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INTRODUCTION

Quantum Mechanics (QM), also known as quantum physics, quantum theory,
the wave mechanical model, matrix mechanics or quantum field theory, is a
fundamental theory in physics which describes nature at the smallest scales
of energy levels of atoms and subatomic particles. Principally, the quantum
mechanics differs from classical physics in that energy, momentum, angular
momentum and other quantities of a bound system are restricted to discrete
values (quantization); objects have characteristics of both particles and waves
(wave-particle duality); and there are limits to the precision with which
quantities can be measured, uncertainty principle.

The foundations of quantum mechanics were established during the
first half of the 20th century by Max Planck, Niels Bohr, Werner Heisenberg,
Louis de Broglie, Arthur Compton, Albert Einstein, Erwin Schrodinger,
Paul Dirac, David Hilbert, and others. The modern theory is formulated in
various specially developed mathematical formalisms. In one of them, a
mathematical function, the wave function, provides information about the
probability amplitude of position, momentum, and other physical properties of
a particle. The Schrodinger equation, applied to the free particle, predicts that
the center of a wave packet will move through space at a constant velocity.

This book, Quantum Mechanics-1, is divided into four blocks, which
are further subdivided into fourteen units. The topics discussed include wave
particle duality, uncertainty principle, postulates of quantum mechanics,
Schrédinger equation (time dependent and time independent), Ehrenfest’s
theorem, eigenfunction and eigenvectors, probability density, linear
harmonic oscillator and tunnel effect, the free particle, particle in a box,
three dimensional harmonic oscillator, rigid rotator, diatomic molecules,
hydrogen atom, separation of variables, Dirac’s ket and bra vectors, harmonic
oscillator, solution using ladder operator, Schrédinger, Heisenberg and
interaction pictures, perturbation theory (first order), time independent,
stark effect in hydrogen atom, variation method, ground state of helium
atom and of deuteron, W.K.B approximation, time dependent perturbation
theory, spontaneous emission and stimulated emission, Einstein’s A & B
coefficients, semi-classical and quantum theory of radiation, Rayleigh and
Raman scattering and selection rules.

The book follows the self-instructional mode wherein each unit begins with
an ‘Introduction’ to the topic. The ‘Objectives’ are then outlined before
going on to the presentation of the detailed content in a simple and structured
format. ‘Check Your Progress’ questions are provided at regular intervals
to test the student’s understanding of the subject. ‘Answers to Check Your
Progress Questions’, a ‘Summary’, a list of ‘Key Words’, and a set of ‘Self-
Assessment Questions and Exercises’ are provided at the end of each unit
for effective recapitulation.
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1.0 INTRODUCTION

Quantum Mechanics (QM); also known as quantum physics, quantum theory,
the wave mechanical model, or matrix mechanics, quantum field theory; is a
fundamental theory in physics which describes nature at the smallest scales of
energy levels of atoms and subatomic particles. In the mathematically rigorous
formulation of quantum mechanics developed by Paul Dirac, David Hilbert,
John von Neumann, and Hermann Weyl, the possible states of a quantum
mechanical system are symbolized as unit vectors (called state vectors).

In order to understand the origin of quantum physics and the subsequent
development of an altogether new and conceptually different mathematical
theory of quantum mechanics, it is first of all necessary to understand
the phenomena at micro-level that what was happening at the atomic and
subatomic levels. The new aspects of nature and phenomena that were
revealed at these levels are referred to as quantum phenomena, the word
‘quantum’ referring to peculiar aspects of nature that go against common
sense. The study of quantum phenomena has come to be known as quantum
physics.
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Wave particle duality is the concept in quantum mechanics that every
particle or quantum entity may be partly described in terms not only of
particles, but also of waves. It expresses the inability of the classical concepts
‘particle’ or ‘wave’ to fully describe the behaviour of quantum scale objects.

In this unit, you will study about the wave particle duality, uncertainty
principle and postulates of quantum mechanics.

1.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the significance of quantum mechanics
e Explain the wave particle duality
e Evaluate uncertainty principle

e Describe the various postulates of quantum mechanics

1.2  ORIGIN AND SCOPE OF QUANTUM PHYSICS

In order to understand the origin of quantum physics and the subsequent
development of an altogether new and conceptually different mathematical
theory of quantum mechanics, it is first of all necessary to understand the
background of the crisis in physics which was witnessed in the beginning
of the 20th century.

Towards the end of the 19th century and the beginning of the 20th
century many new discoveries took place. The discovery of X-rays in
1895, the laws of radioactivity in 1896, electron in 1897, dependence of
electron’s mass on its velocity, the laws of photoelectric effect, the laws
of Compton effect are a few in a very imposing list of discoveries. Many
new experiments, such as Franck and Hertz experiment, Davisson-Germer
experiment, Thomson’s experiment were performed during the period. Many
new aspects of nature were encountered while dealing with physical problems
in the domain of small particles, namely atoms and subatomic particles. What
was astonishing was that the new discoveries, the results of new experiments
and the phenomena at atomic and subatomic levels could not be understood
in terms of the then existing laws of classical physics. The phenomena at
microlevel were found to be quite strange and one had to lose one’s common
sense in order to perceive what was happening at the atomic and subatomic
levels. The new aspects of nature and phenomena that were revealed at these
levels are referred to as quantum phenomena, the word ‘quantum’ referring
to peculiar aspects of nature that go against common sense.



The study of quantum phenomena has come to be known as quantum
physics.

Like classical physics, quantum physics also has been provided with a
mathematical apparatus. The entirely new conceptual structure for dynamics
in particular and physics in general, has been evolved during the last century.
The currently accepted structure developed by Schrodinger, Heisenberg,
Max Born, Jordan, Dirac and many others to deal with problems in the
microdomain, i.e., at atomic and subatomic levels is termed as quantum
mechanics.

Scope of Quantum Mechanics

The laws of quantum physics that govern the elementary particles are,
however, not unconcerned with the macroscopic world and instead represent
generalization of classical laws including them as special cases. The laws
of quantum physics have been found to be the most general laws of nature
discovered so far.

We may note that just as theory of relativity extends the range of
application of physical laws to the region of very high velocities and just
as the universal constant of fundamental significance ‘c’ (speed of light in
vacuum) characterizes relativity, so a universal constant of fundamental
significance ‘4’ (Planck’s constant) characterizes quantum physics which
includes classical physics as a special case.

It is often said that ‘revolution’ was brought about through the discovery of
quantum mechanics. The word revolution suggests that something has been
overturned completely. We may note that the discovery of quantum mechanics
has not overturned the laws of classical physics in any way. The motion of
a simple pendulum is described in the same way even today as it was done
prior to the discovery of quantum mechanics. Classical ideas embodied in the
laws of classical physics have their own limits of applicability. The classical
theories of physics do not find universal validity in the sense that they are
only good phenomenological laws and are unable to tell us everything even
about macroscopic bodies. There exists no comprehensive classical theory
of matter. Classical physics does not provide answers to:

e Why the densities of materials are what they are?

e Why the elastic constants have the values they have?

e Why a rod breaks if the tension in the rod exceeds a certain limit?
e Why copper melts at 1083°C?

e Why sodium vapour emits yellow light?

e Why copper conducts electricity but sulphur does not?

e Why uranium atom disintegrates spontaneously releasing energy?, etc.
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We find a host of observation for which classical physics has to tell us
very little or nothing at all. Besides, the facts of chemistry are not understood
in terms of classical laws.

With the advent of quantum mechanics our knowledge has expanded
enormously about the laws of physics in the realm of small particles which
has consequently enabled us to build, if not comprehensive, at least a good
theory of matter.

The theory of quantum mechanics has explained all kinds of details,
such as why an oxygen atom combines with two hydrogen atoms to make
one molecule of water, and so on. Quantum mechanics thus supplies the
theory behind chemistry. It has been realized that fundamental theoretical
chemistry is based on the theory of quantum mechanics.

1.2.1 Wave Nature of Microparticles: de-Broglie’s Hypothesis

Around 1923, Louis de-Broglie suggested that the idea of duality should be
extended not only to radiation but also to all microparticles. He hypothesized
that just as a quantum of radiation has a wave associated with it which governs
its motion in space, so also a quantity of matter has a corresponding wave
(which may be called matter wave) that governs its motion in space.

The universe is essentially composed of only two entities namely
matter and radiation. de-Broglie agreed that since one of the entities, namely
radiation, has dual nature, the other entity matter must also exhibit dual
character. His hypothesis is consistent with the symmetry principle of nature.

De-Broglie proposed to associate, with every microparticle, corpuscular
characteristics namely energy £ and momentum p on the one hand, and wave
characteristics namely frequency v and wavelength A on the other hand.
According to de-Broglie, the mutual dependence between the characteristics
of the two kinds was accomplished, through the Planck’s constant / as

hv_h

E=hv and p=_- T ~(1.1)

This relation is known as de-Broglie’s equation.

The wavelength A of matter wave associated with a microparticle is
called de-Broglie wavelength of the particle. De-Broglie’s hypothesis had
profound importance from the fact that relation in Equation (1.1) was assumed
to be satisfied not only for photons (zero rest mass), but for all microparticles,
particularly for those which possess rest mass and which were associated
with corpuscles.

Confirmation of de-Broglie’s Hypothesis

Walter Elsasser, for the first time in 1926, pointed out that the wave nature
of matter could be tested by allowing a beam of electrons of appropriate



energy to be incident on a crystalline solid in which periodic arrangement
of atoms might serve as a three-dimensional array of diffracting centres for
the electron wave (if it at all exists), when diffraction peaks in characteristic
directions might he observed.

The above idea was confirmed experimentally by Clinton Davisson
and Lester Germer in the United States and George Thomson in Scotland.

Davisson and Germer’s Experiment

The experimental arrangement used by Davisson and Germer is schematically
shown in the Figure 1.1.

|

\_ Electron
' detector

Nickel crystal _

Fig. 1.1 Davisson and Germer Experiment

F is a filament which emits electrons when heated electrically.

The emitted electrons are accelerated through a potential /" whose value
can be adjusted as required by means of a potential divider arrangement. The
accelerated electrons having kinetic energy E are then allowed to pass through
a system of narrow slits so as to obtain a thin collimated beam of electrons.
The beam of electrons thus obtained is then allowed to be incident normally
on a single crystal C of nickel enclosed in a vacuum chamber. The crystal
can be rotated about the incident beam as the axis. D is an electron detector
which detects only elastically scattered electrons. The detector can be moved
along an arc of a circle about the crystal so as to measure the intensity of
elastic scattering in different directions in front of the crystal.

The intensities of the different beam at different angles ¢ and for
different values of the accelerating potential were determined. The results
obtained are shown in the Figure 1.2 and Figure 1.3. A peak in the intensity
was observed at ¢ = 50° for V= 54 volts. Such an observation does not find
explanation on the basis of particle motion. However, it finds explanation in
terms of interference phenomenon which is characteristic of wave only.

The wavelength of electrons impinging the crystal are given by A :lél’
according to de-Broglie’s equation. We may assume Bragg reflections for
electron wave to occur from certain families of atomic planes as in the case
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of X-ray diffraction from crystals. Bragg reflection obeying Bragg’s equation
is illustrated in the Figure 1.4. Bragg’s equation is given by:

2dsin®0=m\k; m=1,2,3 ..(1.2)
< €
g 9
3 3 Incident
IS S beam Diffracted
E § beam
© ©
o o
Atomic
planes
0 . )
54V 0 50° o Crystal
Fig. 1.2 Fig. 1.3 Fig. 1.4

Using X-ray analysis on the crystal it is found that at ¢ = 50°, a Bragg
reflection occurs from atomic plane having interplanar spacing d = 0.91 A
and the corresponding Bragg angle of reflection or glancing angle is 65° (as
indicated in the figure). Considering m = 1 we obtain

2 % (0.91 A) sin 65° = A
or A=1.65A ..(1.3)

For electrons having kinetic energy E = 54 eV, the de-Broglie
wavelength is,

h

A= ImE ...(1.4)
Substituting 4, m and E we obtain,
A=1.65A. ...(L.5)

The existence of electron wave and the validity of de-Broglie equation
are thus established.

We may note that in the above calculations the value m = 1 is used. If
m = 2 or more, then there should occur intensity peaks for different values
of ¢. However, no such peaks are observed experimentally.

GP Thomson’s Experiment

Thomson’s experiment is analogous to Debye-Scherrer X-ray diffraction
method.

The experimental arrangement consisted of a glass envelope in
which electrons were emitted from a heated filament. The emitted electrons
were suitably accelerated and collimated to give a uni-directional, thin,
monoenergetic beam of electrons. The beam thus obtained was allowed



to fall normally on a polycrystalline material as shawn in Figure 1.5. The
scattered (diffracted) electrons were recorded on a photographic film placed
perpendicular to the incident beam.

. ~
Monoenergetic | | Photographic
beam of electrons plate
Polycrystalline
film

Diffraction
pattern

Fig. 1.5 GP Thomson Experiment
On the photographic plate a set of concentric circles were observed. The
pattern of circles obtained was found to be a characteristic of the crystal used.

On replacing the electron beam by a monochromatic X-ray beam a
similar circular pattern was observed on the photographic plate.

From the knowledge of the wavelength of the electron beam

h h
A=—= - - :
( b mE E] it was possible to determine the geometry of the crystal

lattice which was found to be in complete agreement with that obtained using
X-ray diffraction analysis of the crystal. It is thus clear that electron beam is
diffracted by a crystal in the same way as X-rays.

It is important to note in the experiment of Davisson and Germer and
of Thomson the following:

e In the process of acceleration, an electron behaves like a particle
of charge — e and mass m.

e During the process of diffraction, the same electron behaves like a

wave of wavelength 1= A = ]ﬁ)

Thus, the electron which shows wave-like property in one part of the

experiment exhibits particle-like properties in two other parts of the same
experiment. Clearly, for a complete description both the particle aspect as
well as the wave aspect become necessary.

Conclusion

The experiments of Davisson and Germer and Thomson give clear evidence
of the existence of wave properties of electrons. Besides, the experiments
confirm the validity of de-Broglie equation at least for the electron.

Experiments on diffraction of molecular beam of hydrogen and
atomic beam of helium by the lithium fluoride crystal were performed by
Estermann, Stern and Frisch. Hydrogen molecule and helium atom being
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very much different from each other as well as from electron, their successful
experiments led to the universality of matter waves.

Fermi, Marshall and Zinn performed interference and diffraction
experiments with slow neutrons and obtained results confirming de-Broglie’s
hypothesis. It is important to note that neutron diffraction is nowadays an
important technique in crystal structure studies as a complement to X-ray
and electron diffraction techniques.

