =x*— e (11)

As x” and ¢ are linear functions of x and 7 only we may write

X' =a (x*—vt) (12)
and

{=PBt+yx (13)
Substituting Equations (12) in Equation (4) we get
o2(x? = 2vix + V22 + 2 + 22 =2 (B + 2By xt +yx?) =0 (14)
Equation (3) gives

V+ 22 =P - X (15)

Using Equation (15) in (14) we obtain
o’x? — 202vtx + oV e+ AP —xP— A PP - 2 Byxt — Ay =0
or
(a? =y —1) x*— Qav + 2¢*By) xt + (V=2 P>+ ) =0 (16)

Equation (16) is satisfied provided the coefficient of each term vanishes
whence we get

o?—cy-1=0 or ao*-cp=1 (17)
v+ cPy=0 (18)
oV + ¢ = p? (19)



Multiplying Equation (18) by v and subtracting (19) from it we obtain
VCZB'Y + 02B2 =2

1-p

or Pr=—
1-p*
Bv

Substituting Equation (2)) in Equation (17) we get on rearranging the
terms

or Y= (20)

V20L2B2 2+ 20252 - 02B4 _ V2B2 1)
Multiplying Equation (19) by > we obtain
v2a2B2 + CZBZ — CZB4
or V2o — 2Pt = — P2 (22)
Using Equation (22) in Equation (21) we get
o Csz + 202[32 _ V2B2
or _ (Cz . 02132) - V2B2
or —A(1-B?) = vp?
(1-p) v
or — Bz = c—2
, 1
or p*= - ﬁ
CZ
1
or p= ; (23)
1 -
C2
Using Equation (23) in Equation (19) we obtain
ol = Bz
Thus we have o= B= ! (24)
V2
==
c
_ 2
and Y= 2v =- e (25)
C v2
7
Using the above values a, 3 and y we finally get
vt
X' = x- ; 26(a)
v
CZ
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V=Y 26(b)

7=z 26(c)
wx/c?

£=t- : 26(d)

We get by analogy the equations in the reverse case

x= 27(a)
-z
y=) 27(b)
z=17 27(c)
, vx’/c2
= 1+ ——— 27(d)
-
c

The set of equations (26) and (27) are the direct and reverse Lorentz
transformation equations of space and time coordinates in the two inertial
frames under consideration.

An important special case arises when v is negligibly small compared

toeie.,when ¥ _.
c e
In such a case we may neglect — in comparison to 1 and the Equations
(26) and (27) respectively take the férms

X' =x—vt

Y=y

=z

t'=t (28)

and

x=x"+vt

y=)

z=7z

t=t (29)

The above set of equations are the Galilean transformation equations.

Elementary Property of Lorentz Transformation

(A) Let us consider a second Lorentz transformation of the space time
coordinates x’, y’, z’, ¢ in the frame I’ to x”, y”, z”, ¢’ in the frame I”
which is moving with a uniform velocity v" with respect to the frame
I’ along the x” = x” = x axis.



Proceeding in a manner similar to the previous section we obtain Lorentz Transformation

1 ’”
x” = —”Z[X—V t] (30a)
I-—

c NOTES
yi=y (30b)
"=y (30¢)

1 ”
= [f == zx} (30d)
ybe

c2

where V" is given by
v+’
N @31)
I+—
c

From the above results we may conclude that two successive Lorentz
transformation is itself a Lorentz transformation.

(B) We have

v+v’

4

’
4%
1+—
C

If V" be the velocity of light i.e., v'= ¢ we get from the above

= vte _ c(v+c)

=0 (32)
1+X v+c

c
Thus the result of adding a velocity to the velocity of light is the velocity

of light itself. Clearly the velocity of light in the maximum velocity
that can be attained by any material body.

Hence the magnitude of velocity of light is the same in all coordinate
frames. For this reason the velocity of light ‘c’ is called invariant i.e.,
it cannot be altered by Lorentz transformation.

Check Your Progress

1. Give the equation to describe the spherical wave as observed from the
inertial frame /.

2. Write the Galilean transformation equations.
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10.3 CONSEQUENCES OF LORENTZ
TRANSFORMATION

There are two interesting cases in which the Lorentz transformation equations
give results of special importance. These are contraction in space and time
more commonly known as Length Contraction and Time Dilation.

(/) Phenomenon of Length Contraction

Consider two inertial frames of reference / and I’. Let us further assume the
axes x, y, z of the frame [ to be respectively parallel to the axes x’, ', z’ of
the frame 7" and the frame 7’ to be moving with a uniform 7 with respect to
the frame 7 along the X” or the —X axis.

Consider a rod of length ‘/” connected rigidly in the frame /" parallel
to the X” axis as shown in the figure:

y y’
S s’ —_— v
A B
y/ [/
(0] X X,
O/
z 7z’

Fig. 10.2 Length Contraction
Let the end points 4 and B of the rod are defined by the coordinates
x,/,0,0andx/, 0, 0 respectively.
The length I of the rod as measured in the frame 7’ is
I'= x,—x
Ifx,,0,0andx, 0, 0 be the coordinates of the end point 4 and B with

respect to the frame 7 then the length of the rod as observed by an observer
in the frame 7 will be

[=x,-x,
According to Lorentz transformation equations we have

Cox vt



We thus have

x,+vt’  x +vt’
2 1 vz V2
l-— J1-—

c c

X, — X, 4
2 1

2 2
=

c c

SN2
r=1-2

Thus to an observer at rest in an inertial frame /, the length of a rigid

rod placed parallel to the x-axis of the frame I appears to be contracted by
a factor / B ﬁ if the rod moves with a uniform velocity v along its length.
2
c

~
Il
=
|
=
|

The above relation gives

The dimensions of the rod perpendicular to its direction of motion, however,
remain unaffected because according to Lorentz transformation we have
! | —
Yy 2 -y 1 y2 _yl
!’ | A—
L,TE I TAHRTE
The reverse situation is also true i.e., to an observer at rest in the frame

5 \/2
I', the rod fixed in the frame / appears to be contracted by the factor (1 - V—zj
c

when the frame / moves with a velocity v with respect to the frame /'.

Thus we have the important result that “every rod appears longest if it

is at rest with respect to a stationary observer. When the rod is moving it
2

1/2
v . o : :
appears to be contracted by the factor (1 - —zj in the direction of its motion
c

while its dimensions perpendicular to the direction of motion remain
unaltered.

(ii) Phenomenon of Time Dilation

Let us consider a clock rigidly connected with the inertial frame of reference
I’ at same point (x’, y’, 2°).

Let ¢ be the time recorded by the clock.
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Then the time ‘¢’ as measured by an observer at rest in the inertial
frame I when the frame I” moves with velocity relative to the frame 7/ is given
according to Lorentz transformation equation by

s

In the system /, the time interval Az =z, —¢, is thus related to the time
interval At = ¢, — ¢ as recorded by the clock as

At= 1,1,

) ()
F F

t+l‘

or At = - >
c c
Thus we get
V2
At, = At 1- >
c

From the above results we find that the time interval (#, - #',) as recorded
in the inertial frame 7’ is lengthened i.e., rate of the clock in I’ gets slowed
2
v
I=—
down as observed by an observer at rest in the frame / by a factor ¢

In the reverse case, same result is found to hold. From the above results
we can conclude that a clock appears to go at its usual (fastest) rate when it
is at rest relative to an observer fixed in an inertial frame. When the clock
moves relative to the observer at rest in an inertial frame, its rate appears to

2

be slowed down by the factor 1—0_2 :
The above phenomenon is called time dilation.

There is an additional factor observed from /. Different /” clocks go at
the same rate but with a phase constant depending on their positions. Further
does a I’ clock stand from the origin along the x-axis, the slower it appears
to go.

Time dilation phenomenon has been verified experimentally by
observing the decay phenomenon of nuclear particles such as m* meson.



Simultaneity of Events

If two events are found to occur to an observer at rest at the same time then
the events are said to be simultaneous. However, to an observer moving with
auniform velocity, the events do not appear to be simultaneous. We can hence
say that simultaneity of events is not absolute but relative.

In order to explain simultaneity, let us consider two inertial frames /
and /" having their x, y, z and x’, ), z’ respectively parallel. Let I’ be moving
with a uniform velocity v with respect to / along the x” or the x-axis.

Let in the frame /, two events occur simultaneously at two different
space time points (x,, v, z, £,) and (x,, y,, z, 1)

Let#, and ¢, be the corresponding times for the events as recorded by
an observer in the frame /. We then have according to Lorentz transformation

equations
(t _vxl) v,
1
Cc

, 2 , t— cz

WS BT
v 1%

J1-5 -
c c

The above gives

v
) ?(xl_xz)
L=t = >
v
I-=
c
. 4
Since x| # x, weget
4 4
r,*r,

Thus the two events are no longer simultaneous to an observer in [’
frame i.e., the frame moving relative to / frame.