1.3 WAVE PARTICLE DUALITY

In classical physics, energy is transported either by particles or by waves.
Some macroscopic phenomena can be explained using a particle model while
some other using a wave model. The radiation and matter of the observable
universe exhibit both wave and particle characteristics. Radiation behaves as
wave in its propagation but the same radiation exhibits particle behavior in
its interaction with matter. Similarly entities of non-zero rest mass of which
matter is made of requires wave model for understanding their diffraction
effects. We are thus compelled to use both particle as well wave models for
the same entity. Duality is thus established. We may, however, note that under
given experimental conditions only one model is revealed.

Classical physics has acquainted us with two types of motion, namely
corpuscular and wave. Localization of objects in space and definite path or
trajectory of motion of objects in space are the two basic characteristics of
corpuscular motion. The wave motion, on the other hand, is characterized
by delocalization in space. The phenomena in the macroscopic world clearly
distinguish the corpuscular motion and the wave motion. These classical
concepts are, however, not revealed in the phenomena in the domain of
microparticles. The motion of a microparticle shows both corpuscular as well
as wave behaviours. If we consider corpuscular motion and wave motion as
two separate cases of motion then microparticles occupy a place somewhere
in between. They are neither purely corpuscular nor purely wave-like in
the classical sense, instead, they are something qualitatively different. A
microparticle to some extent is like a corpuscle and to some extent like a wave.
The extents to which it is a corpuscle or a wave depends upon the conditions
under which it is considered. In classical physics, corpuscle and wave are
two mutually exclusive extremities, but at the level of microphenomena these
extremities combine within the framework of a single microparticle. In this
level we neither talk of particle nor of wave but only of microparticle. This
is wave—particle duality.



Check Your Progress
What is quantum physics?
Define how the theory of relativity characterizes quantum physics.
Explain the Louis de-Broglie idea of duality.
What is mutual dependence according to de-Broglie?

A e

What is the wavelength of electrons impinging the crystal according
to de-Broglie’s equation?

6. What does the radiation and matter of the observable universe exhibit?

1.4 THE UNCERTAINTY PRINCIPLE

Equations of motion in classical mechanics (Newton’s equation, Lagrange’s
equations, Hamilton’s canonical equations) can be solved to find exactly
the position and momentum (the two quantities that define the state of the
system) of the system at all future and past instants of time from a knowledge
of the position and momentum of the system at some given instant of time.
This mechanics, as we know, is quite successful in the macroscopic world to
predict future motion of objects in terms of their initial motion.

An observation or a measurement on a system involves an inherent
interaction between the observer or the measuring instrument and the system,
thereby producing disturbance in the system. In the case of a macroscopic
system which obeys the laws of classical physics, disturbances, so caused are
usually ignorable or controllable and can be taken into account accurately
ahead of time by suitable calculation. The basic laws of physics are thus
deterministic and the position and velocity (or momentum) of an object can
be determined simultaneously with unlimited accuracy.

Such determinism is, however, lost in quantum physics which deals with
problems in the domain of atomic and sub-atomic particles. The disturbances
caused due to inherent interaction in the observations or measurements
no longer remain ignorable and controllable irrespective of the skill of
the observer and the improvements in measuring technique. Precise and
simultaneous measurement of position and velocity of matter or of radiation
by actual experiment becomes fundamentally impossible.

Heisenberg, in 1927, stated the uncertainty principle (also called
indeterminacy principle) in the following two parts:

(1) Experiment cannot determine simultaneously the component of
momentum say p_of a particle and its corresponding coordinate position
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x with unlimited accuracy; instead, the precision of measurement is
inherently limited by the measurement process itself, such that

h
Apy Av 23 (1.6)
In the above, Ap_is the uncertainty within which the momentum p_
is known and the position x in the same experiment is known within
an accuracy Ax. There are exactly similar relations for the other two

components.

(1.7)

(1.8

(i1) The uncertainties involved in simultaneous measurement of energy
and time are given by,

h

AE Ar =2 —
2 .(1.9)
The above relation means that an energy determination that has
an uncertainty AE must occupy at least a time interval AF = N
2At

Alternatively, if a system is in a given state for not longer than Az, the
energy of the system in that state is uncertain, at least by an amount

h
AE = —-
2At

It is important to note that position—momentum uncertainty relation
given by the Equations (1.6), (1.7) and (1.8) and the time energy uncertainty
relation given by the Equation (1.9) are quite different because the position
and momentum variables can be measured at a given time and they play
symmetric roles, whereas energy and time play different roles, the energy
being a variable and the time being a parameter.

1.4.1 Physical Origin of the Uncertainty Principle

Bohr proposed a thought experiment which is aimed at measuring the position
of an electron accurately by observing it through a microscope. For viewing,
the electron needs to be illuminated by light. In the process of illumination,
the electron recoils because of Compton effect in a way that cannot be
determined completely. Hence, the electron gets disturbed from its position.
The disturbance can be decreased by using light of very weak intensity.
The weakest that can be used is to assume that the electron is observable if
only one scattered photon enters the objective lens of the microscope. The
momentum of the incident photon for the light of frequency v is,

_hv _h

Y



If 2 6 be the angle subtended by the objective lens at the electron then the Postulates
electron can be viewed provided a photon of the incident light gets scattered
within the angular range 2 0 as illustrated is the Figure 1.6.

NOTES

0 0
N\ X
(Photon)  hy N\____Electron

Fig. 1.6

Clearly, the x-component of the momentum of the photon can have any
value from —p sin 6 to +p sin 0. After, scattering, the momentum becomes
uncertain by an amount Ap_given by,

Ap =psin®—(-psin 0) =2psin 6

2h .
or Ap =2—sin 0 ..(1.10
P, =5 (1.10)

In the photon-electron collision, the linear momentum remains
conserved and hence the electron receives a recoil momentum in the
x-direction equal to the x-momentum change in the photon. Thus, the
uncertainty of the x-component of the momentum of the electron is,

h

Ap = 2xsin 0.

It is possible to reduce Ap_by using light of longer wavelength and/or
using microscope with an objective lens subtending a smaller angle at the
electron.

We know that the image of a point object formed by a convex lens is
not a point; instead, it is a diffraction pattern. It is the resolving power of
the microscope which determines the accuracy with which the electron can
be located. Thus, the uncertainty in the position of the electron is equal to
the linear separation between two point objects just resolvable in the image
which is given by,

Ax = A

S (L1
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such that the one scattered photon at our disposal must originate
somewhere within this range of the axis of the microscope.

Using the above results we get the product of the uncertainties in p_
and x to be given by,

Ap Ax = Z%Sinﬂ xm_r?:e_) =2h>§ (1.12)
If we use light of short wavelength, say gamma rays, to reduce Ax, we
simultaneously increase the Compton recoil and hence increase the Ap,
and conversely. Similarly, if we use a lens of small aperture to reduce 6,
Ap_is reduced but Ax increases and conversely. Thus it is not possible to
simultaneously make Ap and Ax as small as we may wish because the

procedure that makes one small makes the other large.

Let us consider the electron to move freely along the x-axis, then its
energy is given by,

P
= .(1.13)
If p_is uncertain by Ap , then the uncertainty in the energy is,
Dy
AE =12 E% Apx = Vi Apx (114)

In the above, v, (: %) is the recoil velocity of the electron along the

x-axis which is illuminated with light. If A¢ is the time interval required for
the observation of the electron then the uncertainty in the portion of the
electron is,

Ax=v_At ..(1.15)
From the above, we have
v
or Ap_Ax = AE At ...(1.16)

Using Ap, Ax = E, we obtain
2

AE Arzg (117

Discussions

Heisenberg’s uncertainty relations have their roots in experiments.

If uncertainty principle is considered to be the fundamental principle
of nature then wave particle duality of matter and radiation becomes obvious
as can be understood from the following.



The corpuscular description of an entity (matter or radiation) gives Postulates
information about momentum and energy while the wave description of the
same entity provides information about place and time. From uncertainty
principle of Heisenberg we find that every determination of exact position
carries with it large uncertainty in the momentum and vice-versa. Similarly,
every determination of exact time involves a large uncertainty in energy and
vice-versa. Thus, an experiment that aims the radiation to reveal its wave
character strongly suppresses its particle character. Similarly, an experiment
aiming to reveal particle character of radiation, strongly suppresses the wave
character. Thus experiments do not allow the wave and particle characters to
come face to face under the same experimental situation which could make
duality obvious.

NOTES

We also see that the de-Broglie relation p = % and Einstein’s relation

E = hv which hold for both matter and radiation when combined with
properties universal to wave give the uncertainty relations of Heisenberg.
We can thus say that Heisenberg’s uncertainty relations stem from wave—
particle duality.

1.5 POSTULATES OF QUANTUM MECHANICS

The foundation of any physical theory rests on some hypotheses or postulates
which are regarded as fundamental to the theory. The theory thus founded
provides a logical as well as mathematical connection between the postulates
and their observational consequences which are usually the predictions of
the theory.

The basic elements (constructs) of the modern theory as developed
by Schrodinger, Heisenberg, Jordan, Max Born, Dirac and many others, are
(1) Physical System (ii) Observable (ii1) Operator and (iv) State of Physical
System.

Before we state and discuss the basic postulates of quantum theory
in relation to these elements it is desirable to discuss these elements briefly.

(i) Physical System: A physical system will be generally defined as an
object of interest to the experimentalist. Thus, it may be an electron, a
photon, a nucleus, or any combination of these which can be made the
object of systematic study. The results of such systematic study will,
in general, be represented by sets of real numbers which have been
obtained from specific measurements or operations performed on the
system.

(ii) Observable: The operations will have been performed to determine
certain properties of the system, such as its mass, size, energy,
momentum, position or, in general, any function of the coordinates
and momenta. Such properties of the system are called its observables.

Self-Instructional
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In this sense, the observables of a physical system are actually more
representative of certain operations which can be performed on the
system rather than they are of the system itself.

(iii) Operator: Operator are associated with each measurable parameter
in a physical system and are termed as quantum mechanical operator.

(iv) The State of Physical System: It is possible to prepare systems in
such a way that there will, in general, be one or more observables
which yield identical results upon repeated measurements. For any
particular method of preparation, the observable which exhibits this
type of behaviour is said to have sharp values. The state of a physical
system will then be defined in terms of the observables which are sharp,
together with their particular values. The method of preparation of the
system will determine which of its observables are sharp. Hence, the
method of preparation determines the state of a physical system.

1.5.1 Basic Postulates of Quantum Mechanics

The purpose of the basic postulates of the quantum theory is to correlate
the constructs defined above in such a way that the result of the correlation
becomes physically meaningful in terms of the results of experiments. Thus,
the postulates should provide an explicit definition for the constructs of states,
in a mathematically meaningful fashion.

Postulate 1: To every quantum mechanical state of a physical system of ‘s’
degree of freedom, there corresponds a function y, called the wave function.
In general, y is a complex-valued function of generalized coordinates ¢,
q,» .-.-.-» ¢, and time ‘2. The function y and its derivatives are single-valued,
continuous and quadratically integrable over the entire domain of definition.

The representation in which the wave functions are functions
of coordinates and time is called coordinate representation, while the
representation in which the wave functions are functions of the momentum
components and time is called the momentum representation. In order to
extract physically meaningful information from wave functions, the second,
third and fourth postulates have been made.

Postulate 2: For every observable of a physical system, there corresponds
a Hermitian operator.

In the Table 1.1 below are given classical representations and corresponding
quantum mechanical operators for the observables of a single particle.

Table 1.1 Quantum Mechanical Operators

Observable Classical Representation Operator
x-Coordinate X X
y-Coordinate y y
z-Coordinate z




x-Component of Momentum p, = mx —in E)i
X
y-Component of Momentum p, = my —in ai
y
z-Component of Momentum p,=mz —in ai
Z
Total Linear Momentum p=mr —-in_
Total Angular Momentum M —inT x -
2
Kinetic Energy 1 (P2 +p2+p?) S
2m Y 2m
Potential Energy V(x,y, z) V(x, y, 2)
.0
Ener E —in =
9y m %
Time t t

Postulate 3: The only possible result of a precise measurement of an
observable 4 whose corresponding operator is A4 are the eigenvalues a, which
are the solutions of the eigenvalue equation,
Ay, =ay,
where {y } forms a complete set of functions called eigenfuctions of

A. This means that any arbitrary state function can be expressed as a linear
combination of the eigenfunctions.

Postulate 4: When a system is in a state described by the wave function vy,
the expected mean or expectation value, of a series of measurement of an
observable, say 4, is

where A is the operator corresponding to the observable 4 and the
integration is carried over the entire domain of definition.

It is usual to consider any state function, namely the wave function y
to be normalized, i.e.,
Jw*wdr =1

With normalized wave function, Eq. (ii) gives

)= [y Aydr

To study the development of the state of a quantum system, a fifth
postulate has been introduced.

Postulate 5: The state function y(7, ) ofa physical system are solutions of
the differential equation

o YT 1) o~ o
lh — = H r,t
ot w(rn
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where the operator H corresponds to the total energy of the physical
system at time #. It is, in general, a function of the operators for 7, 5 and time z.

1.5.2 Consequences of the Postulates

The postulates stated in the last section have consequences which serve to
establish the fundamental properties of the quantum theory. Besides, they
tell us how these properties differ from those of classical theory. In the
sub-sections which follow we discuss the general properties of the states of
physical systems at a given instant of time (Quantum Statics).

Eigenstates

It is usual to assume any state function, say ¢, to be normalized. As such the
expectation value of an observable A4 in that state is,

Ay = Jq)*fxq)dr .(1.18)

Let us now suppose that the state function ¢ is an eigenfunction of 4,
say ¥ , belonging to eigenvalue a . Equation can then be written as

(A) = jw:ﬁw,ldr (1.19)
But we have the eigenvalue equation,
Ay, =ay,
And hence
4) = an‘[w;\vndf =a, ..(1.20)

Thus if the state of a system is an eigenfunction of the operator
corresponding to a certain observable of the system then the expectation
value of the observable is that eigenvalue of the operator which belongs to
the given eigenfunction.

The observable then exhibits a sharp value. If a system exists in a
state such that an observable exhibits a sharp value then that state is called
an eigenstate of that observable. For example, if a physical system exists in
a state such that repeated measurement of the total energy yields the same
value W, then the system is considered to be in an eigenstate of energy, or in
an energy eigenstate corresponding to the sharp value W, i.e., corresponding
to the energy eigenvalue W.

Superposition States

Consider the system in a state described by the state function ¢ in which the
observable 4 dose not exhibit a sharp value. The repeated measurement of
the observable 4 then results in a spectrum of values, However, the result of
any one measurement remains unpredictable, except within certain limits.



To illustrate this, let us suppose that the system is in an energy eigenstate,
say ¢, and the observable to be measured be the linear momentum P. Let
the momentum operator Phavea complete set of momentum eigenfunctions
say {y }. We can then express ¢ as the linear superposition,

0= ay, .(1.21)

The expectation value of the momentum of the system in state ¢ is,
by definition,

)= [0 poar

or

(p} = Z Z (-‘:(Im jq}ifﬁwmdt

n m

(P) = Z Z (‘r:{‘;m.“m J‘lff}‘lfmf"t

R m

(p) = Z 2 c"‘?;Gmpmarrm

n I

or

or

or

2
(p) = ;lanl pm (122)

The above result needs interpretation.

According to Postulate 2, the only possible result of a measurement
of the momentum is one of the eigenvalues of the momentum operator. Let
a series of measurements of the momentum of the system yield the various
ecigenvalues p with corresponding relative frequencies ® . The mean value
of the momentum can then be expressed mathematically as,

(p)= 2. Ol .(1.23)

In view of Equations (1.22) and (1.23) it is reasonable to assume that
la |* of Equation (1.22) are exactly the @ of Equation (1.23). Since ¢ is
normalized, we have,

jq)*q)dr 1

Using Equation (1.21) the above gives,

3 Y aa, ] vv,dt -

n n
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Whence we get

Ylalf =1

Thus, |a |* < 1, for all n, as they should be, if the |a |* are equal to .

If an observable 4 of a system on measurement exhibits a range of

values a_ together with a given frequency distribution ® , the system is said
to be in a superposition of eigenstates of 4 or simply in a superposition state

of 4.

It is important to note that while ¢ represents a superposition state

relative to one operator, it is, in general, an eigenstate of some other operator.

7.
. What is the uncertainty in the position of the electron for the linear

. What are the basic elements (constructs) of the modern theory?
10.
11.
12.

Check Your Progress

What will be the momentum of the incident photon for the light of
frequency v?

separation?

What are observables?

What is the purpose of the basic postulates of the quantum theory?

When an observable is called an eigenstate?

1.6

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. The study of quantum phenomena has come to be known as quantum

physics.

. The theory of relativity extends the range of application of physical laws

to the region of very high velocities and just as the universal constant
of fundamental significance ‘c’ (speed of light in vacuum) characterizes
relativity, so a universal constant of fundamental significance ‘h’
(Planck’s constant) characterizes quantum physics.

. Louis de-Broglie suggested that the idea of duality should be extended

not only to radiation but also to all microparticles. He hypothesized
that just as a quantum of radiation has a wave associated with it
which governs its motion in space, so also a quantity of matter has a
corresponding wave (which may be called matter wave) that governs
its motion in space.



10.

The universe is essentially composed of only two entities namely matter
and radiation. De-Broglie agreed that since one of the entities, namely
radiation, has dual nature, the other entity matter must also exhibit dual
character. His hypothesis is consistent with the symmetry principle of
nature.

. De-Broglie proposed to associate, with every microparticle, corpuscular

characteristics namely energy £ and momentum p on the one hand,
and wave characteristics namely frequency v and wavelength A on the
other hand. According to de-Broglie, the mutual dependence between
the characteristics of the two kinds was accomplished, through the
Planck’s constant 4 as

_hv_h

E=hv and p=_- T
This relation is known as de-Broglie’s equation.

The wavelength A of matter wave associated with a microparticle is
called de-Broglie wavelength of the particle.

. The wavelength of electrons impinging the crystal are given by A Zg,

according to de-Broglie’s equation.

. The radiation and matter of the observable universe exhibit both

wave and particle characteristics. Radiation behaves as wave in its
propagation but the same radiation exhibits particle behavior in its
interaction with matter.

. The momentum of the incident photon for the light of frequency v is,

_ v _h
==
If 2 0 be the angle subtended by the objective lens at the electron then

the electron can be viewed provided a photon of the incident light gets
scattered within the angular range 2 0

. The uncertainty in the position of the electron is equal to the linear

separation between two point objects just resolvable in the image which
is given by,

Ax :SIIl 6

such that the one scattered photon at our disposal must originate
somewhere within this range of the axis of the microscope.

. The basic elements (constructs) of the modern theory as developed by

Schrodinger, Heisenberg, Jordan, Max Born, Dirac and many others,
are (1) Physical System (ii) Observable (iii) Operator and (iv) State of
Physical System.

The operations will have been performed to determine certain properties
ofthe system, such as its mass, size, energy, momentum, position or, in
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11.

12.

general, any function of the coordinates and momenta. Such properties
of the system are called its observables.

The purpose of the basic postulates of the quantum theory is to correlate
the constructs defined above in such a way that the result of the
correlation becomes physically meaningful in terms of the results of
experiments. Thus, the postulates should provide an explicit definition
for the constructs of states, in a mathematically meaningful fashion.

If a system exists in a state such that an observable exhibits a sharp
value then that state is called an eigenstate of that observable.

1.7

SUMMARY

The study of quantum phenomena has come to be known as quantum
physics.

Like classical physics, quantum physics also has been provided with a
mathematical apparatus. The currently accepted structure developed by
Schrodinger, Heisenberg, Max Born, Jordan, Dirac and many others to
deal with problems in the microdomain, i.e., at atomic and subatomic
levels is termed as quantum mechanics.

The theory of relativity extends the range of application of physical laws
to the region of very high velocities and just as the universal constant
of fundamental significance ‘c’ (speed of light in vacuum) characterizes
relativity, so a universal constant of fundamental significance ‘h’
(Planck’s constant) characterizes quantum physics which includes
classical physics as a special case.

Around 1923, Louis de-Broglie suggested that the idea of duality should
be extended not only to radiation but also to all microparticles. He
hypothesized that just as a quantum of radiation has a wave associated
with it which governs its motion in space, so also a quantity of matter
has a corresponding wave (which may be called matter wave) that
governs its motion in space.

The universe is essentially composed of only two entities namely matter
and radiation. De-Broglie agreed that since one of the entities, namely
radiation, has dual nature, the other entity matter must also exhibit dual
character. His hypothesis is consistent with the symmetry principle of
nature.

De-Broglie proposed to associate, with every microparticle, corpuscular
characteristics namely energy £ and momentum p on the one hand,
and wave characteristics namely frequency v and wavelength A on the
other hand. According to de-Broglie, the mutual dependence between



the characteristics of the two kinds was accomplished, through the Postulates
Planck’s constant / as

E=hv and p =?=%
This relation is known as de-Broglie’s equation. NOTES

The wavelength A of matter wave associated with a microparticle is
called de-Broglie wavelength of the particle.
_h

The wavelength of electrons impinging the crystal are given by A »

according to de-Broglie’s equation.

In the process of acceleration, an electron behaves like a particle of
charge — e and mass m.

During the process of diffraction, the same electron behaves like a

wave of wavelength 1= )\ = %

In classical physics, energy is transported either by particles or by
waves. Some macroscopic phenomena can be explained using a particle
model while some other using a wave model.

A microparticle to some extent is like a corpuscle and to some extent
like a wave. The extents to which it is a corpuscle or a wave depends
upon the conditions under which it is considered.

Equations of motion in classical mechanics (Newton’s equation,
Lagrange’s equations, Hamilton’s canonical equations) can be solved to
find exactly the position and momentum (the two quantities that define
the state of the system) of the system at all future and past instants of
time from a knowledge of the position and momentum of the system
at some given instant of time.

Bohr proposed a thought experiment which is aimed at measuring the
position of an electron accurately by observing it through a microscope.

In the photon-electron collision, the linear momentum remains
conserved and hence the electron receives a recoil momentum in the
x-direction equal to the x-momentum change in the photon.

The uncertainty in the position of the electron is equal to the linear
separation between two point objects just resolvable in the image which
is given by,

5in O
such that the one scattered photon at our disposal must originate
somewhere within this range of the axis of the microscope.

The corpuscular description of an entity (matter or radiation) gives
information about momentum and energy while the wave description
of the same entity provides information about place and time.
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e From uncertainty principle of Heisenberg we find that every

determination of exact position carries with it large uncertainty in the
momentum and vice-versa.

The de-Broglie relation p = % and Einstein’s relation £ = v which hold

for both matter and radiation when combined with properties universal
to wave give the uncertainty relations of Heisenberg.

The foundation of any physical theory rests on some hypotheses or
postulates which are regarded as fundamental to the theory. The theory
thus founded provides a logical as well as mathematical connection
between the postulates and their observational consequences which
are usually the predictions of the theory.

The basic elements (constructs) of the modern theory as developed by
Schrodinger, Heisenberg, Jordan, Max Born, Dirac and many others,
are (1) Physical System (ii) Observable (iii) Operator and (iv) State of
Physical System.

A physical system will be generally defined as an object of interest to
the experimentalist. Thus, it may be an electron, a photon, a nucleus, or
any combination of these which can be made the object of systematic
study.

The operations will have been performed to determine certain properties
of the system, such as its mass, size, energy, momentum, position or, in
general, any function of the coordinates and momenta. Such properties
of the system are called its observables.

The purpose of the basic postulates of the quantum theory is to correlate
the constructs defined above in such a way that the result of the
correlation becomes physically meaningful in terms of the results of
experiments. Thus, the postulates should provide an explicit definition
for the constructs of states, in a mathematically meaningful fashion.

To every quantum mechanical state of a physical system of ‘s’ degree
of freedom, there corresponds a function y, called the wave function.

For every observable of a physical system, there corresponds a
Hermitian operator.

Ifthe state of a system is an eigenfunction of the operator corresponding
to a certain observable of the system then the expectation value of the
observable is that eigenvalue of the operator which belongs to the given
eigenfunction.

If an observable 4 of a system on measurement exhibits a range of
values a_ together with a given frequency distribution ® , the system
is said to be in a superposition of eigenstates of 4 or simply in a
superposition state of 4.



Postulates

1.8 KEY WORDS

e Quantum physics: The study of quantum phenomena has come to be
known as quantum physics. NOTES

e Bohr thought experiment: It was proposed by Bohr which is aimed
at measuring the position of an electron accurately by observing it
through a microscope.

e Uncertainty principle: It is considered to be the fundamental principle
of nature then wave particle duality of matter and radiation becomes
evident.

e Physical system: It may be an electron, a photon, a nucleus, or any
combination of these which can be made the object of systematic
study, and the results of the study is generally represented by sets of
real numbers which have been obtained from specific measurements
or operations performed on the system.

e Observable: The operations will have been performed to determine
certain properties of the system, such as its mass, size, energy,
momentum, position or, in general, any function of the coordinates and
momenta. Such properties of the system are called its observables.

e Operator: Operators in quantum mechanics are associated with each
measurable parameter in a physical system and are also termed as the
quantum mechanical operator.

e Postulates: It provides an explicit definition for the constructs of states,
in a mathematically meaningful fashion.

1.9 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

. When was quantum mechanics developed?

. Name the areas where the quantum mechanics is used.
. What is wave particle duality?

. What dose GP Thomson’s experiment state?

. Define the term uncertainty principle.

. What are postulates in quantum mechanics?

~N N L R W N~

. What are the basic elements (constructs) of the modern theory for
postulates?
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Long Answer Questions

1.

Briefly discuss about the origin, history and significance of quantum
mechanics.

. Discuss the wave nature of microparticles as stated by de-Broglie’s

hypothesis.

. Briefly explain Davisson and Germer’s experiment with the help of a

diagrams.

. Prove that the Thomson’s experiment is analogous to Debye-Scherrer

X-ray diffraction method.

5. Explain wave particle duality.

. Briefly explain the uncertainty principle. What is the Heisenberg

explanations for the uncertainty principle?

7. Discuss in detail about the physical origin of the uncertainty principle.

8. Briefly explain the basic postulates of quantum mechanics. What is

the purpose of these postulates?
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2.0 INTRODUCTION

In physics, the Schrodinger equation is a linear partial differential equation
that describes the wave function or state function of a quantum-mechanical
system. It is a key result in quantum mechanics, and its discovery was a
significant landmark in the development of the subject. The equation is named
after Erwin Schrodinger, who derived the equation in 1925, and published
it in 1926, forming the basis for the work that resulted in his Nobel Prize in
Physics in 1933. Schrédinger’s equation can be derived from the fact that the
time-evolution operator must be unitary, and must therefore be generated by
the exponential of a self-adjoint operator, which is the quantum Hamiltonian.
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The theory of Schrédinger equation was based on de-Broglie’s concept
of matter-wave. The theory aims at setting up a differential equation (wave
equation) for a wavefunction that can describe the detailed behaviour of
matter wave. The theory provides a quantitative formulation of some of the
basic principles of quantum mechanics, shows how a wave theory of matter
works out in practice, tells how physical quantities, for systems for which
the laws of classical mechanics are not applicable, can be actually computed
within the framework of the theory.

The Schrodinger equation for a free non-relativistic particle may be
arrived at by making straightforward uses of the new concepts that have
been obtained in the domain of microscopic particles. Schrodinger’s time-
independent equation can be solved analytically for a number of simple
systems. The time-dependant equation is of the first order in time but of the
second order with respect to the co-ordinates, hence it is not consistent with
relativity.

Max Born and Jordan in 1926 gave a probabilistic interpretation of the
wave function which is characteristic of and fundamental to the Schrodinger
theory. This interpretation of the wavefunction is found to be both convenient
and physically transparent enabling us to make precise computations
regarding the behaviour of the particle. According to Max Born and Jordan,
the wavefunction describes the probability distribution of the particle in
space and time.

In this unit, you will study about the Schrodinger equation, wave packet,
group velocity and wave packet, time dependent Schrédinger equation, time
independent Schrodinger equation, Ehrenfest’s theorem, eigenfunction and
eigen vectors, Hermitian operator and probability density.

2.1 OBJECTIVES

After going through this unit, you will be able to:
» Understand and use the Schrédinger equations
* Explain about the wave packet and group velocity
* Interpret time dependent Schrédinger equation
 Explain time independent Schrédinger equation
* Define Ehrenfest’s theorem
* Calculate the eigenfunction and eigen vectors
» Evaluate Hermitian operator

» Understand the probability density for the Schrodinger wavefunction
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2.2  SCHRODINGER EQUATION

The theory of Schrodinger equation was formulated by Erwin Schrodinger
in the year 1926. His formulation is based on de-Broglie’s concept of matter NOTES
wave. The theory aims at setting up a differential equation (wave equation)
for a wavefunction that can describe the detailed behaviour of matter wave.

The main assumptions made in the theory of Schrodinger equation are:
(1) Creation and destruction of material particles do not take place.

(i1) All material particles move with small velocities so that they can be
treated non-relativistically.

Inspite of the above assumptions, the theory has proved to be immensely
successful when applied to atoms and molecules. The theory provides
a quantitative formulation of some of the basic principles of quantum
mechanics, shows how a wave theory of matter works out in practice, tells how
physical quantities, for systems for which the laws of classical mechanics are
not applicable, can be actually computed within the framework of the theory.

The Schrodinger equation for a free non-relativistic particle may be
arrived at by making straightforward uses of the new concepts that have been
obtained in the domain of microscopic particles.

2.2.1 Dynamical State of a Microparticle: Concept of Wave
Function

The trajectory of a particle becomes known if the coordinate and momentum

of the particle are known at every moment of time. In other words, the
. . . dx .

trajectory is known if x and - &re known at all time ¢.