Variation of Mass with Velocity

In non-relativistic mechanics (mechanics dealing with bodies having
velocities very small compared to that of light), the inertial mass ‘m’ of a
body defined according to 7" = m7V” (P being the linear momentum of the
body) is a constant equal to the mass when the body is at rest. In relativistic
mechanics, which deals with bodies having velocities comparable with that
of light it is expected that mass of a body be a function of its velocity, i.e.,
m = m(v). The fuction m(v) can be obtained easily considering collision
between two bodies (particles).

Derivation of the Function m (v)

Consider two bodies each having mass m” moving in opposite directions with
velocities v and =" in an inertial frame I” along the x” axis as shown in the
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Figure 10.3. Let us assume the collision to be perfectly inelastic so that after
the collision the bodies stick together.

y y
I I
)
m/ , , mr
: \% % :
g ’
0 0/ 'XJX
’
Z

Fig. 10.3 Deviatio of the Function m(v)
Consider another inertial frame / with respect to which the frame 7’ is
moving with a velocity v along the x” or the x-axis.

According to the principle of linear momentum we must have
m’u’f%rm(—u’f):(m1 +m,)V
Clearly after the collision the system of bodies of mass (m, +m, ) will

be at rest with respect to the frame 7’

To an observer at rest in the frame I, the velocities of the colliding
bodies are given by

v+ =V 4y
=y T (33)
1+ -2
c c

Both v, and v, are along the x- axis. The above equations have been
obtained using the relativistic law for addition of velocities.

Let with respect to the frame /, m and m, be the masses of the two
bodies. Clearly after the collision the body formed has a mass (m + m,)
moving with the velocity v along the x-axis with respect to the frame / while
it is at rest with respect to /.

We get according to the law of conservation of linear momentum
m v +tmyv = (m+m,)v

Using Equations (33) in the above we get

vVi+y -V +v
m, oy | T oy | = (mFm)v (34)
1+ -2
c c



Dividing Equation (34) by m, and simplifying we obtain

Lorentz Transformation

1+v’v
mo__ (35)
We have "2 1_‘;: NOTES
2
v 1| vV+v
1__12:1__2 vy
c S A

A S
1 ﬁ_ c2 CZ
2 ’2
M c ¢
or - =

2 ’2
or 1+ ¢ ¢ (36)
2
c v
\/1_62

Proceeding in a similar manner we obtain

2 ’2
l—v—,v 3 c c

- (37)
2 2
v

2
c

Substituting Equations (36) and (37) in Equation (35) we get

v
2

mo_¥_c (38)
m, v
-

If v,=0i.e., if the body 2 is at rest with respect to the frame / then its
mass can be set equal to the rest mass m,.

Let as further consider v, = v i.e., velocity of the body 1 with respect
to the frame be v. We can write m, = m. We then get from Equation (38)
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my v
1_7
c2
— mO
or m = 2 (39)
v
I-=

c

Equation (39) gives the mass of a body when it moves with a velocity
v and is the required relation between the mass of a body and its velocity.
We find from Equation (39) that variation of mass of a body moving
with velocities small compared to that of light is insignificant. The variation
becomes significant when the velocity of the body becomes comparable to
that of light. This is illustrated in the Figure 10.4.

Fig. 10.4 Variation in the Velocity

Equivalence of Mass and Energy

Consider a body moving under the action of a force. If F' be the component
of the force along the direction of infinitesimal displacement dr then if the
body starts from rest, the kinetic energy gained by the body is given by

ls

T= J.F dr; risthe distance over which the force
0 acts

If m be the man and v be its velocity at the instant of time t we get

F= %(mv)
Thus T= ji(mv) dr = Tv d(mv)
0 dt 0




Lorentz Transformation

or T:J.vd movz
0 %
1_? NOTES

Integrating by parts the above gives

2
myv j‘ vdv
0

T= 2
v v
J1-2 1-—
C2 02
2

2
c
1_‘% 0
c
2
m,v
0 2
or T = = —mC
v
I-—
c
or T'=mc—-m, (40) | usin m=——te__
0 0 g >
v
1-=
c

The above may be written as
T'=(Am)c?
Where Am=m—m,
Equation (40) gives
mc* =T+ mc?
If E be the total energy of the body i.e., E = mc* we find the energy of
the body when at rest to be equal to E, = mc*. E, is called the rest energy.
We hence obtain
E=E+T
E, = mc* implies that mass is a form of energy, thus a mass m is

equivalent to an energy £ = mc?.

Check Your Progress
3. What do you understand by the phenomenon of time dilation?

4. What is rest energy?
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10.4 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The spherical wave as observed from the frame 7’ is described by the
equation

X2y 22 =0

2. The following set of equations are the Galilean transformation

equations:
"=x—vt
=z
¢ = (D)
and
x=x"+vt'
y=)
z=7z
t=t (2)

3. Aclock appears to go at its usual (fastest) rate when it is at rest relative
to an observer fixed in an inertial frame. When the clock moves relative
to the observer at rest in an inertial frame, its rate appears to be slowed

2

down by the factor /1~ 2
The above phenomenon is called time dilation.

4. If E be the total energy of the body i.e., E = mc? we find the energy
of the body when at rest to be equal to £, = m*. E  is called the rest
energy. We hence obtain

10.5 SUMMARY

e [fthe frame /s in uniform translation motion with respect to the frame
I’ i.e., if the two frames interchange their roles then we have the relation.

e Two successive Lorentz transformation is itself a Lorentz transformation.

e The velocity of light ‘c’ is called invariant i.e., it cannot be altered by
Lorentz transformation.

e Every rod appears longest if it is at rest with respect to a stationary
observer. When the rod is moving it appears to be contracted by the



2

12
factor (1 ——2] in the direction of its motion while its dimensions
c

perpendicular to the direction of motion remain unaltered.

e When the clock moves relative to the observer at rest in an inertial
2

frame, its rate appears to be slowed down by the factor /1 — PE

10.6 KEY WORDS

e Lorentz transformations: Lorentz transformations are a one-parameter
family of linear transformations from a coordinate frame in space time
to another frame that moves at a constant velocity, the parameter, within
the former.

e Simultaneity of events: If two events are found to occur to an observer
at rest at the same time then the events are said to be simultaneous.
Simultaneity of events is not absolute but relative.

e Time dilation: It is a difference in the elapsed time measured by
two observers, either due to a velocity difference relative to each other,
or by being differently situated relative to a gravitational field.

¢ Rest energy: The energy of the mass component of a body at rest;
equal to the product of its rest mass and the square of the speed of light

is called rest energy.

10.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Describe elementary property of Lorentz transformation.

2. Deduce the relation between the mass of a body and its velocity.

3. Write a short note on equivalence of mass and energy.
4. Describe the phenomenon of length contraction briefly.

5. Give a brief account of phenomenon of time dilation.
Long-Answer Questions

1. Discuss Lorentz transformation equations.

2. Explain consequences of Lorentz transformation.
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OSCILLATOR
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11.3.2 Unstable Equilibrium
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11.6 Key Words
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11.0 INTRODUCTION

A quantum harmonic oscillator is the quantum-mechanical analog of
the classical harmonic oscillator. The energy possessed by an object because
of its position relative to other objects, stresses within itself, its electric
charge, or other factors is known as potential energy. This energy is related
with forces that act on a body in a manner that the total work done by these
forces on the body relies only upon the initial and final positions of the body
in space. These forces known as conservative forces, can be represented at
every point in space by vectors exhibited as gradients of a certain scalar
function called potential. A rigid body is believed to be in equilibrium if there
is no change in translational motion and no change in rotational motion. In
this unit you will study potential energy and equilibrium. You will describe
one dimensional oscillator. Stable, unstable and neutral equilibrium is also
discussed.

11.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand potential energy and equilibrium
e Explain motion of a one dimensional oscillator
e Define stable, unstable and neutral equilibrium

e Calculate the total energy of the oscillator
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11.2 POTENTIAL ENERGY AND EQUILIBRIUM

Let us consider a conservative system described by s generalized coordinates
NOTES q,> ----» 4. The potential energy U of the system is then a function of only
the coordinates, i.e.,
U= Ug,q,) (1)
The generalized forces acting on the system can be derived from the
potential function U according to
oU
= ——; k=12,...5s 2
o, 94 ()
The system is said to be in equilibrium if all the generalized forces
vanish. Thus, for equilibrium we have

0,=0 3)
or a—U = 0; k=1,2,...,8 4)
dgy, o

In the above, the suffix o indicates equilibrium. We find that at the
equilibrium configuration of the system described by the coordinates g, g,,,
..... » 4, the potential energy has an extremum value. If, at # = 0, the system
exists in the equilibrium configuration and all the generalized velocities
dr (k=1,2, ..., s) are zero, the system remains in the equilibrium configuration

indefinitely.

Check Your Progress

1. What is potential energy of a conservative system?

2. When is the system said to be in equilibrium?

11.3 ONE DIMENSIONAL OSCILLATOR: STABLE,
UNSTABLE AND MISSING EQUILIBRIUM

Let us consider the motion of a one-dimensional oscillator. Clearly, the
oscillator has only one degree of freedom.