According to Heisenberg’s uncertainty relation, a microparticle cannot
simultaneously possess a definite coordinate, say, x and a definite projection
of momentum p . Thus, the concept of trajectory of a microparticle, strictly
speaking, is not applicable.

The rejection of trajectory concept is related to the existence of wave
properties in microparticles which do not permit us to consider a microparticle
as a classical corpuscle. The motion of a microparticle along the x-axis cannot
be associated with the differentiable function x(¢) which is so widely used
in dealing with the motion of classical objects. From a known value of x of
the microparticle at an instant of time ¢, it is impossible to predict the value
of x at the time ¢ + dt. A microparticle is fundamentally different form a
classical corpuscle primarily because (i) it does not have a trajectory which
is an essential attribute of a classical corpuscle, (ii) the use of coordinate,
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momentum, angular momentum, energy when considering microparticle
become restricted to the framework of uncertainty relations.

Wave concepts are radically different from corpuscular concepts. Hence
it is not surprising that the striking contrast between classical corpuscles and
microparticle is explained by the existence of wave properties in the latter.
It is the wave properties which account for the uncertainty relations and all
the consequences resulting from them. We must, however, note that while
a microparticle is not a classical corpuscle on one hand, it is not a classical
wave on the other hand.

Thus, certain questions, unknown to classical physics, arise about the
state and the method of describing the state of a microparticle in a new light.

We know that a classical wave possesses a characteristic frequency (v),
a wavelength (A) and the phase velocity (vp) related according to,

v = VA (= w/k) 2.1

Besides, any wave motion is described by a quantity which is a
continuous function of position in space and of time. For example, an
electromagnetic wave propagating along the x-axis is described by electric
and magnetic fields varying with position and time, such as,

E=E sin(0f — kx)
B = B, sin(of — kx) ..(2.2)

Similarly, a sound wave passing through an extended medium is
described by the variation of pressure in the medium with position and
time. By analogy, the wave belonging to a microparticle may be described
by some entity which varies with position in space and time. This variable
entity (function) is usually denoted as (7, 7) and is called wave displacement
function or wave function. For generality, unlike for a classical wave motion,
the wave function which may be used to describe the wave character and the
state of a microparticle is taken as a complex valued function of position of
space and time.

The wave associated with a microparticle is of infinite extent because
according to Heisenberg’s uncertainty principle, the position of the particle
becomes completely unknown if its momentum is taken to be well defined.

The infinite plane wave corresponding to a microparticle of mass ‘m’
moving freely along the x-axis with a well defined momentum p_can be
described by the wave function y(x, ¢) given by,

W(x, 1) = Ae'®en .(2.3)
Where 4 is the constant amplitude,
_2n 2mp. p

=202 _ P (24

A h h 24)
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And w=21r=""=2 (2.5)
o h

In the above, E is the energy of the particle. Writing £ = mc?, according

to Einstein’s mass—energy relation, we obtain, NOTES

2
mc

The velocity u of the de-Broglie wave is thus,

u=y7\,=2i=m—cle=i ..(2.7)
2n mv  h my v

Since ¢ is the maximum speed that can be attained by any material

particle according to Einstein’s special theory of relativity, we must have v

< ¢ so that the speed of the de-Broglie wave u is greater than ¢ and hence

greater than v. The de-Broglie wave associated with the particle thus travels

faster than the particle itself which is a contradictory result. We thus find that

a microparticle cannot be described by a single wave train.

2.2.2 Concept of Wave Packet

An important question that arises and that needs to be settled is about a
mathematical description of a microparticle which jointly displays particle
as well as wave characteristics. The mathematical scheme must embody the
two features simultaneously.

In classical physics, a particle is well localized in space by which
we mean that the position and velocity (momentum) of the particle can
be simultaneously determined with unlimited accuracy. As seen earlier, a
microparticle is described by a wave function corresponding to the matter
wave associated with it. A wave function, however, depends on the whole
space and hence cannot be localized. A wave function may, however, describe
the dynamical state of the particle if it vanishes everywhere except in the
immediate neighbourhood of the particle or the neighbourhood of the classical
trajectory. In other words, a particle which is localized within a certain region
of space can be described by a matter wave function whose amplitude is large
in that region and zero outside it. Such matter wave will then be localized
around the region of space within which the particle is confined.

A localized wave function is called a wave packet. A wave packet
representing a particle is formed as a result of superposition of a group of
waves each having slightly different velocities and wavelengths, the phases
and amplitudes of waves at any instant of time being so chosen that they
interfere constructively over that small region where the particle is most likely
to be located at that instant and destructively elsewhere so that the amplitude
reduces to zero. This has been illustrated in Figure (2.1).
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Wave packets find application in describing isolated particles
which are confined in a certain region. The concept of wave function is a
mathematical representation of particle-like as well as wave-like behaviours
of microparticles and hence provides a link between quantum mechanics and
classical mechanics.

Amplitude

Vg (Group velocity)

Phase velocity

v
RTIRYE,

Fig. 2.1 Group and Phase Velocity

A one-dimensional wave packet which may describe a classical particle
confined to a one-dimensional region, say, a particle moving along the x-axis
can be mathematically constructed by superposing an infinite number of plane
waves with slightly different wave number £, all moving along the x-axis, by
means of Fourier transforms. The wave, packet thus obtained is represented
by the wave function y(x, #) given by

W 0= = [ o e ax 28)

Where ¢(k) is the amplitude and the frequency o is a function of &,
o = (k) ..(2.9)
Group Velocity of a Wave Packet

Since our interest lies with localized particles, we need such superposition
which leads to a wave group travelling without change of shape. This becomes
possible if (k) is zero for all values of k excepting those within a small range
Ak given by,

(12 ek + 25 ke, -(2.10)



Itis then possible to expand m(k) as a power series in (k— k) about & as, Schrédinger Equation

(k) = o(ky) + (k—ky) (d_(oJ + ... smaller terms
dk ),_,

NOTES
or (k) =, + (k—k) fz_(;c) 211
Where we have written,
(k) = o, .(2.12)
And (d—"’) _do (2.13)
dk ), dk
We then obtain,
1 i o — i —i(k—kg ) 224
X, f) = — [ ok T gk
Vi = = j ok e
1T o — ik x-+ kg x— w0t —i(k—kg ) 21
_ ke OXlox_lo_l_OEdk
N j o(k)
ki +A—k
1 OJ.Q q)(k) ik x—o1) i(kfko)xfi(k—ko)if(:tdk
= e 0 0 e
NN
ko=
or y(x, 1) = &b =D F(x, 1) (2.14)
Wh Flx, f) = — Jow ot 1 dk (2.15)
ere X, )= — e (2.
N
Y(x, 7) given by Equation (2.14) which represents the wave packet is a
plane wave having propagation constant &, angular frequency ®,, propagating
along the x-axis with amplitude F(x, f) which varies with position x and time
t through the term [x - (fl_(l?] t}. Clearly the wave packet propagates with a
velocity called the group velocity given by,
do
= — ..(2.16
Vo= (2.16)
We may note that while the wave packet as a whole moves with group
velocity Vo the individual waves, whose superposition makes the wave packet,
travel with velocity called phase velocity or wave velocity.
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Equality of Group Velocity and Particle Velocity
The group velocity is given by,

= d_m
& dk
or v = do dp .(2.17)
¢ dp dk
Using E=nmo and p=nk we get
L d ® oy (2.18)
h dk
So that v becomes
d (E dE
=2 |2 |p==
v, dp(h) 0 ..(2.19)

Let the wavepacket under consideration represent a freely moving
particle of mass m moving with a non-relativistic velocity v. We then have,

2
E=2_ ..(2.20)
2m
So that aE_p_, (221
dp m
We find form Equations (2.19) and (2.21),
v, =V ..(2.22)

Let us now consider a relativistic particle of rest mass m, moving with
momentum p. We then have the energy E of the particle given by,

E?=nmict + *p?

..(23)
On differentiation with respect to p, the above gives
2 9E 0 p
dp
2 M
2
dE ¢ =2
or % P T T
p
myc? /|1 - v—z
C
or 4 _ (2.24)
dp




In view of Equations (2.19) and (2.24) we find that the wave packets Schrédinger Equation
corresponding to both relativistic as well as non-relativistic particles have
group velocity equal to particle velocity.

TE
2.3 TIME DEPENDENT SCHRODINGER EQUATION NOTES

The wavelength A of the de-Broglie wave associated with a free particle of
mass m moving along the x-axis with momentum p_is given by,

s .(2.25)
Py
The wave-vector £ is related to the wavelength A as,
2n
k== ..(2.26
- (2.26)
From the above two equations, we get,
h  hk
=_—=—=hk (227
Py A 2m ( )

The kinetic energy E of the particle is related to the angular frequency
 of the wave associated with it as,

E=hw ...(2.28)
Further, we have,
2
_ px
E= Y. ...(2.29)

So that Equations (2.27), (2.28) and (2.29) yield,

_E_ p. WKW
® A 2m hW2m  2m

.(2.30)

The wave function y(x, #) which describes the free particle localized
in the region of the x-axis [refer to Equation (2.8)] is given by,

Vi, 1) = j A(k) =90 g (2.31)

Using o given by Equation (2.30), the above becomes,
hi

yix, 1) = TA(k) e{kxz"’t} dk (2.32)

Differentiating Equation (2.32) with respect to time ¢, we get,
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nk?

Y(x,t) _—ih [, l’[’“*zm }
e J.k Ak) e dk .(2.33)

Further, differentiation of Equation (2.32) with respect to x gives,

2
iy

—a"’g’ ) =i+j(: k A(K) ei[ 2 le

The above on differentiation with respect to x gives,

k?

5 +0o il kx———¢
d \Iaf(;@ 2 :J.sz(k)e{ 2 }dk ..(2.34)
X

Multiplying Equation (2.33) by iz we obtain,

REVER S U L]
in = _2mjkA(k)e dk .(2.35)

In view of Equations (2.34) and (2.35) we obtain,

Loy(x, 1) P 9Ry(x, 1)
= ] ..(2.36
MY 2m o (2.36)

Equation (2.36) is the one-dimensional time-dependent Schrédinger
equation for a particle of mass m localized in the region of the x-axis and
described by the wavefunction \y(x, t).

Equation (2.36) can be extended to three dimensions in a straightforward
manner. In three dimensions the wavefunction that describes the state of the
particle is a function of position 7 in space and time ¢. It is obtained by
generalizing Equation (2.8), whence we get,

v, = [[[ 4k e{wzli"t} dk., dk, dk.

= _[”A(k) ei[kxx+kyy+kzzf%(kf+kfy +k3)z} . d, d. L(2.37)

Differentiating Equation (2.37) with respect to ¢ we obtain,

awg, ) _ _% ”f sz(k) ei[kxx+lg‘,y+kzz—%(kf+kf,+kzz)t} k. dky k.

The above gives,



h 2 2 2
.. OY(F, 1) _ e 5 i[kxx+kyy+kzz—ﬁ(kx +hE K )z}
== ” k= A(k) e dk, dk, dk.

Differentiating Equation (2.37) with respect to x we get,

8\1!5? Dif[f auok, Jhrsbrsts g dk. k. dk.,

The above gives on differentiating with respect to x,

x>

We similarly obtain,

9> \If(” t) ijz A(k)e kx+k vk, z——(k2+k2+k2)t} Ik dk dk
x Gy, Ak,

And

az\p(r t) ijz 40 e k x+k,y+k, z——(k2+k2+k2)t} dkx dky dkz

Adding Equations (2.39), (2.40) and (2.41), we get,

i[er+kyy+kzz—l(kf +h2+k2 )z}
- 2m i

2(r, 1) = _H k2 A(k) e dk, k., dk.
Equations (2.38) and (2.42) give,

TGN N
h——"=——V t
h—=, . V(7 1)

2 k x+kyy+k:z—i(kf+kf+kzz)t
a“’(r D_ -[[J= A(k)e[ 2 }dkxdkydkz

.(2.38)

(2.39)

..(2.40)

.(2.41)

(2.42)

.(2.43)

Equation (2.43) is the three-dimensional time-dependent Schrodinger
equation for a free particle described by the wavefunction y(7, t). Equations
(2.36) and (2.43) give the causal development or the time evolution of the
wavefunctions describing the states of one-dimensional and three-dimensional
motions of a free particle, respectively, undisturbed by any measurement.

2.3.1 Operators Corresponding to Energy and Linear Momentum

It is possible to write the one-dimensional Schrodinger equation for a free

particle given by Equation (2.36) as,

L d (N,
(zh 5) y(x,t)= 2m( ih 8x)( ih ax)\u(x, 1)

.(2.44)
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The energy E of the free particle is related to the momentum component
p, as,

11

Comparison of Equations (2.44) and (2.45) allows us to associate
differential operators with the energy £ and the momentum component p ,
which operate on the wavefunction y(x, ?), as,

_ 5 .30
(E),,= E—ih > ...(2.46)
And
A ., 0
() =p —>-ih— ..(2.47)
op ox

Extending the above for the three-dimensional case the operators
associated with the momentum components p , p , p_ are given as,

2
_in 2
P, -1 o
@e—ﬁ% (2.48)
3
_h_
b, =71 oz

In view of the above, the operator corresponding to the linear
momentum vector P is,

1.e.,
p——ihV ...(2.49)
= 29 20 -9
= =t j—tf—|.
[ SF AR &j

2.3.2 Time-Dependent Schrodinger Equation for a Particle Moving
in a Force Field

Let us now consider the particle to be moving in space under the influence
of a force field and not freely. Under such a case, the particle possesses
potential energy besides kinetic energy. Let us consider the potential energy
of'the particle to be a function of position 7 and time ¢. Denoting the potential
energy as V(7, t), we may write the total energy of the particle,

2

=L Ly, ...(2.50)
2m



According to Schrodinger, the operators for 7 and 7 are, respectively, Schrédinger Equation

N

=7 .(2.51)
And P =t (2.52)

Replacing E, p, r and ¢ by their respective operators given by Equations
(2.46), (2.49), (2.50) and (2.51) in Equation (2.50) we obtain,
0 n

i = VA V) .(2.53)

NOTES

Allowing the operator Equation (2.53) to operate on the wave function
(7, 1) describing the state of the particle, we get,

LG N B -
A SUELE Bt £ %
in [m FVE 0 | W 1) (2.54)

Equation (2.54) is the time-dependent Schrodinger equation for a
particle of mass m moving in space in a force field described by the potential
energy function V(7, 1).