Let g be the generalized coordinate that describes the oscillator. The
potential energy of the oscillator is a function of only the coordinate ¢, i.e.,

U= Uy (5)
Let the value of ¢ be ¢ in the equilibrium state of the oscillator.
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Considering a small disturbance from the equilibrium configuration we = One Dimensional Oscillator
can expand U(q) — U(g,) in powers of (¢ — q,) as a Taylor’s series

U(g) - Ulg,) = (q—qa)(dU(q)j e (q—qo)z(dzU(q)J o

dq 21 dg*

or U(q) = U(qo)+[dlji—c(]q)j (q—qo)+l(MJ (4-q,) +. (6)

210 dg?

NOTES

Under the equilibrium condition of the oscillator the generalized force

Qs zero, i.e.,
dUu
0= (—dflq)} =0 (7

Using Equation (7) in Equation (6), we obtain

d*u
Ulg) = U(%)+l[ dng)] (9-4,) (8)

2

The potential energy U(g,) in the equilibrium configuration can be
conveniently set equal to zero by considering the minimum potential energy
in the stable equilibrium condition to be equal to zero. We can then write

Equation (8) as
1 dzU(q)
U = 5[ e l(q—qo)z ©)

Considering the origin of coordinates at g, = 0, we may write the
potential energy as

1
Ulg) = kg’ (10)

2
where k= (dU—Sq)J (11)
dg A

k being a positive parameter at the stable equilibrium configuration.

The kinetic energy of the oscillator is a homogeneous quadratic function
of the generalized velocity

1 2

T= Eoc(q)q (12)

In the above, a(g) is a function of coordinate ¢ and like U(q) can be
expanded in powers of (¢ — ¢g,) as a Taylor’s series about the equilibrium
configuration

a(g) = oc(qa)+[d°°(Q)J (q—q0)+21![d2°°(”] (G-, + (13)

dq qu
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One Dimensional Oscillator Since Equation (12) is quadratic in (¢ —g,) = g, the lowest approximation
to T'is obtained by retaining only the first term in the series given by Equation
(13). We may thus write Equation (12) as

1 2
NOTES T= So(d)q (14)
Putting a(g,) = m, we obtain
T= Lmg? 15
>4 (15)

Using Equation (10) and (15) we may write the Lagrangian of the
oscillator, in the limit of small oscillation about the stable equilibrium
configuration, as

1 , 1, 5
L=T-U=—-mq ——k 1
U= mi" ——kq (16)
The Lagrange’s equation of motion for the oscillator is
d(dL oL
=12 = 17
dt [aq' ] dq {17
From Equation (16) we get
oL _ mg 'a—L——k
% q 9 q
Substituting the above in Equation (17) we obtain
— ] = 7/(
. (ma) q
or mg+kq = 0
or G+o'q =0 (18)
where o= L3 (19)
m

The general solution of Equation (18) can be written in the form
q = A, sin ot + A, cos ot
The above can be alternatively expressed in the form
q = Acos (ot+ o) (20)
where A = —Asina, 4,=A4cosa

so that the amplitude of oscillation 4 is given by

A= 4P+ 42 1)

and the initial phase or the epoch is given by

tano = —— (22)

The time period of oscillation is given by

_2n
Self-Instructional T= E (23)
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The velocity of the oscillator is One Dimensional Oscillator
v = ¢g=—Awsin(wt+0) (24)

so that the total energy of the oscillator is

E = %mv2 +%kq2 NOTES

1 . 1
= EmAz(no2 sin” (o + o) +§m/12002 cos” (ot +01)
I SR BN
or E= EmA " = a constant (25)

We find that the total energy of the oscillator is a constant of motion
being proportional to the square of the amplitude and to the square of the
frequency of the oscillator. As the system oscillates, the energy changes from
kinetic to potential and vice versa.

11.3.1 Stable Equilibrium

The equilibrium is said to be stable if the system when displaced slightly
from its equilibrium configuration and left to itself returns to the equilibrium
configuration. In other words, the equilibrium is stable if the system undergoes
small bounded motion about the equilibrium configuration when displaced
slightly from the equilibrium configuration and left to itself.

11.3.2 Unstable Equilibrium

The equilibrium is said to be unstable in a situation when the system is
displaced slightly from its equilibrium configuration and is left to itself, and
the displacement from the equilibrium configuration goes on increasing. In
other words, equilibrium is unstable if the result of a small displacement
given to the system in its equilibrium configuration is an unbounded motion.

It may be noted that under the stable equilibrium condition, the
extremum value of U is the minimum, while it is the maximum under the
unstable equilibrium condition.

11.3.3 Neutral Equilibrium

The neutral equilibrium is a kind of equilibrium of a body specifically placed
such that when moved slightly it neither tends to return to its former position
not depart more widely from it, as a perfect sphere or cylinder on a horizontal
plane. As per the standard definition, “If a body remains in its new position
when disturbed from its previous position, it is said to be in a state of neutral
equilibrium.” The example of neutral equilibrium state can be given by a ball
and which is placed on a horizontal surface. When the ball is rolled over the
surface then it is displaced from its previous position. It now remains in its
new position and does not return to its previous position. This is termed as
neutral equilibrium.
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One Dimensional Oscillator We can state the neutral equilibrium with the help of the following
equation,
du d u _
=—=
NOTES dx dx
When the particle is moved slightly away from any given point and it
still remains in equilibrium, i.e., it will neither return to its initial state nor

will it continue to move then the neutral equilibrium point corresponds to
a flat spot in a U(x) curve.

0

Figure 11.1 illustrates the different types of equilibrium points, i.e.,
stable, unstable and neutral.

Stable Equilibrium Unstable Equilibrium Neutral Equilibrium

Ux) >

X —>

Fig. 11.1 Different Types of Equilibrium Points

Check Your Progress

3. Write the Lagrange’s equation of motion for the oscillator.
4. What is the total energy of the oscillator?
5. Define stable equilibrium.

6. What do you mean by unstable equilibrium?

11.4 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Let us consider a conservative system described by s generalized
coordinates g, ....., ¢.. The potential energy U of the system is then a
function of only the coordinates, i.e.,
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2. The system is said to be in equilibrium if all the generalized forces One Dimensional Oscillator
vanish.

3. The Lagrange’s equation of motion for the oscillator is

d(dL oL NOTES

=== = 17

dt (aq j oq {17

4. The total energy of the oscillator is a constant of motion being
proportional to the square of the amplitude and to the square of the
frequency of the oscillator. As the system oscillates, the energy changes
from kinetic to potential and vice versa.

5. The equilibrium is said to be stable if the system when displaced
slightly from its equilibrium configuration and left to itself returns to
the equilibrium configuration.

6. The equilibrium is said to be unstable in a situation when the system
is displaced slightly from its equilibrium configuration and is left to
itself, and the displacement from the equilibrium configuration goes
on increasing.

11.5 SUMMARY

e The generalized forces acting on the system can be derived from the
potential function U according to

oU
= ——; k=12,...,
Qk 9q ’
e The equilibrium is stable if the system undergoes small bounded motion
about the equilibrium configuration when displaced slightly from the

equilibrium configuration and left to itself.

e Equilibrium is unstable if the result of a small displacement given to
the system in its equilibrium configuration is an unbounded motion.

e The kinetic energy of the oscillator is a homogeneous quadratic function
of the generalized velocity

1 -
T= —
2Ot(q)q

e If a body remains in its new position when disturbed from its previous
position, it is said to be in a state of neutral equilibrium.
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11.6 KEY WORDS

e Potential energy: The energy in an object due to its position is known
as potential energy.

e Equilibrium: The system is said to be in equilibrium if all the
generalized forces vanish.

e Stable equilibrium: The equilibrium is stable if the system undergoes
small bounded motion about the equilibrium configuration when
displayed slightly from the equilibrium configuration and left to itself.

e Unstable equilibrium: Equilibrium is unstable if the result of a small
displacement given to the system in its equilibrium configuration is an
unbounded motion.

11.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Describe potential energy briefly.

2. Write a short notes on different kinds of equilibrium.
Long-Answer Questions

1. Describe motion of a one dimensional oscillator.

2. Show that the total energy of the oscillator is a constant of motion
being proportional to the square of the amplitude and to the square of
the frequency of the oscillator.

11.8 FURTHER READINGS

Rao, K. Sankara. 2009. Classical Mechanics. New Delhi: PHI Learning
Private Limited.

Upadhyaya, J.C. 2010. Classical Mechanics, 2nd Edition. New Delhi:
Himalaya Publishing House.

Goldstein, Herbert. 2011. Classical Mechanics, 3rd Edition. New Delhi:
Pearson Education India.

Gupta, S.L. 1970. Classical Mechanics. New Delhi: Meenakshi Prakashan.

Takwala, R.G. and P.S. Puranik. 1980. New Delhi: Tata McGraw Hill
Publishing.
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NOTES

12.0 INTRODUCTION

A pattern of motion in which all parts of a system move sinusoidally with
the similar frequency and with a fixed phase relation is known as normal
mode of the oscillating system. The free motion expressed by the normal
modes occurs at the fixe frequencies. These fixed frequencies of the normal
modes of a system are called its natural frequencies or resonant frequencies.
Normal modes are orthogonal to each other. They can move independently
and excitation of one mode will never produce motion of a different mode.
In this unit you will study motion of the system of two coupled oscillators
and arbitrary constants expected from the general solutions of the two second
order differential equations. You will learn about normal coordinates and
normal modes. You will investigate the nature of any particular normal mode,
symmetric mode and anti-symmetric mode. Equations of motion in normal
coordinates are also derived in this unit.

12.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain motion of the system of two coupled oscillators.

e Determine Value of the arbitrary constants expected from the general
solutions of the two second order differential equations.

e Understand normal coordinates and normal modes.
e Examine symmetric mode and anti-symmetric mode.

e Deduce the equations of motion in normal coordinates
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12.2 TWO COUPLED OSCILLATORS - NORMAL
COORDINATES AND NORMAL MODES

As an example of a coupled system, let us consider two harmonic oscillators
each of mass m coupled together by a spring of spring constant k" as shown
in Fig. 12.1. Let the spring constant of one oscillator be k,, and that of the
other be £, .

g kl m m k2
1 X 1 x2 é
o1 > —>

k'
1
o
1 m 2 m
I I
1 |

Fig. 12.1 A Coupled System

Let the motion of the two masses be constrained to take place along
the line joining them, say along the X-axis.

The system thus has two degrees of freedom and the most convenient
generalized coordinates may be taken as the displacements x, and x, of the
two masses from their initial rest positions O, and O, at the instant of time
t. We consider the displacements towards right as positive and that towards
left as negative.

When the oscillators are not coupled by the spring, they vibrate
independently of each other with frequencies

k k
@~ \/;; Wy = \/% (1)

The kinetic energy of the coupled oscillators when they are displaced
from their equilibrium positions is
I, 1 .
T= melz +me22 2
The potential energy of the system is
1 1 | 2
V= Ekle +Ek2x22 + 2k (x —x,) 3)
The Lagrangian of the system is thus
2

1 , 1 5, 1 1 1, 2
L= T—V:mel2 +me2 —Eklxl2 —Ekzxz2 _Ek (%, —x,) 4)

The Lagrange’s equations of motion are

dfa) o dfeL) o
@ dt[ale o 0 (i) dz(axzj o,



Using L as given by Equation (4), the two equations take the form Normal Modes

miy + kyx, +k'(x, —x,) = 0 ©))
and miy + kyx, + k' (x; —x) = 0 (6)
The above two second-order differential equations may alternatively NOTES
be written as
mi; +(ky + k' )x, +k'x, = 0 (7
and miy +(ky + k) xy —k'x; = 0 (®)
The above equations become independent of each other if the third
term in each of these equations is not present. That is, if we hold the second
mass at rest then x, = 0, and the frequency of oscillation of the first oscillator
becomes
ky +k
(D]' — 1 (9)
m
Similarly, if the first mass be held atrest, i.e., if x, = 0, then the frequency
of vibration of the second oscillator becomes
®, = /M (10)
m
We find o' > o, and ®," > o, . The reason for this is that each mass is
attached to two springs and not one.
In order to obtain the different possible modes of vibration we must
solve the simultaneous second-order differential Equation (7) and (8).
For simplicity, let us assume the two oscillators to be exactly identical.
Then we take
k= k=k (11)
so that the Equation (7) and (8) take the form
mi, +(k+k')x, —k'x, = 0 (12)
mi, +(k+k")x, —k'x, = 0 (13)
The trial solution of these equations can take any one of the following
three forms:
x = Acos (ot+ ) (14)
x = A cos ot + A, sin ot (15)
x = Ae(ot + 5) (16)
where § is the initial phase factor. For generality, we assume Equation (16)
to be in the form of the solution so that we get
xl — Aei(ﬂ)t+51) ; x2 — Bei(mt+82) (17)
Self-Instructional
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If we further assume the initial phase factors to be zero, i.e., if 8, = 0
= 8,, then the solutions become

x, = Ae™ (18)
x, = Be™ (19)
Substituting the above solutions back into the Equation (12) and (13)
and rearranging the terms we obtain

(k+k —mo*)4-k'B = 0 (20)
and —k’A+(k+k’—m032)B -0 Q1)
The above algebraic equations with the three unknowns 4, B and ®
upon solving give the ratio A/B as
4 K kt+k - mo’
B k+k —mw’ K
From the above equality we can find . Alternatively, Equation (20)
and (21) could be solved directly from the requirement that the determinant
of the coefficients 4 and B is zero, i.e.

k+k" —mo? -k
K k+k — o

(22)

=0 (23)

Equation (23) is called the secular equation, which gives

(k+& —me?) =k = 0

or (ﬁ—mz)(“zk —(02) -0 24)
m m
The above yields the two roots
w? = k or = i\/E =1, (say) (25)
m m
and w? = k+ 2k ormw=x= (k+2kj=i0)2 (say) (26)
m m

In terms of the roots o, and o,, the general solutions of the Equation
(12) and (13) may be written as
x, = A + A7 + 4, + 407 (27)
x, = B ¢ + B e + B, + B e (28)
In the above solutions, there are eight arbitrary constants. However,
not all are independent. Substituting Equation (25) and (26) in Equation (20)
and (21) or in Equation(22), we can obtain the ratios 4/B for different values
of o. We also obtain
A=+Bifo=0, (29)
and A= -Bifo=o, (30)



Combining Equation (29) and (30) with Equation (27) and (28), we get

x, = A4+ A e + 4,6 + 4,07 (31)

and X, = A + A e — A, — 4,7 (32)

Thus, we have only four arbitrary constants 4, 4 , 4,, and 4 , as
expected from the general solutions of the two second-order differential
equations. The values of three constants can be known from the initial
conditions.

12.2.1 Normal Coordinates and Normal Modes

After substituting for four constants in Equation (31) and (32), we find that
each coordinate (x, and x,) depends on two different frequencies o, and w,.
This does not allow us to understand the type of motion of the system of
coupled oscillators. It is, however, possible to find new coordinates X, and
X, which are linear combinations of x, and x, such that each new coordinate
oscillates with a single frequency. In the system of coupled oscillators that
has been considered above, these new coordinates are simply the sum and
difference of x, and x,. We take

X = x, *+x, (33)
Using Equation (31) and (32) in the above, we get
X, = 2(Alei°’1’ + A_le_“’lt) = Ce'' + De~ 1 (34)
Similarly, taking
X, =X, —x, (35)

and using Equation (31) and (32), we obtain
X, = x = x, = 24 + A0 )= B + Fe ' (36)

2
C, D, E and F appearing in Equation (34) and (36) are new constants.

We find from Equation (34) and (36) that while the new coordinate X
oscillates with frequency o , the coordinate X, oscillates with frequency w.,.

The coordinates X, and X, which oscillate with constant and definite
frequencies are called normal coordinates and the corresponding oscillations
are called normal modes of oscillation.

The new coordinates X, and X, correspond to new modes of oscillation.
In each mode, oscillation takes place with a single frequency. These are called
the normal modes and the corresponding coordinates are called the normal
coordinates. One important feature of normal modes is that, for any given
normal mode (here X, or X)) all the coordinates (here x, and x,) oscillate
with the same frequency. In practice, all the normal modes are excited
simultaneously. If however, some mode is not initially excited then the mode
remains unexcited throughout the motion.
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The nature of any particular normal mode can be investigated if the
other normal modes can be equated to zero. In the case under consideration,
to study the appearance of X, mode

we must have X,=0

or x-x,=0 or x=x (37)
Thus, X, is a symmetric mode and as shown in the Fig. 12.2 both the

masses have equal displacements, have the same frequency of oscillation o,

= \/z and are in the same phase.
m

i /, /

Equilibrium
configuration

—

| " X
X=X

Symmetric mode

Fig. 12.2 Symmetric Mode of Oscillation

Similarly, to study the appearance of X, mode we need to let X, =0
thereby requiring
x +x,= 0 or x =-x, (38)
Clearly, X, is an anti-symmetric mode as shown in the Fig.12.3.

/s /

Equilibrium
configuration

X X
1 _ 2
X=X

Anti-symmetric mode

Fig. 12.3 Anti-Symmetric Mode of Oscillation

Both masses have equal but opposite displacements. Clearly, the masses

are out of phase but they vibrate with the same frequency, o, = kv 2k .

m




We may summarize the above results as: Normal Modes

/ k
Symmetric mode X,0,=,—,X,=0,x,=x,
m
/k + 2k TE
Anti-symmetric mode X,, 0, = , X, =0,x,=—x, NOTES
m
Conclusions

In the symmetric mode, the two coupled oscillators vibrate as if there were
no coupling between them and their frequencies are the same as the original
frequency.

In the anti-symmetric mode, the result of coupling is such that the
oscillators oscillate out of phase with a frequency higher than their individual
uncoupled frequencies.

In general, the mode that has the highest symmetry possesses the
lowest frequency of vibration while the anti-symmetric mode has the highest
frequency. In other words, as the symmetry is destroyed, the springs work
harder causing the frequency to increase.

To excite the symmetric mode in the system under consideration,
the two masses should be pulled from their equilibrium positions by equal
amounts in the same direction and then released simultaneously.