2
The operator {zi V2 +V (7, t)} is the operator corresponding to the
m

total energy of the particle or the Hamiltonion of the particle. It is usual to
denote this operator as A so that the Schrodinger Equation (2.54) can be
written in its usual form as,

ih%zﬁl\p(?, ) ..(2.55)

2.3.3 Stationary States

The time-dependent states of a quantum system are the solutions of the general
time-dependent Schrodinger equation,

G T = A
in —Lmvmr,r) G0

— By(3, 1) .(2.56)

the operator H being the Hamiltonian for the system. The solution of the above
equation when H is explicitly dependent on time is generally a difficult task
and is treated most commonly by approximate methods. For the moment, it
will suffice to consider conservative systems, that is, systems for which A
does not depend explicitly on time. If such is the case, the above equation
becomes,
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= 2
G =[ h
ot 2m

V2 + V(F)} (7, 1)] ..(2.57)

Since the operator (ih ai) on the left is independent of coordinates
t

2
while the operator {;i V2 + v(f)} on the right is independent of time, it is
m

reasonable to use, as a trial solution of Equation (2.57), one in the separated

form:

V(7 0) = y(AT (1) .(2.58)
Substituting Equation (2.56) in Equation (2.57) we get,

W(F)ih

32
dz Et) _ {i V() + V(F)\v(F)} T(1)

2m
Dividing throughout by y(7)T (f), we get

L dT@) _ 1
I(ry dr ()

2
{_h Vz\u(F)+V(F)w(F)} ...(2.59)
2m

The left hand side of the above equation is a function of only time
while the right hand side is a function of only coordinates. Hence for the
above equation to hold, each side must be equal to some constant. Taking
this constant as equal to £ we obtain,

ih dT(t) _ _dT() _
(a) 0 0 E or ih 0 ET(t) ...(2.60)
b) — | 2 Vi) + v v | -
()W(f) . v (7 YFE) | =
or vy ) - By @.61)
. \ (2.
Solution of Equation (2.60) is given by,
5= et " (2.62)



Using Equation (2.62) in Equation (2.58) we may write the solution
of the Schrodinger Equation (2.57) as,

—i

V(7 D =y(F)et (2.63)
Equation (2.61) can be written as,
HY(7) = Ey(7) .(2.64)
~ *hz 2 - ﬁz —
Where H=—V +V({F)="——+V() ...(2.65)
2m 2m

ie., H= Operator corresponding to kinetic energy + operator corresponding
to potential energy.

orH = Operator corresponding to the total energy of the system.

Equation (2.64) is the energy eigenvalue equation and the constant is
thus identified as the energy eigenvalue. In general, Equation (2.64) has a
complete set of solutions y (7) such that,

Hy (7)=E v (7) (2.66)

E represent the possible results of energy measurement performed on
the system. Including the time-dependent part, we have the wavefunction of
the system,

vy
v (70 =y @)e" (2.67)
Equation (2.67) gives the time-dependent states of the system.

The probability density, i.e., the probability of finding the particle, with
energy eigenvalue £ within unit volume about the position 7 at the instant
t is given by,

P (7, 0) =y (7 D
* iEnt . ;[Ent
= Ve e

= [y (PP .(2.68)
We find that P (7, ) = constant in time. ...(2.69)

The states described by wavefunction such as y (7, 7) given by Equation
(2.67) for which the probability density is constant in time are called stationary
or steady states of the system.
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Let us now consider an observable 4 for the system whose operator A
does not depend on time explicitly. By definition, the expectation value of
A in the stationary state described by the wavefunction y (7, ) is given by,

(A) = J v () Ay (F Dd (F)

iEn —iEn

jwvnehmmnehfv)

= J v (7) Ay, (r) d*(7) = Constant in time ...(2.70)

We find that the expectation value of an observable, which is not an
explicit function of time, in any stationary state is constant in time.

We know that the equation of continuity for probability is given by

ap(’t D 5.5, 1=0 271

For stationary states, probability density P(7, ) is independent of time

so that apg 1) = 0. Clearly, for stationary states, the current density (7, ),
according to Equation (2.71), satisfies
VG 0=
or
div J(F. H =0 (2.72)

Bound States

Under many physical situations, we come across states of a quantum system
called the bound states. These are essentially stationary states which are
described by wavefunctions which vanish at infinity. Clearly, for bound
states, the probability density also vanishes at infinity.

Superposition States
As we have seen, the particular solutions of Equation (2.57) are of the form,
—iE,

y@E D=y e (2.73)

The general solutions of Equation (2.57) are of the form,

—iE,

VE D= Y a,v,G 0= ay, e ' . (2.74)

n



where a_are constants and, in particular, do not depend on time. The Schrédinger Equation
state of the system described by the wavefunction (7, #) [Equation (2.74)]
is called a superposition state.

The probability density corresponding to the superposition state is

. NOTES
given by,

_iE, |?

Y oy, (e "

n

P, 1) = |y(F# D =

i(E,—E,)

- 2 Z a, a\(F)v, (Fe " .(2.75)

Clearly, P(7, ?) is not independent of time in a superposition state.
Further, the expectation value of an observable 4 in a superposition state is
given by,

(A) = j W * (7 1) AP, d T

i(E, —E,)t

= L2 me jwmv)Aw,,(r)d @ ..(2.76)

As we have seen earlier y ’s are the energy eigenfunctions, i.e., the
eigenfunctions of the Hamiltonian operator H.

If A commuters with . , then y ’s are also the eigenfunctions of A.In
such a case we may write,

i(E, — E)t

@A) = ZZa,,, aye 4, [y, )d )

i(E, —E)t E )t

= Z Z a,a, e A4,96,,

Where § = _[ v, (F)dF) =1, ifm=n

=0, ifmmn

Hence, we obtain,
A= la,l 4, (2.77)

Clearly (4) is constant in time in a superposition state provided A

commutes with H. If A does not commute with I-}, (4) is time-dependent in
general as indicated by Equation (2.76).
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2.4 TIME INDEPENDENT SCHRODINGER
EQUATION

Consider a particle of mans m moving freely in space. Let y(7, ) or y(x, v, z, )
be the wavefunction for the de-Broglie wave associated with the particle at
the location 7 or (x, y, z) at the instant of time z.

In analogy with classical mechanics, the differential equation for the
wavefunction can be written as,

_ 1 0y y,z0)

2y(x, v,z 1) N *y(x, v,z 1) N *y(x, y,z,1) B
ox? ? oz’ u or’

1
2

where u in the wave velocity of the de-Broglie wave. The above
equation can also be written as,

1 Py

2 _
s Vs & 1=
y(x, y, z, 1) " Y
N 1 o*y(7,1)
2 H=— 2 ...(2.78
or Y (7, 1) e (2.78)

The solution of Equation (2.78) in its most general form is given by,
V(7 )=y (F)e'™ ..(2.79)
Where o =21y ...(2.80)

v being the frequency of the wave and y(7) is a time-independent
function and represents the amplitude of the wave at the location 7.

We get from Equation (2.79) an differentiation with respect to time ¢,

— it

—a"’g D - oy e

Differentiating the above equation with respect to time ¢ we get,

az ﬂat =\ —iot
‘gf’; ) o y(F)e (281

Using Equation (2.81) in Equation (2.78) we get,

2

V2y(F, 1) = —‘:—2 v, 1) (2.82)
We have,

w=2ny=2n% ...(2.83)



Where A is the wavelength of the de-Broglie wave. Equation (2.83) Schrodinger Equation
gives,

©_2n

k ...(2.84)
u NOTES
Use of Equation (2.84) in Equation (2.82) gives,
B, 4n
VA 0=~ W)
2. = 4m’ -
or V\If(r,t)‘f—v\jf(l",t):o
2
or VAy(F)e 1+ 4}% y(F)e @ =0
s AT
or \% qf(r)+?\|1(r)=0 ...(2.85)
It v the velocity of the particle, we have,
o b
my
Substituting the above in Equation (2.85) we obtain,
2.2 2
V() + Ty () =0
or m*v? ...(2.86)

Viy(r)+ V(=0

If E be the total energy of the particle and ¥ be its potential energy then
we have the kinetic energy of the particle,

2lrnvz:E— V

So that

mh?=2m (E-V) ..(2.87)
Substituting Equation (2.87) in Equation (2.86) we obtain,
2
VA + -3 (V) w() =0 .(2.88)

Equation (2.88) is the time-independent Schrodinger equation for a
particle of mass m, total energy £ moving in a force field described by the
potential energy function V.

Self-Instructional
Material 43



Schrodinger Equation

44

NOTES

Self-Instructional
Material

For a freely moving particle in space, V' = 0, so that Equation (2.88)
reduces to,

Vzw(f)+2h—’2”Ew(f)=0 ...(2.89)

For one-dimensional motion localized in the region along the x-axis,
Equation (2.88) gives,
d*y(x) 2m

dx* +h_2

Ew(x)=0 .(2.90)

Check Your Progress
1. Define the theory of Schrodinger equation.

2. What are the main assumptions made in the theory of Schrodinger
equation?

When the trajectory of a particle becomes known?
Give the equation for classical wave.

What is a wave packet?

Give equation for group velocity.

What is the kinetic energy E of the particle?

Explain the time-dependent states of a quantum system.

A S RS

According to classical mechanics, give the differential equation for
the wavefunction.

2.5 EHRENFEST’S THEOREM

P. Ehrenfest in 1927 stated, in regard to the correspondence between the
motion of a classical particle and the motion of a wave packet representing
the particle, the following theorem.

The averages or the expectation values of the quantum mechanical
variables satisfy the same equations of motion as the corresponding classical
variables in the corresponding classical description. Specifically the theorem
states that,

d

/
E(@:;(Px)



d _/ dV(x)
dt<p">_< dx>

provided that the wavefunction y(x, #) with respect to which averages
are computed satisfies the time-dependent Schrodinger equation,

2 2
i _a\.;g;, ) B aa 4 V(x)} w(x, 1)
or
a\|l(x Z) ]:] ( )
Proof of Ehrenfest’s Theorem

Consider a particle of mass m moving along the x-axis under the action of a
force-field described by the potential energy V(x) for the particle. If y(x, 7) be
the wave function describing the state of the particle at the instant  we have
the expectation value of the coordinate x of the particle in the state given by,

@=Jwﬂx&wmmk

The time derivative of (x) is,

dx) df
s J& v ¥ (x, 1) xy(x, £)dx .(2.91)
The Schrodinger equation satisfied by y(x, ?) is,
Cy(x,t) [ -n @ |
T { et 0¥ 0 -(2.92)
The above gives,
v(x,t) —i|-n & |
o ;{ °Z +V(x) |y*(x,1) ..(2.93)
Taking complex conjugate of Equatlon (2.93), we get,
oy *(x,t) —i| i 0
—, - {2 °Z +V(x) | y*(x,1) ..(2.94)

Equation (2.91) gives,

oy (x,1)
- =4d
ot *

d(x) _ T Ay * (x, 1)

i 5 xy(x,t)dx + -[o v *(x, )X

—oo
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Using Equations (2.93) and (2.94) in the above, we get,

dxy ¢il-n? &
%:[@ { - V(x)}\u (x, 1) Xy (x, £)dx

+ j v (x, t)x(;ij {hz 8822 +V(x)} y(x, t)dx

Simplifying, we get,

d(x) —ﬂm * P y(x, nH Y (x, 1)
i 2m {x"’ (00— 37— —x¥(x1) —} dv  ..(2.95)
Let,

1= J.xw(x t)—w (x )dx
ox’

—oo

Integrating by parts, we get,

*
I= {xllf(x, ) M} j W r ) a 2wl (2.96)
ox I
For a localized wave packet we have the boundary conditions,
y(x,t)—0 as x —>too
(2,97
W 1) and a"’*(x”)eo as x — Loo ( )
ox ox

Use of conditions given by Equation (2.97) in Equation (2.96), we
obtain,

+oo

I= j Loy (x, )]

—o0

Integrating once again by parts, we get

oy *(x, 1)
ox

I= - f {i Loy (x, O]y * (x, t)}m + T W *(x, 1) Tl [xw(ox, 1)]dx
7 lox fee ox?
Using condition given by Equation (2.97), the above becomes,

2

e P)
I= j V605 e Nl

= j W*(x,t)i[w(x,t)+xm}dx
k ox ox



3 82 3 Schrodinger Equation
_ I s t){ LG RN ATIEY) RCE t)} J
ox ox ox
or
NOTES
n AL INCACR)
Jz_Lw*uJ{z N .(2.98)
Using Equation (2.98) in Equation (2.95) we obtain,
. +oo 2
%?}@ {W(ﬂ wt)zﬂtﬁWM) ”ﬂaw@ﬂ
t 2m - ox ox?
or
d<x> .[ oy, alll(x D
or
d(x) 1 9
p f\v (x, t)(—zha—) w(x, £)dx
or
dx) _ <p">, since (p,) = f Y *(x, 1) p, W(x, )dx
dt m o
or
d(x) 2.99
(py=m—"= ..(2.99)

In the limiting case if the wave packet reduces to a point, i.e., the
particle becomes completely localized, we get,

) =xand {p,) = p, ..(2.100)

so that Equation (2.96) reduces to the classical definition,

dx

p,=m—

.(2.101
” (2.101)

We have the expectation value of p_in the state described by the
wavefunction y(x, ¢) given by,

+ oo . . a
(pe)= £ ¥ (x, 1) (—Zh g] Y (x, t)dx

Taking time derivative of the above we obtain,
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Ap) 3T e o inl
= L\u (e, 0)| i = Jw(x. )ds

or

d<px _ i J oy * (x ) 8w(x D e

—ih J. W (x, (awg; t)] »

Substituting for o * (x. 1) and
in the above we obtain, ot

dip,y . fi|-n & dy(x, 1)
7——1711 { az+V(x)}\|I (6,0) =5 = d

Q| -n o
)8_{2 FYel V(x)}\p(xt)dx

- ¢ [ 9 oy (x, ¢
Z—J.L)2+V(x)}w (x,1) "’;;C ) i

ang 9 from Equations (2.94) and (2.93)
t

#2 te 2
+_jw (x, i{aax—2+V(x)}p(x,t)dx

"o

_n Y0 oyln o) o oy(x, 1)
2m J. R o _[ Vo *(x, 6)——— o dx

—oo —oo

2
2 j v, t)—(a v ”]d - j W) S V(s 0] ds
X
#2 ]T[

[ v o 28D yen L ey ol
Y ox ox

(azw(x, t)]_ Oy *(x,0) Y, t>]dx
ox

ox> ox> ox>

2 e ,)aw(x D) v Pyten Pyt Py
T 2m ox ox ox? ox? ox?

+ J v *(x, t){%} w(x, £)dx



o, Pyxn) 9 [aq;*(x, £) dy(x, t)} oV
4 lax (W () ox? ox ox ox * ox

Using the condition given by Equation (2.97) in the above we find the
first term in the above equation to vanish to yield,

dp,) _ <—a V(x)>
dt ox

The force F'_corresponding to the potential energy function ¥(x) is,

b
* ox

The above two equations give,

Aps) _ oy (2.102)
dt

In the limiting case of the wave packet reducing to a point, i.e., the
particle being completely localized we get,

(p=p, and (F)=F,
and Equation (2.102) in that case takes the form,

_ dp,
* dt

Which is Newton’s second law of motion.