To excite the anti-symmetric mode the two masses should be pulled
from their equilibrium positions by equal amounts in opposite directions and
then released simultaneously.

If the masses be given arbitrary displacements and then released, the
motion of the system will consist of a combination of symmetric and anti-
symmetric modes.

12.2.2 Equations of Motion in Normal Coordinates

We have the normal coordinates as

X1 = X, *tx,

and X, = x,—x,

The above relations give

X +X
x = S22 (39)
2
X -X
and x, = 1 2 (40)
2
Substituting the above equations in Equation (2) and (3), we get
. . 2 . . 2 . 2 . 2
pom( XX m(h XY (Y (K )
2 2 2 2 2 2
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or

2 2 2 2 2

2 ’ 2
. %[%}*(“jk )[%] @)

2 2
k(X +X k(X - X k
V= —( ! 2} +—( : 2) +—X;

so that the Lagrangian in normal coordinates becomes

and

where

and

where

L=T-y="li Mg Ky [KH2K) 0 43)
47T Ty 4

The Lagrange’s equations in normal coordinates are
dfoL) oL _,
dt\ 0X, ) oX,

dfoL ) oL _,
dt\ 90X, ) 9X,

Using L given by Equation (43) in the above equations, we obtain

X +o’X, =0 (44)
k
o, = \/% (45)
X, +wiXx, =0 o (46)
+
®, = - (47)

Thus, an X, mode vibrates with frequency o , while an X, mode vibrates

with frequency w, as seen in the previous section.

O 0 3 O Wn

. What is the kinetic energy of the coupled oscillators when they are

. What is the potential energy of the coupled oscillators when they are

. Define normal coordinates and normal modes.

. How can we investigate the nature of any particular normal mode?
. Differentiate between a symmetric an anti-symmetric mode.

. How can we excite a symmetric mode?

. What to do to excite an anti-symmetric mode?

Check Your Progress

displaced from their equilibrium positions?

displaced from their equilibrium positions?

Write the Lagrangian of the coupled oscillators when they are displaced
from their equilibrium positions?

Write the Lagrange’s equations for the coupled oscillators when they
are displaced from their equilibrium positions.
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12.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The kinetic energy of the coupled oscillators when they are displaced NOTES
from their equilibrium positions is

1
T= —mil +—mx;
2 2
2. The potential energy of the system is
1 1 1, 2
3. The Lagrangian of the system is thus
| I ., 1 1 1, 2
L= T—V=me12 +§mx§ —Eklxl2 —Ekzxz2 —Ek (%, —x,)

4. The Lagrange’s equations of motion are

L d[dL) oL _ o d[oL ) oL _
@ Z[a_xl] oy 0 (id) dz[axzj o, O
5. The coordinates which oscillate with constant and definite frequencies

are called normal coordinates and the corresponding oscillations are
called normal modes of oscillation.

6. The nature of any particular normal mode can be investigated if the
other normal modes can be equated to zero.

7. In the symmetric mode, the two coupled oscillators vibrate as if there
were no coupling between them and their frequencies are the same as
the original frequency.

In the anti-symmetric mode, the result of coupling is such that the
oscillators oscillate out of phase with a frequency higher than their
individual uncoupled frequencies.

8. To excite the symmetric mode in the system under consideration, the
two masses should be pulled from their equilibrium positions by equal
amounts in the same direction and then released simultaneously.

9. To excite the anti-symmetric mode the two masses should be pulled
from their equilibrium positions by equal amounts in opposite directions
and then released simultaneously.

12.4 SUMMARY

e The kinetic energy of the coupled oscillators when they are displaced
from their equilibrium positions is

1 », 1
T= mel +me2 Self-Instructional
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e The potential energy of the system is

1 1

1 2
V= —lkx?+—k,x> +—k" x, —x
S S+ 1~ X%

e The Lagrange’s equations of motion are

d({odL | oL d( oL oL
N 4oL oL _ i dfoL ) oL _,
@ dt[aiclj P (i0) dt(axzj o,
e The coordinates which oscillate with constant and definite frequencies

are called normal coordinates and the corresponding oscillations are
called normal modes of oscillation.

e The mode that has the highest symmetry possesses the lowest frequency
of vibration while the anti-symmetric mode has the highest frequency.

12.5 KEY WORDS

e Normal coordinates and normal modes: The coordinates which
oscillate with constant and definite frequencies are known as normal
coordinates and the corresponding oscillations are called normal modes
of oscillation.

e Symmetric mode: In the symmetric mode, the two coupled oscillators
vibrate as if there were no coupling between them and their frequencies
are the same as the original frequency.

e Anti-symmetric mode: In the anti-symmetric mode, the result of
coupling is such that the oscillators oscillate out of phase with a
frequency higher than their individual uncoupled frequencies.

e Oscillation: It is the repetitive variation, usually in time of some
measure about a central value (often a point of equilibrium) or between
two or more distinct states. Common examples of oscillation involve
a swinging pendulum and alternating current.

12.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions

1. Derive equations of motion in normal coordinates.
2. Give an example of a coupled system with suitable diagrams.

3. Write a short note on symmetric and anti-symmetric modes with
suitable diagrams.



Long-Answer Questions

1. Describe motion of the system of two coupled oscillators.

2. Discuss normal coordinates and normal modes.

12.7 FURTHER READINGS
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Goldstein, Herbert. 2011. Classical Mechanics, 3rd Edition. New Delhi:
Pearson Education India.
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UNIT 13 GENERAL THEORY OF
SMALL OSCILLATIONS

Structure

13.0 Introduction

13.1 Objectives

13.2 General Theory of Small Oscillations: Secular Equation and Eigenvalue
Equation
13.2.1 Eigenvalue Equation: Eigenvectors and Eigen-Frequencies

13.3 Answers to Check Your Progress Questions

13.4 Summary

13.5 Key Words

13.6 Self Assessment Questions and Exercises

13.7 Further Readings

13.0 INTRODUCTION

Oscillation is the repetitive variation, usually in time of some measure about
a central value (generally a point of equilibrium) or between two or more
distinct states. The term vibration is precisely used to express mechanical
oscillation. Common examples of oscillation involve a swinging pendulum
and alternating current. The characteristic equation is the equation derived
by equating to zero the characteristic polynomial. It is known as a secular
equation also which for linear systems is a method of finding the eigenvalues
of the system. In this unit you will study general theory of small oscillations.
You will examine secular equation and eigenvalue equation and understand
kinetic energy of a system. Eigenvalue equation, Eigenvectors, and Eigen-
frequencies are also discussed.

13.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain general theory of small oscillators
e Distinguish a secular and an eigenvalue equation
e Understand kinetic energy of a system

e Calculate Eigenvalue equation, Eigenvectors, and Eigen-frequencies



13.2 GENERAL THEORY OF SMALL
OSCILLATIONS: SECULAR EQUATION AND
EIGENVALUE EQUATION

Let us consider a system of z interacting particles with 3z degrees of freedom
and described by a set of generalized coordinates g, g, ....., ¢, . Let us assume
the force between the particles to be conservative so that the potential energy
of the system can be expressed as

V="W4, 4y - qs,) (M
Let us assume the system to undergo a small oscillation about an
equilibrium configuration for which the generalized coordinates are g, , q,,,

..... , 45, We may expand the potential energy about this equilibrium position
in a multi-dimensional Taylor series as

(‘]1 —Cbo)(qm _qu) + .

q1=410
Im=9m0

3n 3n
12;‘,”21 {3%3qu

Since the zero of the potential energy is arbitrary, the first term in the
above equation is a constant and may conveniently be taken equal to zero.

Further, since the system is in equilibrium, the generalized forces must
vanish. We thus have

0 = -—=0; 1=12,....3n 3)

Clearly, the second term in Equation (2) also vanishes.

Thus, retaining the terms up to the second order, we obtain the potential
energy as

3n 3n
q, s qin) = 22 [

Ilml

] (9 =10 )(dm = dmo) 4)
q1=410

Im=49m0

aQZ aqm

Defining a new set of generalized coordinates n which represent
displacements from the equilibrium configuration as

n=4q9-g4, (5

we may write Equation (4) as
3n 3n

1
V= rm)= 5, = > VM, (6)

1=1 m=1
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0%V
where V. = =V, = constant @)
aqlaqm q1=410
Im=49m0
and nl = (ql - ql()) and Tlm = (qm - qmo) (8)

The constants ¥, form a symmetric matrix V. Since the motion is
being considered about the stable equilibrium configuration, the potential
energy must be the minimum, i.e., ¥(n,) > ¥(0). Hence, the homogeneous
quadratic form of V' given by Equation (6) must be positive. Thus, for a
multi-dimensional system, the necessary and sufficient conditions that a
homogeneous quadratic form of V" be positive and definite are

2
a—12/>0; I =1,2,....3n ©)
a611
v =12 3
372 30,0 ) =1,2,...,3n
afl Z’zq >0, m=12....3n (10)
1% 14
i l£m
99,99, g’
A o . i 4
aqf 09,09, 94,94,
A A i 4
aqzaql aq% aq28q3n >0 (11)
V. v
993,001 043,04, g3,

In terms of matrix notation the coefficients V| _and V_, which are equal,
must satisfy the conditions

V1 >0

" "

el

Vo Vo
i " Vim
Vo Vo o V| )
Voo Voo o Vi

where V| are given by Equation (7) and each individual ¥, need not be

positive.