2.6 EIGENFUNCTIONS AND EIGEN VECTORS

A particular class of operators is of primary interest in the mathematical
formulation of quantum theory. These are the so-called linear operators.

Consider an operator 4 defined in a certain domain of definition. Let .
and y, be any two arbitrary functions defined in the domain of definition of A.

If on operating on the sum of the functions y, and y, the operator
A yields the same result as the sum of the operations on the two functions
separately, then 4 is said to be linear operator. Thus, for the operator A to be
linear we must have,

Ay +y) = Ay, + Ay, (2.103)

For linearity of 4 we must also have

A(C\pl) = cAwl
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A(cy,) = cdy, (2.104)

Where ¢ is a number.

The properties of linear operator expressed by the Equations (2.103)
and (2.104) will be useful in later developments of quantum mechanics.

2.6.1 Eigenfunctions and Eigenvalues of a Linear Operator

Consider a linear operator 4 defined in a certain domain of definition. If
is any function defined in the domain of the definition of 4, then in general,
we have,

Ay=06 ..(2.105)

However, for every linear operator A, there exists a set of functions
VY, V..., ¥, such that,

Ay =ay,
Ay, =ay, ..(2.106)
Ay, =ay,

where a , a,, ..., a_are constants with respect to the variables of which

Y s (i=1, ..., n) are functions. The set of functions y , ., ..., ¥ are called
eigenfunctions of the operator 4 and the constanta , a, ..., a are called the
eigenvalues belonging to the eigenfunctions vy, y,, ..., ¥ , respectively.

2.6.2 Eigenvalue Equation
The equation,

Ay =ay. (i=1,2,..n) (2.107)

is called the eigenvalue equation for the operator 4.
2.6.3 Discrete and Continuous Spectra of Eigenvalues of Operators

Consider the differential equation,
i VD)~ ) .(2.108)
dx

where y(x) is an arbitrary function of x, A is a constant (independent
of x) real number and V-1 =+ i.



Equation (2.108) is a special case of the general operator equation, Schrédinger Equation

Ay(x) = ay(x) ..(2.109)
where A4 is an operator and a is a real number. The general solutions

of Equation (2.108) are, NOTES
Yx) =y, (x) =ce™ ..(2.110)

with ¢, as an arbitrary constant. There exists a function \, (x) for each
value of A and each satisfies Equation (2.108).

In a sense then, the set of functions, y, (x) characterizes the operator,

Azii
dx

and are the eigenfunctions or characteristic functions of the operator.
In general, from Equation (2.109), one obtains a set of such characteristic
functions y, for any operator such that,

Ay =ay, (2.111)

We thus find that, in general, an operator possesses a set of eigenfunctions,
each of which is characterized by a number a, through Equation (2.111). As
has been mentioned in the beginning, the numbers a, are the eigenvalues or
characteristic values of the operator 4. The totality of these numbers for a
given operator is called the eigenvalue spectrum of the operator.

The spectrum of eigenvalues of an operator can be discrete, continuous
or discrete-continuous, depending on the form of the operator and possibly on
certain other requirements which may have to be made on the eigenfunctions
for physical reasons.

Example of an Operator with a Continuous Spectrum of Eigenvalues
Consider the operator used in Equation (2.108) 4 | idi
X

The eigenfunctions, as we have seen earlier in the section, are

Y, =ce ™ ..(2.112)

Equation (2.112) defines one eigenfunction for each value of A which
may vary continuously from a minimum to a maximum value. The spectrum
of A is evidently continuous.

Example of an operator with discrete spectrum of eigenvalues:

Let us consider the second order differential equation,

2
d;;x) + Ay(x) = oux) (2.113)

Subject to conditions,
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ax)=0 for0<x<a ..(2.114)

=oco forx<Qandx=a

In Equation (2.113), y(x) is some arbitrary function of the variable x
and A is a constant real number.

In view of the condition o/(x) = oo for x < 0 and x = a, we obtain the
solution of Equation (2.113) in these two regions to be,

Y =0
Clearly,

Yyx)=0 atx=0
And
yx)=0 atx=a

In the region 0 < x < a, Equation (2.113) becomes,

d2
% + () =0

or
2
A G e L(2.115)
dx
The above equation can be identified as the eigenvalue equation,
Ay(x) = My (x) ..(2.116)

Where 4 is the differential operator,
. 2
Al -4 (2.117)
dx?

And A is the eigenvalue of A corresponding to the eigenfunction y(x).

The most general solution of Equation (2.115) is,

W(X) = A sin \/XX + B cos \/XX ...(2.118)

Where 4 and B are constants.
Boundary condition given by Equation (2.116) requires,
Yy(x)=0 atx=0
The above when used in Equation (2.118) yields,

B=0
So that the solution given by Equation (2.118) becomes,
W(x) = A sin VAx .(2.119)



We also have the boundary condition, Schridinger Equation

y(x)=0 atx=a

which when used in Equation (2.119) gives,

NOTES
AsinVAa =0
or sin VAa =0 (-A#0)
or sin YAa = sin nn (n=0,%1,%2, ..)
or VAa = nm
- n’m?

The possible values of A from the above equation are given as,

2 4 2 9 2
T T et (2.120)

a a a

0,

We find the eigenvalues to be discrete. The eigenfunctions belonging
to the possible eigenvalues are,

W(x) = 4 sin +hx = 4 sin (ﬂx) (2.121)

a
2.6.4 Hermitian Operator

The operators which play important role in quantum mechanics can be further
specialized. They are not only linear, they are Hermitian.
Before we define Hermitian operator, we need to define the complex
conjugate of a linear operator 4. Let us suppose,
Ay=¢ ..(2.122)

The operator denoted by A" is called the complex conjugate of the
operator A if, by the action of 4* on the function y*(complex conjugate
of the function ), we get the function ¢ (complex conjugate of the
function ¢), i.e., we get,

Ay =¢' (2.123)

In the domain of definition ¥ in which the operator 4 is defined, let u
and v be two functions subject to identical boundary conditions.

The operator A4 is said to be Hermitian operator if it satisfies the
condition,

J. u” Avdt = J (Au) vt = I A'u'vdr ..(2.124)
v v v
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Alternatively, the Hermitian character of the linear operator 4 is made
through the definition of transpose of the operator 4. The transpose of the
operator 4 is denoted by 4 and is defined according to the relation,

[ vawdr = [ uavyae .(2.125)
The transposed operator A for the operator A~ is, according to Equation
(2.125), given by,

[ v wdr=[u(d vyae +(2.126)

It is usual to denote A as A* (read as A-dagger) and is said to be the
Conjugate to the operator 4. Now the operator A4 is called Hermitian or
self adjoint if,

A=At (2.127)
We may note that in mathematics the terms adjoint, conjugate and
associate operator are used for 4.

Properties of Hermitian Operator

Eigenfunctions and eigenvalues of Hermitian operator possess certain very
general and useful properties.

(i) Eigenvalues of Hermitian Operators are Real Numbers

Proof:

Consider a Hermitian operator 4. Let Yy be an eigenfunction of A belonging
to the eigenvalue a . We then have the eigenvalue equation,

Ay, =ay, (2.128)
Taking complex conjugate of Equation (2.128), we get
A, = aw), ..(2.129)

Multiplying Equation (2.128) by y, from the left and integrating over
the entire domain of definition we obtain,

Jv, Av,d=]w,a,dv = a, [y, du (2.130)
Since 4 is Hermitian we may write Equation (2.130) as,
J‘AWandT — an_[WZWndT (2131)

Multiplying Equation (2.129) by y from the right and integrating over
the entire domain of definition we obtain,

[A .t = [ayy,w,dt = a,[v,y,dt (2.132)



The L.H.S of Equations (2.131) and (2.132) are the same and hence Schrédinger Equation
we get,

a, Jwiw,dt = a, [woy,dt
or NOTES

(a,—a,) [y,p,de =0
Since f\uz\undr # 0, the above gives,
a—-a =0

or a=a ..(2.133)

n n

Thus, the eigenvalues of the Hermitian operator 4 are real.

(i) Any Two Eigenfunctions of a Hermitian Operator that belong to
Different Eigenvalues are Orthogonal.

Proof:

Two arbitrary functions # and v defined in the same domain of definition are
said to be orthogonal to each other if,

[u'var=0 (2.134)
where * indicates complex conjugate and the integration is carried over
the entire domain of definition.

Consider a Hermitian operator 4. Let y and y be two eigenfunctions
of A belonging to eigenvalues a and a , respectively. We then have,

Ay =ay, (2.135)
Ay =a vy, (2.136)
Multiplying Equation (2.135) by y from the left and integrating over
the entire domain of definition, we get,
Jwadv,du=[y,av,du=a,]y, v,d0 (2.137)
Taking complex conjugate of Equation (2.136), we obtain,
Ay =a'y =ay" [since a _ is real] ...(2.138)

Multiplying Equation (2.138) by ¢ _from the right and integrating over
the entire domain of definition, we obtain,

[A,A,dx = a, [y vdn .(2.139)
Since A is Hermitian, Equation (2.139) can be rewritten as,
[waAw,dr = a, v, v,dy (2.140)

From Equations (2.137) and (2.140), we get,
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a, v, dt = a, [yw,de

or

(a,— a,) [wy,dt = 0 (2.141)

Since a, and a are two different eigenvalues,

(@a—-a)m0

and hence Equation (2.141) yields,

Jwaw,de =0 (2.142)

In view of Equation (2.134), we thus find that eigenfunctions of the
Hermitian operator 4 belonging to different eigenvalues are orthogonal to
each other.

2.6.5 Important Theorems on Operators

(i) If two operators have simultaneous eigenfunctions, i.e., if all the
eigenfunctions of two operators are common, then the operators commute
with each other.

Proof:

Consider two operators 4 and B which have simultaneous eigenfunctions.
Let y, be one such eigenfunction of both A and B belonging to eigenvalues
a and b respectively. We then have

A\yn =a\y, ...(2.143)
and i
By =b vy, ...(2.144)
Operating Equation (2.143) by the operator B from the left, we get
B(Ay,) = B(a,y,) = a, By,
Using Equation (2.144) the above becomes,
BAy =aby, (2.145)
Operating Equation (2.144) by the operator 4 from the left, we get,
A(By,) =4y, = b4y,
Using Equation (2.143) in the above we get,
ABvy =bawy (2.145)
Combining Equations (2.145) and (2.146) we obtain,
(AB - BAy =0

and hence we have,



AB-BA=0 ..(2.147)
Thus the operators 4 and B commute with each other.
(ii) Commuting operators have common set of eigenfunctions.
Proof:
Consider two operators 4 and B which commute with each other, i.e., consider
AB=BA ..(2.148)
Let y, be an eigenfunction of A belonging to eigenvalue a. We then
have the eigenvalue equation for 4,

AW,» =ay, ..(2.149)
Operating Equation (2.149) by B from the left we get,
BAy = B(ay)=aBy,
In view of Equation (2.148) the above can be written as,
A(By) =a,(By) (2.150)
We find B\|I to be an eigenfunction of 4 with the same eigenvalue
a.lIf A has only nondegenerate cigenvalue, B\|1 differs from y, only by a
multlphcatlve constant, say b, i.e.,
By =by, ..(2.151)

Clearly, . is also an elgenfunctlon of A. In other words, Y, is a
simultaneous eigenfunction of both 4 as well as B.

(i) If 4 and Bare two Hermitian operators, then their product operator
A Bis Hermitian if and only if A and B commute with each other.

Proof:

Consider two operators 4 and B defined in a certain domain of definition.
Consider two arbitrary functions y and ¢ in the domain in which 4 and Bare
defined. Using the definition of transposed operator we can write,

[w@Bodr = [wA Boyae
= [(Bg) Ayee

= [(Bo) Ay

= [(Ay)Bodt
= [(@BAyar (2.152)

We also have, -
[w(ABypdr = [o(AB )y (2.153)

Schrodinger Equation

NOTES

Self-Instructional
Material

57



Schrodinger Equation

58

NOTES

Self-Instructional
Material

Comparing Equations (2.152) and (2.153) we get,

[0 (AByydr = [0 ABwdr

The above gives,

4B =BA (2.154)
Taking complex conjugate of Equation (2.154), we obtain

(4B) = (B) (AY
or (AB)' = B4 ..(2.155)
Since 4 and B are Hermitian we have,
At=4 and B'=B

and Equation (2.155) thus becomes,

(AB) =BA ..(2.156)

For the operator AB to be Hermitian the condition that must be
satisfied is,
(AB)' = AB (2.157)

In view of Equations (2.156) and (2.157) we find that the product AB
1s Hermitian if,

AB=BA
or AB-BA=0
or [4, é] =0
(iv) If A and B are two non-commuting Hermitian operators then i(AB

- l?/f) is Hermitian.
Consider two Hermitian operators defined in some domain of definition. We
then have,

+

A

R,

B'=B ..(2.158)
Consider the operator C= l'(ffé — éAA). Taking transpose, we obtain,

~

C=i(4B — BA)=iAB —iBA
—iBA —idB .(2.159)
Taking complex conjugate of Equation (2.159), we get
(C) ==i(B) (A)"+i(4) (Biy
= —iB'A" + id* Bt



or Ct=—iBi4" + id' B ..(2.160)
Using Equation (2.158) in Equation (2.160), we get

Ct=—iBA +idB = i(AB — BA) .(2.161)
In view of Equations (2.159) and (2.161), we find
Ct=C

Clearly, C= i(/fé — éﬁ) is Hermitian.
(v) The eigenvalues of the operator (f )’ are equal to the pth power of the
eigenvalues of f, p being any positive integer.

Let g be an eigenfunction of f belonging to the eigenvalue /.. We then have
the eigenvalue equation,

v =fv +(2.162)
Operating Equation (2.162) by f from the left we obtain,
Fhw)=1w) =11,
or
/>y =f>y  [using Equation (2.162)]...(2.163)
Operating Equation (2.163) by f from the left we get,
S =112, =1,
or
/W =f*  [using Equation (2.162)] ...(2.164)
Generalizing the above procedure we obtain,
frw, =1,
Example 1: Find the eigenvalues of the inverse of an operator.

Solution: Let 4 be an operator and 4 ! be the inverse of the operator 4. We
then have,

A1d=1 (1)

Let y be an eigenfunction of 4 belonging to the eigenvalue a. We then
have,

Ay = ay ..(ii)
Operating Equation (ii) by 4! from the left we get,
A Ay=ad'y ...(iii)

Using Equation (i) we get,
A Ay =y (iv)
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In view of Equations (iii) and (iv) we obtain,
ad'y=y
or

A=ty

Clearly, the eigenvalue of A is al which is the reciprocal of the
eigenvalue of 4.

2.7 PROBABILITY DENSITY

Schrodinger wavefunction y(x, ¢) or W(7, ) is the amplitude of the de-Broglie
wave for a particle. A rough interpretation of the wavefunction is that the
particle is most likely to be found in those regions of space in which y(x, ¢)
(in one dimension) or (7, #) (in three-dimensions) is large.