2
If the derivative V= aaaV =0 for all values of / and m, stable
49,99,
equilibrium is still possible provided the first non-zero derivative of the
potential is of an even order.




Kinetic Energy of the System

In terms of Cartesian coordinates, the kinetic energy is

T= =Y mi (13)

X, = X, (G5 oes @y D) (14)
From Equation (14), we get
3n Ox, ox;
g lgf g, " (1

Using Equation (15) in Equation (13), we obtain

3"8x ox, ) 3 ax ox;
o J o j 1
;’”[;a,‘” atIleamqm atj (16)

Retaining only the terms which are quadratic in generalized velocities,
the kinetic energy given by Equation (16) takes the form

3n 3n n
= —22(2 ,B—E]%% (17)

I=1 m=1\ j=1

For oscillations about the equilibrium configuration, we may write

noOx. Ox, ox ox n. 3n ox; 0
S, S5 [P [, § O
o 799, 9q, 3 7\ 9q 9, = & 0g,\ 9, 0q,,
q10 qm0 qu
(18)
where N = 99 19)
For small oscillations, we need to retain only those ¢ terms in 7 which

are of the same order as g in V.

Hence, from Equation (17), (18) and (19), we may write, remembering
that ¢, =", and ¢,, =1,,.
3n 3n

T= —2 > T, (20)

llml

In the above, we have

n ax ox;
T = = —| =T, 1)
" ; [aql ] [aqm lmo 1

T, are the elements of a symmetric matrix 7.

In view of Equation (6) and (20), the Lagrangian of the system becomes
3n 3n

1
L= T=V=233 (Tl Vil ) (22)

llml
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The Lagrange’s equations given by
dfoL) oL _
dt\on | on
then take the form
3n

Z (Tlmnm + Vlmnm ) -

m=1

or Ty Vi + DMy +VoMp + e + T3, M, + V3,13, = 0 (24)

|
<
—_

Il
—_
N

..... ,3n (23)

Equation (23) or (24) represent 3n linear, coupled, second-order
differential equations which need to be solved to obtain the type of motion
near the equilibrium configuration.

13.2.1 Eigenvalue Equation: Eigenvectors and Eigen-Frequencies

Since we are dealing with the oscillatory motion, the solution of Equation
(23) may be taken in the form
n = Cae™ (25)

J J
Here, Caj is the complex amplitude of oscillation corresponding to the
coordinate n; (= qj). The factor C is taken as a scale factor which is the same
for all coordinates.

Using Equation (25) in Equation (23) we obtain
3n ) )
Z[le (—O)Z)Cajel“” + Vleaje“”t} =0
=
3n .
or Z[Vljaj —cozT,jaj]elwt =0

Jj=1

The above gives
3n

Z[V-’fa-/ N ‘Dszjaj] =0, (¥

J=1

™ is in general not zero) (26)

The above can be written in the form

V. —o'Ta = 0 27)
where V, T and a are the matrices given by
Vi Vo Wiy
V=1 Va Vi Vy, (28)
V3n1 V3n2 V3n3n
4 Iy T Ty,
a=|a |and T=|T,, T, Ty
T3n1 T3nZ T3n3n




Equation (26) or Equation (27) gives 3n linear, homogeneous, algebraic
equations which must be satisfied by a,. For non-trivial solutions to exist, the
determinant of the coefficients of a, must vanish, i.e.,

vy -o’1| =0

2 2 2
i—o°h, Vi —o°T, Nan — 0713,
or Vo — (DZTZI Vo = szzz Vasn — 0‘)2T23n =0 (29)

2 2 2
V3n1 -0 T3nl V3n2 -0 T3n2 V3n3n -0 T3n3n

Since Vi and T are symmetric in the above, we have V, =V, etc.,

21°
and7,=T,, etc.

The Equation (29) is called the characteristic or the secular equation
of the system. It is an equation of 3nth degree in w?. The equation can be
solved to get 3nroots which can be labelled as o}, 3, ....., 3, . The frequencies

o, thus obtained are called eigen-frequencies of the system.

By substituting each root of the secular equation in Equation (26), the
(3n—1) values of a, can be determined for each value of o, . Since there exist
3n values of o, , there occur 3n sets of values of a,. Each of these sets of
values of a, corresponding to one value of o, defines the components of a

3n-dimensional vector a_; . Such a vector a_; is called the eigenvector of the

system. We find that ch is the eigenvector belonging to eigen-frequency o, .
The /* component of the k" eigenvector is written as a, .

A general solution of Equation (26) is a superposition of oscillations with
frequencies equal to the eigen-frequencies. Clearly, If the system is displaced
slightly from the equilibrium configuration and then released, it undergoes
oscillations of a small amplitude about the equilibrium configuration with
frequencies o, ,, ....., o, .

The solutions of the secular Equation (29) are hence called the
frequencies of free vibration or resonant frequencies of the system.

In view of the above results the most general solution given by Equation
(25) can be expressed in the following form

3n

where the scale factor f, and the phase factor §, can be determined using the
initial conditions imposed on the system.
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Check Your Progress
1. Give the expansion of the potential energy about equilibrium position
in a multi-dimensional Taylor series.

2. Show that the first term in the expansion of the potential energy about
equilibrium position in a multi-dimensional Taylor series is a constant.

3. What is the kinetic energy in terms of Cartesian coordinates?

4. Give examples of 3n linear, coupled, and second order differential
equations.

5. What is characteristic or secular equation?

6. When does a system undergo oscillations of a small amplitude about
the equilibrium configuration?

13.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Let us assume the system to undergo a small oscillation about an
equilibrium configuration for which the generalized coordinates are g,
Qs -+ G0 WE mMay expand the potential energy about this equilibrium
position in a multi-dimensional Taylor series as

V(drostsn) =V (@152 Gsn0) + Z[(WJ

a%

(QJ — 40 )]

q1=410

(CII _‘110)(%,, —qmo) +.....

qa1=410
Im=9m0

e oboff U

1=1 m=1

2. We may expand the potential energy about this equilibrium position
in a multi-dimensional Taylor series as

V (iromdsn) =V (i) + l'z[[an

a‘]z

(6]1 — 4 )]

q1=410

(‘11 — 40 )(qm - qu) + .
q1=410
Am=4mo

e oMl{Frr

=1 m=1



Since the zero of the potential energy is arbitrary, the first term in the General Theory of
. . . Small Oscillations

above equation is a constant and may conveniently be taken equal to

ZEero.

3. In terms of Cartesian coordinates, the kinetic energy is NOTES

1< 2
T = Ezmjxj
j=1

4. The following equations represent 3 linear, coupled, second-order
differential equations which need to be solved to obtain the type of
motion near the equilibrium configuration:

3n

N (T + VM) =0;1=1,2, ..., 3n

m=

—_

or Ty +VyMy + TNy + VoM + oo+ T3, + Vi3, M3, = 0
5. It is an equation of 3nth degree in »?. The equation can be solved to
get 3n roots which can be labelled as o}, 3, ....., ®3, .
V-0’ V-0l Visn =0Ty,
V=0T Vi =0Ty Vi, =0Ty, | =0
V3n1 - (’02T3n1 V3n2 - 0)2T3nZ V3n3n - 0)27-'3113;1
6. If the system is displaced slightly from the equilibrium configuration

and then released, it undergoes oscillations of a small amplitude about
the equilibrium configuration.

13.4 SUMMARY

e For a multi-dimensional system, the necessary and sufficient conditions
that a homogeneous quadratic form of } be positive and definite are

N4
o}
8q,2 94,94,
0%V 4
494, g’
v v
dg; 94,94, 941945,
vV 2’V
99,9 BQ§ 99,943, | >0

>0; [ = 1,2,.....,3n

>0, m=12,...,3n

R4 R4 o

2
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R4

e If the derivative V. = =0 for all values of / and m, stable

Im aCIzaC]m

equilibrium is still possible provided the first non-zero derivative of
the potential is of an even order.

¢ In terms of Cartesian coordinates, the kinetic energy is

1< .
T= —ijx?
2j=1 -

e [f the system is displaced slightly from the equilibrium configuration

and then released, it undergoes oscillations of a small amplitude about
the equilibrium configuration.

13.5 KEY WORDS

e Kinetic energy: The energy that an object possess due to its motion

is known as kinetic energy.

Oscillatory motion: Oscillatory motion means repeated motion in
which an object repeats the same movement again and again. It is
called periodic motion too. It is seen in pendulums, vibrating strings,
and elastic materials such as a spring.

Eigenvalues: They are a distinctive set of scalars related with a linear
system of equations (i.e., a matrix equation). They are occasionally
known as characteristic roots, characteristic values, proper values, or
latent roots also.

Eigenvector: It is a non-zero vector that varies by only a scalar factor
when that linear transformation is applied to it.

Eigen-frequencies: One of the natural resonant frequencies of a system
is termed as Eigen-frequencies.

Secular equation: The characteristic equation is known as a secular
equation also which for linear systems is a method of finding the
eigenvalues of the system.

Scale factor: It is a number which scales or multiplies some quantity.
It is sometimes referred to as sensitivity. The ratio of any two
corresponding lengths in two identical geometric figures is also known
as a scale factor.



13.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions
1. Briefly describe potential energy of a system undergoing small
oscillations.

2. Write a short note on kinetic energy of a system undergoing small
oscillations.

3. Describe Eigenvalue equation briefly.
Long-Answer Questions

1. Describe general theory of oscillations.

2. Deduce the secular or characteristic equation for a system undergoing
small oscillations.

3. Discuss Eigenvalue equation explaining Eigenvectors and Eigen-
frequencies.

13.7 FURTHER READINGS

Rao, K. Sankara. 2009. Classical Mechanics. New Delhi: PHI Learning
Private Limited.

Upadhyaya, J.C. 2010. Classical Mechanics, 2nd Edition. New Delhi:
Himalaya Publishing House.

Goldstein, Herbert. 2011. Classical Mechanics, 3rd Edition. New Delhi:
Pearson Education India.

Gupta, S.L. 1970. Classical Mechanics. New Delhi: Meenakshi Prakashan.

Takwala, R.G. and P.S. Puranik. 1980. New Delhi: Tata McGraw Hill
Publishing.
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Linear Triatomic Molecule

UNIT 14 LINEAR TRIATOMIC
MOLECULE

NOTES
Structure
14.0 Introduction
14.1 Objectives
14.2 Small Oscillations in Normal Coordinates - Vibrations of a Linear Triatomic
Molecule
14.2.1 Vibration of a Linear Symmetrical Triatomic Molecule
14.2.2 Vibration of a Diatomic Molecule
14.3 Answers to Check Your Progress Questions
14.4 Summary
14.5 Key Words
14.6 Self Assessment Questions and Exercises
14.7 Further Readings
14.0 INTRODUCTION
Molecules composed of three atoms, of either the same or different chemical
elements are known as triatomic molecules e.g., H,O, and CO,. Linear
triatomic molecules owe their geometry to their sp or sp*d hybridised central
atoms. Most common examples of linear triatomic molecules are carbon
dioxide and hydrogen cyanide. Xenon di-fluoride is one of the rare examples
of a linear triatomic molecule possessing non-bonded pairs of electrons on
the central atom. In this unit you will study about a linear triatomic molecular
system discussing small oscillations in normal coordinates. You will
understand vibrations of a linear symmetrical triatomic molecule. You will
examine different cases of normal coordinates corresponding to the normal
frequencies. Vibration of a diatomic molecule is also explained in this unit.
14.1 OBJECTIVES
After going through this unit, you will be able to:
o Understand a linear triatomic molecular system
¢ Discuss small oscillations in normal coordinates
e Describe vibrations of a linear symmetrical triatomic and diatomic
molecule
e Examine different cases of normal coordinates corresponding to the
normal frequencies
Self-Instructional
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14.2 SMALL OSCILLATIONS IN NORMAL
COORDINATES - VIBRATIONS OF A LINEAR

TRIATOMIC MOLECULE
NOTES

14.2.1 Vibration of a Linear Symmetrical Triatomic Molecule

The generalities of the problem of the determination of normal modes are
well illustrated by a simple classical model which gives a good representation
of a linear triatomic molecular system.

Let us consider a linear symmetric triatomic molecule of the type
YX, such as the CO, molecule. The Figure 14.1 shows the equilibrium
configuration of the molecule. The central atom Y (labelled 2) of mass M is
elastically coupled to two other atoms X and X (labelled 1 and 3) each of
mass m. The elastic constant is & in each case and in equilibrium configuration
the atoms are equally spaced on a straight line. We restrict our considerations
to the motion along the line XYX only. We further assume the interaction
between the end atoms 1 and 3 to be negligible.

1 2 3
X k Y k X
——000000 ——e—— 000000 ——e
m M m

Fig. 14.1 Equilibrium Configuration of a Module

Letx, ,x, andx, berespectively the distances of the atoms X, Y and X

le” 7" 2e

from an arbitrary fixed point on the straight line X 'Y X under the equilibrium
condition. Let at any instant of time #, during the motion of the molecule x,,
x,, X, be the distances of the atoms from the fixed point.

We then have the longitudinal displacements of the atoms X, Y and X
from their equilibrium positions at the instant ¢

=X NG Gy T X T X Gy T X T Xe (0
Let us choose ¢q,, q,, g, defined above as the generalized coordinates
describing the three atoms. We have the kinetic energy of the system.

T= lmx12+lm x§+lMx§
2 2 2
In view of Equation (1) the above becomes
1 . 1 . .
I= EmCIfJFEm‘I%JFEng ()
The potential energy of the system is given by

1 1
V= Ek(% _‘h)z +Ek(% _‘12)2 3)
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Linear Triatomic Molecule The Lagrangian of the system is thus
1 . . 1. 1 1
L=T=V=—m(Gi+43)+7M §3= kg, =a)’ ~k(a; =)’ (4)

NOTES The Lagrange’s equations of motion are

m é.l = k(qz - q])
Mé.z = k(Qg - qz) - k(q2 - ql) = k(q3 + ql - 2q2) (5)
Mé.3 = - k(‘]3 - qz)
The assumption is now made that the motion is periodic. We can then
write
q, = e k=1,2,3 (6)
where g, is the value of g, under the equilibrium configuration.
Using Equation (6), Equation (5) gives
(mo’ - k)q,, +kq, = 0
(MO‘)Z - Zk)%e +k (q3e + qle) =0 (7)
(mo?*—k)q, +kq,, = 0
The above equations are simultaneous equationsing, , ¢, and ¢, . For

non-vanishing solutions, the determinant formed by the coefficients of ¢,
q,, and g, must vanish.

We hence get

mo’k k 0
kK Mo® -2k k =0 (8)
0 k mo’ —k

On expansion and algebraic simplification, the above gives
@ (k — mo?) [k(M + 2m) — ©*Mm] = 0 (9)

Solving the above we obtain
kg KO +2m)

2= 0, — 10
@ m : Mm (10)
The normal frequencies are thus
®, =0 (11)
®, = L3 (12)
m

k(M +2m)
= |—F 13
o, T (13)

The solution o, = 0 refers to translatory motion of the molecule on
the whole.

The other two solutions refer to oscillatory motion of the molecule.
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We may obtain Equation (8) alternatively as follows: Linear Triatomic Molecule
From Equation (2) we get
2T = mgi+mqg;+Mq; (14)

In matrix from the above can be written as NOTES

’

m 0 0
(21 = (‘].1 ‘].2 ‘].3) 0 M 0 q.z (15)
0 0 m .
a3
The above gives the 7 matrix
m 0 0
T=(T)| 0 M 0 (16)
0 0 m
From Equation (3) we get
2V = kg, q,)’ + kq,—q,)
which can be written in matrix form as
k -k 0 9
CN=(a @& @)~k 2k ~k||q (17)
0 -k k )\qs
The above gives V' matrix as
k -k 0
V= ()=| -k 2%k -k (18)
0 -k k

We have the secular determinant
[V-—ox|= 0
Using Equation (16) and (18) in the above we get

k—mw? —k 0
—k 2k - M®? -k |=0
0 —k k —mw?

The above is the same as Equation (8)
Normal Co-ordinates Corresponding to the Normal Frequencies

Let the normal coordinates corresponding to the normal frequencies o, o,
and o, be respectively Q , Q, and Q. Let a,, a, and a, be the eigenvectors

corresponding to the three modes of vibration respectively. To determine
these eigenvectors we have the matrix equation

V-0;T)(a) = 0 (19)
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Linear Triatomic Molecule In the above (a,) is the column matrix

ak
(a) = | a)k (20)
NOTES ask
Substituting Equation (6), (18) and (20) in Equation (19) we get
k—mw; —k 0 ak
-k 2k-Mo; -k ak|=0 1)
0 —k k—ma} |\ask
Casel: o =0(k=1)
Equation (21) gives

k -k 0 a1
-k 2k -k ||al|=0
0 -k k )lasl

Carrying out the product we get

kall —kGZI
—kay, +2kay, —kay, | =0 (22)
—kay, + kay,
The above gives
ka, —ka, = 0 or a,=a, (23)
—ka, +ka, = 0 or a, =a, (24)
—ka, +2ka,~ka,, = 0 or —a,+a, —a,=0 (25)

From Equation (23) and (24) we can write
a, = a, =a, = o[say) (26)