The wavefunction y(x, ) or Wy(7, t) being a complex valued function of
position and time cannot as such have any physical existence. However, the
wavefunction must, in some way, be related to the presence of the particle
at the position x or 7 at the instant of time ¢. Furthermore, the behaviour of
the particle should become completely known if the wavefunction is known
at all possible positions at all possible instants of time.

(a) Max Born and Jordan’s Probabilistic Interpretation. Max Born
and Jordan in 1926 gave a probabilistic interpretation of the wave function
which is characteristic of and fundamental to the Schrodinger theory. This
interpretation of the wavefunction is found to be both convenient and
physically transparent enabling us to make precise computations regarding
the behaviour of the particle. According to Max Born and Jordan, the
wavefunction describes the probability distribution of the particle in space and
time as follows. If we try to locate the particle through a measurement of its
position at a given instant of time ¢, the probability of finding the particle in a
small region of volume d*(7) containing the position 7 in space is given by,

P(7,0) d(7) = ¥ (7 0) W(7, 1) d*(7)

=W (7 O & (7) ..(2.165)
where y*(7, £) is the complex conjugate of W(7, 7).

The probability density is thus proportional to the square modulus of
the wavefunction.

(b) The Schrodinger Wavefunction: It is a complex valued function
of position and time which satisfies the linear Schrodinger equation [Equation
(2.117) in one dimension and Equation (2.123) in three-dimensions].



Every definite wavefunction describes a definite state of motion of the Schrédinger Equation
particle.

It is important to note that if y(7, 7) is a possible wavefunction then
v (7, 1) = e®y(7, 1) is also a possible wavefunction if 0 is an arbitrary real
constant. The probability distribution defined by y and y are exactly identical
[1w (7, 0P @(F) = e® (7, P d*(7) = [W(F, O d*(7)]. This means that two
wavefunctions \y and ¢ describe the same state of motion of the particle.

NOTES

From the above we find:

to every wavefunction there corresponds a unique state of motion of
the particle. However, a given state of motion of the particle does not
correspond to a unique wavefunction. The wavefunction corresponding
to a given state is known only to within a constant complex factor
(phase factor) of modulus unity.

2.7.1 Normalized Wave Function

If the motion of the particle takes place in a space of finite extent then the
total probability P of finding the particle in that space is unity, i.e.,

P=1
or j P, 1) d*(F) =1
or IW 7,0y, 1) d(F) =1

or jw(f, HE PG =1 .(2.166)

The wave functions which satisfy Equation (2.166) are called
normalized wavefunctions. Equation (2.166) is usually referred to as the
normalization integral.

Normalization of wavefunction can be understood from the following:

The Schrodinger equation given by Equation (2.123) is linear and
homogeneous in the wavefunction y(7, #) and its derivatives. Hence, if the
solution of Equation (2.123) is multiplied by a constant the resulting function
is also a solution. Let v (7, ?) be a solution of the Schrodinger equation. We
know from the discussions in the earlier section that |y (7, 7)|* is a positive
real number and hence its integral over the entire space is also a real positive
number. We may hence write,

[lv@.of @ @)=n (2.167)
The number N is called the norm of the wavefunction y (7, 7).
Let us define,

y(7, 1) =le (7 0 ..(2.168)
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Since y(7, ?) is different from y (7, ¢) only by the multiplicative
constant % it is also a possible function which satisfies the Schrodinger
equation.

We get,

JlvG.0F 0= [ 1w E0P &)
In view of Equation (2.167), the above gives,

[lv@, o & =1 (2.169)

The wave function (7, 7) satisfies Equation (2.166) and is hence a
normalized wavefunction. Comparing Equation (2.169) with Equation (2.167)
we find that the norm of the wavefunction y(7, f) is unity.

We can thus define a normalized wavefunction as one which has unit
norm.

In Equation (2.168), through which normalized wavefunction is defined,
N must be finite. In other words, normalizable wavefunctions must have finite
norms. For N and hence N? to be finite we get according to Equation (2.167),

(7, O >0 as r— foo
or W’(_;f), =0 as r—ztoo ...(2.170)
Equation (2.170) is the boundary condition that must be satisfied by
normalizable wavefunctions.

2.7.2 Probability Current Density

The wave function y(7, ) which describes the state of motion of a particle of
mass m moving under a force field described by the potential energy function
V(7, t) [assumed real] satisfies the time dependent Schrodinger equation,

L ou(FE, ) | R - _
m%):{ﬁ V2 4 V(r,t)} v, 1) (2.171)

Taking complex conjugate of Equation (2.171) we get

* = 2
—ih G {h V2 + V(7 t)}p*(?, 1) (2.172)
ot 2m

Multiplying Equation (2.171) by y*(, £) from the left, and Equation
(2.172) by W(7, ) from the left and subtracting we obtain,

, 0 oy*| —n?
Zh[w*a—\%w%}ﬁ[w*ww—wzw*]



.0 —n’
or zha—[w*w]=—[w*V2w—\uV2w*1
t 2m

or ai[w*whﬂ[w*vzwwvzw*] ..(2.173)
t 2m

Writing the Laplacian operator A? in terms of derivatives we get
according to Equation (2.173),

. 4 ih | 4 o™y Ay Loy dy* Pyt Py
—_ - + * + — — —
¥ V=, [‘“ P VI S A A
0 ih o oy* aw} ih 0| oy* oy
or ~ ry* __ v s SRR T B i SEENERNPE T o
ot A 2m Bx[ ox ox | 2m dy dy v dy
ﬂi[ y* *a_\q ..(2.174)
2m 0z oz v oz
Let us define,
n oy* oV |
J =y Ty X (2175
Y 2m v ox v ox | ( )
| oy* oy |
J= Ty Sy S (2176
oV YV ( )
in [ oy* oy |
= —|y—-y*r— (2.1
° 2m _‘I’ oz v 0z | @.177)

Then using Equations (2.175), (2.176) and (2.177) in Equation (2.174)
we obtain,

. oJ, dJ, aJ,
— 424 —21=0 (2.1
a? "’]{ax PP @.178)
Equation (2.178) can alternatively be expressed as,
o001+ ¥ I =0 (2.179)
- h = _
Where J(F )= 2’—m [yVy* —y* Vy] ..(2.180)
PR, 1) = vy (2.181)
We have the well known equation of continuity in fluid dynamics,
o < -
Liv.i=0
vl ..(2.182)

Where
p = Number of fluid particles per unit volume or particle density
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J = The number of fluid particles that cross unit area in unit time in
a direction perpendicular to the area, and is called the current
density.

Comparing Equation (2.179) with Equation (2.182) we may interpret
p(7, 1) = W™y as the position probability density so that ™y d3(7) is the
probability of finding the particle in the volume element d°(7) about the
point 7 at the instant ¢.

and
7 (7,0 = Probability current density.
2.7.3 Normalization Integral, a Constant of Motion

Integrating Equation (2.173) over the entire volume of space we get,
iT\lf*\lfaf(f) =ﬂ+f[w* Viy - yViy*d ()
ot 4 2m
or ij*wdsm =i+fv(w* Yy - yVy*) & ()
ot 2m 4

or aij"’*"’f(fﬁﬂ{\v*?ww?w*}f: (2.183)
t 2m

In most of the physical problems, the wave packet representing a
particle is localized so that we get, (as seen earlier, Equation (2.174)),

v—0 and Yy =0 asr— teo
Using the above result in Equation (2.183) we obtain,
O [\ s 3
= Jurvd'®=o
Which gives,

J\u *wd’(7) = Constant in time, i.e., constant of motion.

The above result is referred to as the conservation of probability. The
result holds as long as the particle under consideration is stable and does not
undergo any kind of decay or does not annihilate or disappear due to some
reason.

2.7.4 Expectation Value of a Physical Quantity

Let us consider a particle in a definite state described by the normalized
wavefunction y(7, ¢). Let us make a large number of observations
(measurement) of the position vector 7 of the particle. We know that each
observation causes the wave function to undergo some change. Let us suppose
that we have at our disposal some technique to bring the wavefunction to the



original form before any observation is made. Even if we ensure that before Schrédinger Equation
any measurement the wavefunction is restored to its original form, we do not

get the same result each time. The average of the values obtained in these

measurements is called the measured value or the expectation value and is

denoted as (7). Since Wy*(7, 1) W(7, ) represents the probability with which NOTES

the value 7 occurs in the measurement we get,

G3=J}w*wd%ﬂ=Jw*ﬁwF@) ..(2.184)
If the wave function Y(7, #) is not normalized the expectation value
of 7 is given by,

iy @)

B % 307
Jurwa @ (2.185)

Generalizing, the expectation value of any quantity f(7), which is a
function of 7, in the state described by the normalized wavefunction y(7, ¢)
may be written as,

(7

(fF) = JP(F, 0 f(F)d(7)

or (f(7)>=J.\|f*(7, 1 fF) W, 1) d(F) ...(2.186)
Expectation Value of Total Energy E of a Particle

Consider a particle of mass m moving in space under the action of a force
field described by the potential energy function V (7, t). Let W(7, ¢) be the
normalized wavefunction that describes the state of the particle. The time
evolution of the wavefunction is given by the Schrédinger equation,

L OWED |0 oo
ih > —{2’” Vo+V(F, t) |7, t)

Multiplying the above by y*(7, #) from the left and integrating over
the entire space we get,

_[w *(7, 1) il WD s () = j v * (7, 1) [i V24V (F, t):| v, 1) d (7)
ot 2m

orqu *(7, 1) [ih %} v, ) d° (7F)= jw *(7, 1) L—’Z Vz} w7, 1) d° (F)
+ JW * (7, 0) V7, Oy (7, 1) d° (F)

Using the definition of expectation value given above we obtain,

<ihi>= ivz +(V(#, 1)) (2.187)
= o , (2.
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In view of Equation (2.126) and Equation (2.129), Equation (2.187)
gives,

<E>=<%>+(V). ..(2.188)

Classically, the total energy is,

2
E = Kinetic energy + Potential energy g—m +V
Equation (2.188) tells that the expectation value of the total energy is the
sum of the expectation values of the kinetic energy and the potential energy.

General Result

From the above discussions, we get the following important recipe for the
calculation of expectation values of physical quantities for a system in a state
described by a known wave function.

Let 4 be any dynamical variable of a quantum system. Let the system
be in a given state described by normalized wave function W(7, 7). If 4 be
operator corresponding to the quantity 4 in the domain of definition of the
wave function then the expectation values of 4 is

()= [v'E Ay 0 d*7)

Since the above integration in carried over the entire space, (4) is, in
general, a function of time only.

2.7.5 Acceptable Wave Functions for a Physical System

The dynamical state of a physical system, say, a particle moving in space, is
defined by the wavefunction (7, ¢) which is a complex valued function of
position 7 in space and time ¢.

The quantity y'(r, £) W(7, H)d* (7), i.c., the quantity ‘\p(", t)‘2d3 7
gives the probability of finding the particle within a volume element d*(7)
about the position 7. In other words, |y(7, t)‘2 is the probability density, i.e.,
the probality of finding the particle within a unit volume about the position 7
at the time ¢. This probabilistic interpretation of the wavefunction necessitates
some conditions that must be satisfied by it for its physical acceptability.
These conditions are:

(1) Wavefunction must be finite at all positions at all instants of time. This
requirement stems from the fact that ‘w(?, 1) ‘2 d? (7) must lie between
0and 1.

(i1) Wavefunction must be single valued at any position at all instants of
time. This requirement of single valuedness arises from the fact that
at any given position, the wavefunction must be unique so that the



probability density at the position be uniquely defined at all instants Schrédinger Equation
of time.

(iii) Wavefunction y(7, #) must be a continuous function of position 7 and
time ¢. Further, the gradient of the wavefunction ellf(_r), t) should be
continuous at all points in space. These requirements follow from the
fact that the probability current density (7, £), which is intimately
related to the probabilistic interpretation, is defined through (7, ¢)
and %)\Il(_r), f). The Schrodinger equation satisfied by the wavefunction
contains the term 2y which can exist provided ﬁ)w is a continuous
function at all points in space.

NOTES

(iv) The wavefunction must be quadratically integrable, i.e., we must have,

+ o0
f v * (7, £) W7, 0)d* () = a finite quantity
If the above condition is satisfied then we may define a normalized
wavefunction that corresponds to a total probability equal to unity.

Check Your Progress

10. What are the averages or the expectation values of the quantum
mechanical variables that satisfy the same equations of motion as
the corresponding classical variables?

11. What is linear operator?

12. What are the eigenfunctions and eigenvalues of a linear operator?
13. Explain the spectrum of eigenvalues of an operator.

14. When the operator 4 is said to be Hermitian operator?

15. Define the Schrodinger wavefunction as the amplitude of the de-
Broglie wave for a particle.

16. Explain the wavefunction that describes the probability distribution
according to Max Born and Jordan.

17. What is normalized wave function?

2.8 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The theory of Schrodinger equation was formulated by Erwin
Schrodinger in the year 1926. His formulation is based on de-Broglie’s
concept of matter-wave. The theory aims at setting up a differential
equation (wave equation) for a wavefunction that can describe the
detailed behaviour of matter wave.
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2. The main assumptions made in the theory of Schrodinger equation are:
(1) Creation and destruction of material particles do not take place.

(i1) All material particles move with small velocities so that they can
be treated non-relativistically.

3. The trajectory of a particle becomes known if the coordinate and
momentum of the particle are known at every moment of time. In other
words, the trajectory is known if x and % are known at all time 7.

4. aclassical wave possesses a characteristic frequency (), a wavelength

(M) and the phase velocity (vp) related according to,
v, = VA (= w/k)

5. A localized wave function is called a wave packet. A wave packet
representing a particle is formed as a result of superposition of a group
of waves each having slightly different velocities and wavelengths,
the phases and amplitudes of waves at any instant of time being so
chosen that they interfere constructively over that small region where
the particle is most likely to be located at that instant and destructively
elsewhere so that the amplitude reduces to zero.

6. The group velocity is given by,

, — dodp
¢ dp dk
7. The kinetic energy E of the particle is related to the angular frequency
o of the wave associated with it as,

or

E=nmnm

8. The time-dependent states of a quantum system are the solutions of
the general time-dependent Schrodinger equation,

wE D _[n oy
7 ACLOA B U v 7
= [ 2V HVED YD)

= Hy(7, 1)

the operator H being the Hamiltonian for the system.



9. In analogy with classical mechanics, the differential equation for the
wavefunction can be written as,

_ 1 2yyz

*y(x, y,2, ) N *y(x, y,2, 1) N *y(x, y,z, 1) B
ox? oy’ 0z* u or’

1
2
where u in the wave velocity of the de-Broglie wave.