11

Thus, for o, = 0, the eigenvector a, is given by the matrix

N
a = (a)=|ay 5|0 (27)
Case 2: ©,= k
m
We get from Equation (21)
k—mi -k 0 p)
m
k
—k 2k—M; —k ay; | =0
k
0 -k k—ma asz,
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0 —k 0 a,
or -k 2](—%]( -k Aayy =0
m
0 —k 0 as,
—ka,,
) —kay, +(2k—£k)a22 —kay, | =0
m
—ka,,
The above gives a,=0 (28)
a, = —a, =P (say) (29)
k
Thus for o, = J:;
m
the eigenvector 4, is given by the column matrix
R B
a, = (a,)=1]0 (30)
-
Case3: 0, = k(M +2m)
Mm
Equation (21) gives
—k—5(1+2—mjm —k 0 a3
m M
—k 2k—5(1+2—’")m —k 3 | =0
m M
0 —k k—£(1+2—m)m 33
m M
m 0 a3
2m
-k k-k== -k =0
M a3
0 —k —k2m 33
M
2
—k—ma13 —kay,
2m
—ka, +| k _kﬁ ay; —hkay; | =0 31
2
—kay, k—ma33
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Linear Triatomic Molecule The above gives

2m + 0 or
—apitay = —ay =—a
M oBB 2m 2 13

+ 2m 0
—Q3 Ay ———dy; — a3y =
13 23 23 33

M

NOTES

0 M
——a,, = 0 or —ay; =ax
BoMmM 03B 2m

From the above we obtain

a, = a,=7v(say) (32)
—2m
Wy = Y (33)

Thus the eigenvector a; corresponding to the normal frequency

(M +2m) is given by the column matrix
Mm
N -2
4 = (a)= (_myj (34)

Using 4, , @, and a, as obtained above we get the eigenvector a [ —1 the

matrix
a4y dy3
(@) = | ay ay ax (35)
d3) 43y d33
To calculate a, $ and y we use the orthogonality condition
(a)+T(a) = 1
Using Equation (16) and (35) in the above we get

1 00
o o o m 0 0 o B 2Y
B 0 -Bllo mM o a0%y=010 (36)
Amy N0 ey 00 1
v MY
On evaluating the left hand side of the above equation, Equation (36)
becomes
o2Q@m+M) 0 0 oo
0 2B%m 0 =010
0 0 yzzm[l+2—) 001
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Comparing the elements of the matrices on the two sides of the above
equation we obtain

1 1 1
B= = Y=

a= 72 172
(2me+ M) (2m)? {2m (1 + 2’”)}
M

The normal coordinates 6,, 6, and 6, associated with the normal
frequencies o, ®,, o, respectively, are now obtained from

G37)

1 1 1
q 1 1 m |2 @
2 2 -
Cm+M) (2m) {2m[1+ i ]}
1 —2m/ M
G|=|—— 0 =l (38)
m+M)2 omf 142"
M
1 1 1
& 1 1 JENE Os
Qm+M)?2  (2m)? {2’"[”1\7}

14.2.2 Vibration of a Diatomic Molecule

A diatomic molecule may, in general, be asssumed to consist of two particles
1 and 2 having masses, say m and m,, respectively and interacting through a
central potential U(r ,) which is a function of only the distance r , between
the particles.

With respect to an arbitrary fixed origin let (x, y,, z,) and (x,, y,, z,) be
the Cartesian coordinates of the particles at some instant of time. The kinetic
enegy of the system is then

= SmGE et m i) (39)
while the potential energy is
V= Ur,
where r [+ =3 4 -2 (40)
The Lagrangian of the molecule is thus
L= T—V=%ml<i%+y‘%+z'%>+%m2<>é%+y'§+z'%>—U(rn> (41

If (r, 6, ) be the relative spherical polar coordinates of the two particles,
we have

x,—x, = rsin0cos ¢
y,—y,= rsin0sin¢ (42)

z,—z,= rcos9

NOTES
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Linear Triatomic Molecule Further, if x, y, z be the coordinates of the centre of mass of the two
particles we get

myx; + My Xy

NOTES o+ 1y

m +m2y2 (43)
m +m2

myzy +myz,

nmy +m2

In terms of x, y, z and 7, 6, ¢ the Lagrangian given by Equation (41)
can be expressed as

L= %mo()éz +y2+ 2'2)+%m(132 +r2 0%+ 2sin? 09%)-U(r) (44)

where m, = m, +m, is the total mass of the molecule (45)

and m= - s the reduced mass (46)
my +m,

Under the equilibrium condition U(r) is the minimum corresponding to
equilibrium separation » = r, (say) = a constant. However, the remaining five
coordinates x, y, z, 0 and ¢ are arbitrary. Let these coordinates respectively
have values x, y,, z,, 6, and ¢, under the equilibrium configuration. We
have six Lagrange’s equations of motion and the eigenvalue equation is the
6 x 6 determinant

wm, 0 0 0 0
0 om0 0 0 0
0 0 om, 0 0 -0 (47)
0 0 0 om-p 0 0
0 0 0 7 m 0
0 0 0 0 mr @ sin® O
d’U
In the above B= > (48)
ar® ) _
r=nr
On evaluating the determinant we obtain
(%)’ m3 ury sin® O (w’m—P) =0 (49)

The above equation is five-field degenerate and all the degenerate roots
are zero, i.e.,

O = 03=0;=0; =0, =0 (50)
The only non-zero root is
mﬁ = Eoro)4= E (51
m m
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The normal coordinates are conveniently chosen as

X y z
1 = 5 Q =7 Q = 52)
SN N e N
0, = rOG\/Z, Q6=rosin90¢0\/ﬁ (53)
0,= rdm (54)

The three normal coordinates O, O, and Q, are cyclic and they

correspond to translations.

The coordinates O, and Q, are also cyclic corresponding to rotations.

The coordinate Q, is non-cyclic and corresponds to vibration along the axis
of the molecule.

N

© N o W

. Give diagrammatic representation of equilibrium configuration of a

. What is translatory motion of the molecule on the whole?
3. What do you mean by oscillatory motion of the molecule?

. What would be the matrix equation to determine eigenvectors for

. Write the eigenvector to the second mode of vibration.
. Write the eigenvector to the third mode of vibration.

. What is a diatomic molecule?

Check Your Progress

triatomic molecule.

the vibrations of a linear triatomic molecule?

What is the eigenvector to the first mode of vibration?

14.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS
1 2 3
X k Y k X
L m M m

The solution , = 0 refers to translatory motion of the molecule on the
whole.

. The solutions o= \/Z andw, =, /w refer to oscillatory motion
m m

of the molecule

Let the normal coordinates corresponding to the normal frequencies

o,, o, and o, be respectively Q,, Q, and Q,. Let a,, a, and a, be the

Linear Triatomic Molecule

NOTES

Self-Instructional
Material 275



Linear Triatomic Molecule eigenvectors corresponding to the three modes of vibration respectively.
To determine these eigenvectors we have the matrix equation
(V — ;) () =0

NOTES 5. For o, = 0, the eigenvector a, is given by the matrix
N
a = (a)=|ay |=| 0

6. ©, = \/E the eigenvector a, is given by the column matrix
m

. p
a = (a)=|0
B
7. the eigenvector a, corresponding to the normal frequency W

is given by the column matrix a;, = (a)= [;‘j—myJ

Y
8. A diatomic molecule may, in general, be asssumed to consist of two
particles 1 and 2 having masses, say m and m,, respectively and
interacting through a central potential U(r,,) which is a function of

only the distance r, between the particles.

14.4 SUMMARY

e The solution o, = 0 refers to translatory motion of the molecule on the
whole.

e To determine these eigenvectors we have the matrix equation
(V ~0;T) () =0

e For o =0, the eigenvector a, is given by the matrix

ap, o
5
a = (a)=|ay |=|a
as, o

¢ A diatomic molecule may, in general, be asssumed to consist of two
particles 1 and 2 having masses, say m and m,, respectively and
interacting through a central potential U(r,) which is a function of
only the distance r , between the particles.
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145 KEY WORDS

e Column matrix: It is an ordered list of numbers written in a column.
Each number of the column matrix is known as an element. The number NOTES
of elements in a vector is known as its dimension.

e Normal coordinates: It is a set of coordinates for a coupled system such
that the equations of motion each involve only one of these coordinates.
Each normal coordinate identifies the instantaneous displacement of
an independent mode of oscillation of the system.

e Diatomic molecule: Molecules composed of only two atoms, of the
same or different chemical elements are called diatomic molecules, e.g.,
0,, H,, CO, and NO etc.

e Triatomic molecule: Molecules composed of three atoms, of either
the same or different chemical elements are called triatomic molecules,
e.g., 0,, H O, CO, and HCN.

14.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short-Answer Questions
1. Write a short note on equilibrium configuration of a triatomic molecule.

2. Give abriefaccount of cyclic coordinates corresponding to translations
and rotations respectively. Also mention non-cyclic normal coordinates
that corresponds to vibration along the axis of the molecule.

3. Briefly describe equilibrium configuration of a triatomic molecule.

4. Deduce the normal frequencies of a linear symmetric triatomic
molecule.

5. Derive the eigenvector to the third mode of vibration.

Long-Answer Questions
1. Describe vibrations of a linear symmetrical triatomic molecule.

2. Explain different cases of normal coordinates corresponding to the
normal frequencies.

3. Give a detailed account of vibration of a diatomic molecule.
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