10. The averages or the expectation values of the quantum mechanical
variables satisfy the same equations of motion as the corresponding
classical variables in the corresponding classical description.
Specifically the theorem states that,

d /
E<x>=;<px>

d, | ar)

provided that the wavefunction y(x, ¢) with respect to which averages
are computed satisfies the time-dependent Schrodinger equation,

L oy(x,0) | B 97
lhT:|:ﬁa7+ V(x) \|I(x,t)

11. If on operating on the sum of the functions y, and , the operator 4
yields the same result as the sum of the operations on the two functions
separately, then 4 is said to be linear operator.

12. Consider a linear operator 4 defined in a certain domain of definition.
If v is any function defined in the domain of the definition of A, then
in general, we have,

Ay=¢

However, for every linear operator 4, there exists a set of functions v,
Y,,..., W, such that,

Ay, =ay,
Ay, =ay,
Ay, =ay,

where a, a,, ..., a are constants with respect to the variables of which
y’s (i=1, ..., n) are functions. The set of functions y , y,, ..., y are
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13.

called eigenfunctions of the operator A and the constant a,a, ..,a
are called the eigenvalues belonging to the eigenfunctions y,, v, ...,
y , respectively.

The spectrum of eigenvalues of an operator can be discrete, continuous
or discrete-continuous, depending on the form of the operator and
possibly on certain other requirements which may have to be made on
the eigenfunctions for physical reasons.

14. The operator 4 is said to be Hermitian operator if it satisfies the

15.

condition,
I u' Avdt = J (;lu)* vdt = J Au'vdr
Vv Vv Vv
Schrodinger wavefunction y(x, 7) or W(7, ) is the amplitude of the de-
Broglie wave for a particle. A rough interpretation of the wavefunction
is that the particle is most likely to be found in those regions of space
in which y(x, 7) (in one dimension) or Y(7, f) (in three-dimensions) is

large.
16. Kggc%rding to Max Born and Jordan, the wavefunction describes the

probability distribution of the particle in space and time as follows. If
we try to locate the particle through a measurement of its position at a
given instant of time 7, the probability of finding the particle in a small
region of volume d*(7) containing the position 7 in space is given by,
P(F. 1) d'(7) = V" (7. ) y(F. 1) d'(7)
= (7 OF &°(7)
where y*(7, 1) is the complex conjugate of W(7, 7).

17. If the motion of the particle takes place in a space of finite extent then

the total probability P of finding the particle in that space is unity, i.e.,
P=1

2.9

SUMMARY

* The theory of Schrodinger equation was formulated by Erwin
Schrddinger in the year 1926. His formulation is based on de-Broglie’s
concept of matter wave. The theory aims at setting up a differential
equation (wave equation) for a wavefunction that can describe the
detailed behaviour of matter wave.

* The main assumptions made in the theory of Schrédinger equation are:
(1) Creation and destruction of material particles do not take place.

(i1) All material particles move with small velocities so that they can
be treated non-relativistically.



» The Schrodinger equation for a free non-relativistic particle may be Schrédinger Equation
arrived at by making straightforward uses of the new concepts that
have been obtained in the domain of microscopic particles.

* The trajectory of a particle becomes known if the coordinate and NOTES
momentum of the particle are known at every moment of time. In
other words, the trajectory is known if x and % are known at all
time 7.

* According to Heisenberg’s uncertainty relation, a microparticle cannot
simultaneously possess a definite coordinate, say, x and a definite
projection of momentum p . Thus, the concept of trajectory of a
microparticle, strictly speaking, is not applicable.

* A microparticle is fundamentally different form a classical corpuscle
primarily because (1) it does not have a trajectory which is an essential
attribute of a classical corpuscle, (ii) the use of coordinate, momentum,
angular momentum, energy when considering microparticle become
restricted to the framework of uncertainty relations.

* Aclassical wave possesses a characteristic frequency (v), a wavelength
(M) and the phase velocity (vp) related according to,

v, = VA (= w/k)

» The wave associated with a microparticle is of infinite extent because
according to Heisenberg’s uncertainty principle, the position of the
particle becomes completely unknown if its momentum is taken to be
well defined.

* In classical physics, a particle is well localized in space by which we
mean that the position and velocity (momentum) of the particle can
be simultaneously determined with unlimited accuracy.

* A localized wave function is called a wave packet. A wave packet
representing a particle is formed as a result of superposition of a group
of waves each having slightly different velocities and wavelengths,
the phases and amplitudes of waves at any instant of time being so
chosen that they interfere constructively over that small region where
the particle is most likely to be located at that instant and destructively
elsewhere so that the amplitude reduces to zero.

* A one-dimensional wave packet which may describe a classical particle
confined to a one-dimensional region, say, a particle moving along the
x-axis can be mathematically constructed by superposing an infinite
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number of plane waves with slightly different wave number £, all
moving along the x-axis, by means of Fourier transforms.

The wavelength A of the de-Broglie wave associated with a free particle
of mass m moving along the x-axis with momentum p_is given by,

o b

Py
The operators which play important role in quantum mechanics can
be further specialized. They are not only linear, they are Hermitian.

Two arbitrary functions © and v defined in the same domain of definition
are said to be orthogonal to each other if,

futkvdr =0

where * indicates complex conjugate and the integration is carried over
the entire domain of definition.

(1) If two operators have simultaneous eigenfunctions, i.e., if all the
eigenfunctions of two operators are common, then the operators
commute with each other.

Consider two operators 4 and B which have simultaneous
eigenfunctions. Let y be one such eigenfunction of both A and B
belonging to eigenvalues a and b, respectively.

If A and Bare two Hermitian operators, then their product operator 4 B
is Hermitian if and only if 4 and B commute with each other.

If 4 and B are two non-commuting Hermitian operators then i(AY? —
é/f) is Hermitian.

The eigenvalues of the operator (f ) are equal to the pth power of the
eigenvalues of f, p being any positive integer.

Schrodinger wavefunction y(x, 7) or W(7, ) is the amplitude of the de-
Broglie wave for a particle. A rough interpretation of the wavefunction
is that the particle is most likely to be found in those regions of space
in which y(x, ) (in one dimension) or Y(7, ) (in three-dimensions) is
large.

The wavefunction y(x, ¢) or Wy(7, ¢) being a complex valued function of
position and time cannot as such have any physical existence. However,
the wavefunction must, in some way, be related to the presence of the
particle at the position x or 7 at the instant of time 7.



* Max Born and Jordan in 1926 gave a probabilistic interpretation of Schridinger Equation
the wave function which is characteristic of and fundamental to the
Schrodinger theory.

* According to Max Born and Jordan, the wavefunction describes the NOTES
probability distribution of the particle in space and time as follows. If
we try to locate the particle through a measurement of its position at a
given instant of time ¢, the probability of finding the particle in a small
region of volume d*(7) containing the position 7 in space is given by,

P(F, 1) () =" (7, ) V(7. 0) d*(7)
=@ 0 & (7F)
where y*(7, ?) is the complex conjugate of W(7, 7).

* The probability density is thus proportional to the square modulus of
the wavefunction.

* Every definite wavefunction describes a definite state of motion of the
particle.

» If (7, ¢) is a possible wavefunction then y (7, 1) = €°y(7, ?) is
also a possible wavefunction if 6 is an arbitrary real constant. The
probability distribution defined by y and y are exactly identical
Loy (7, OF d(F) = |e*W(F, OF &) = [W(F, HF d*(7)]. This means
that two wavefunctions y and y describe the same state of motion
of the particle.

« If the motion of the particle takes place in a space of finite extent then
the total probability P of finding the particle in that space is unity, i.e.,

P=1
» The wave function (7%, t) which describes the state of motion of a
particle of mass m moving under a force field described by the potential
energy function V(7, ¢) [assumed real] satisfies the time dependent
Schrédinger equation,

- 2
5 QWD _ {i

Py . V? + V(7 t)} V(7 1)

» The dynamical state of a physical system, say, a particle moving in
space, is defined by the wavefunction y(7, £) which is a complex valued
function of position 7 in space and time ¢.

« The quantity y*(r, /) W(7, H)d? (7), i.e., the quantity \ V(7 ?) ‘2d3 7)
gives the probability of finding the particle within a volume element
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d*(7) about the position 7. In other words,

V(7 1) \2 is the probability
density, i.e., the probality of finding the particle within a unit volume
about the position 7 at the time .

» Wavefunction must be finite at all positions at all instants of time. This
requirement stems from the fact that ’ (7, 1) ‘Zd 3 (7) must lie between
0 and 1.

» Wavefunction must be single valued at any position at all instants of
time. This requirement of single valuedness arises from the fact that
at any given position, the wavefunction must be unique so that the
probability density at the position be uniquely defined at all instants

of time.
» Wavefunction y(7, ) must be a continuous function of position 7 and

time ¢. Further, the gradient of the wavefunction ﬁ)\y(?, ?) should be
continuous at all points in space.

» The wavefunction must be quadratically integrable, i.e., we must have,
+ oo
j v * (7, 1) W(F, H)d* (7) = a finite quantity

« If the above condition is satisfied then we may define a normalized
wavefunction that corresponds to a total probability equal to unity.

2.10 KEY WORDS

* Schrodinger equation: The theory of Schrodinger equation was
formulated by Erwin Schrodinger in the year 1926, the formulation is
based on de-Broglie’s concept of matter wave.

* Wave packet: A localized wave function is called a wave packet.
* Bound states: The probability density vanishes at infinity.

* Probability density: For Schrodinger wavefunction the probability
density is proportional to the square modulus of the wavefunction.

* Schrodinger wavefunction: It is a complex valued function of
position and time which satisfies the linear Schrodinger equation in
one dimension.
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2.11 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions NOTES

. What is Schrédinger equation?

. Define the term wave packet and group velocity.

. Explain the term dependent Schrédinger equation.
. What is linear momentum?

. Define about independent Schrédinger equation.

. What dose Ehrenfest’s theorem state?

Explain the terms eigenfunction and eigen vectors.

What is Hermitian operator?

© 0 NN L AW N~

Explain probability density function.

[S—
=]

. What is normalized wave function?

11. What is the expectation value of a physical quantity?

Long Answer Questions
1. Briefly discuss the theory of Schrédinger equation giving the
assumptions.
2. Explain the dynamical state of a microparticle concept of wave function.

3. Discuss wave packet with reference to classical physics. Also explain
about the group velocity for wave packet.

4. Explain the time dependent Schrédinger equation giving relevant
equations.

5. Explain the operators that correspond to energy and linear momentum.

6. Derive the time-dependent Schrodinger equation for a particle moving
in a force field.

7. What is the significance of time independent Schrodinger equation?
8. Explain and prove the Ehrenfest’s theorem.

9. Discuss the properties and characteristic equations for eigenfunction
and eigen vectors.

10. Prove that the linear operators are of prime interest in the mathematical
formulation of quantum theory. Justify your answer.

11. Explain the significance of Hermitian operator.
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12. Briefly explain the probability density for the Schrodinger wavefunction.

13. Explain the Max Born and Jordan’s probabilistic interpretation of the
wave function for the Schrodinger theory.

14. Give the standard equations for calculating the probability current
density that satisfies the time dependent Schrodinger equation.
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3.0 INTRODUCTION

Oscillations are found throughout nature as electromagnetic waves, vibrating
molecules, and the gentle back-and-forth sway of a tree branch. A simple
harmonic oscillator is a particle or system that undergoes harmonic motion
about an equilibrium position, such as an object with mass vibrating on a
spring.

A linear harmonic oscillator is a particle which is bound to an
equilibrium position by a force which is proportional to the displacement from
that position. The quantum harmonic oscillator is the quantum-mechanical
analog of the classical harmonic oscillator. Because an arbitrary potential can
usually be approximated as a harmonic potential at the vicinity of a stable
equilibrium point, it is one of the most important model systems in quantum
mechanics. The allowed energy in quantum mechanics is not continuous but
discrete (step-like). Such discrete energies are called the eigenvalues and the
corresponding states are called the eigenstates.

In this unit, you will study about the oscillating systems using quantum
mechanics, one dimensional problems, linear harmonic oscillator and tunnel
effect.
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3.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the oscillating systems using quantum mechanics
e Calculate one dimensional problems

e Explain linear harmonic oscillator and tunnel effect

3.2 ONE DIMENSIONAL MOTION

Consider a particle of mass m having a total energy £ moving in a one-
dimensional potential V(x). The state of the particle described by the
wavefunction y(x) satisfies the time-independent Schrodinger equation,
d*y(x) 2m
ot B V01w =0 (3.1
The solutions of the above equation give the energy eigenfunctions
y (x) belonging to different energy eigenvalues £, for the particle.

Equation (3.1) can be solved exactly only when (i) the potential function
V(x) is stated explicitly and (ii) the boundary conditions imposed on the
system, i.e., on the wavefunction y(x) are known exactly.

The nature of the states of the particle is determined completely by
the energy of the particle and the nature of the potential function V(x). We
encounter the following results with respect to the energy eigenvalues and
states:

(1) The eigenvalues form a discrete-spectrum corresponding to bound
states.

(i1) The eigenvalues form a continuous spectrum corresponding to unbound
states.

(ii1) The eigenvalues form a mixed spectrum consisting of a discrete
spectrum for some range of energy £ and a continuous spectrum outside
that range.

In the sections to follow we shall illustrate the above results by considering
some important problems of one-dimensional motion.

The important properties of one-dimensional motion that we find are:

(1) In case of bound states, the energy spectrum is not only discrete but is
non-degenerate also.

(i1) The eignfunction y (x) for a bound state has ‘n’ number of nodes if
the ground state corresponds to n = 0 and (n — 1) number of nodes if
the ground state corresponds to n = 1.



3.3 LINEAR HARMONIC OSCILLATOR AND
TUNNEL EFFECT

Consider a particle of mass m undergoing simple harmonic oscillation along

the X-axis with a fr'equen(':y Yy (angular frequency o, = 2z, ). If X, 1s'the

amplitude of the oscillator, its displacement x from the mean or the equilibrium

position varies with time according to,

X =X, sin o ...(3.2)

The force constant k& (restoring force acting on the particle per unit
displacement) is related to the frequency o, as

k=moy ..(3.3)

The kinetic energy of the oscillator is,

2
1 d. 1
T=—-m = =—m x; ®p C0s” Oyt
2 dt 2
= %m og x5 (1—sin” ®yt)
1
or T= S of (xg —x%) ..(3.4)

The potential energy of the oscillator is,
V(x) = %kﬁ:%mmg > .(3.5)
We may note that the potential energy of the oscillator is not a constant
and instead varies parabolically with the displacement x of the oscillator.
The total energy E of the oscillator is,
E=T+V
Using the expressions for 7 and V' given respectively by Equations
(3.4) and (3.5) we obtain,
E- %mw(z) 2 .(3.6)

We find for an oscillator of given frequency and given amplitude the
total energy to be a constant.

3.3.1 Time-Independent Schrodinger Equation for An Oscillator

Let y(x) represent the time-independent wave function which describes the
state of the oscillator at some given instant of time. y(x) then satisfies the
time-independent Schrédinger equation,

d’ 2
%wth—l?[E—V(x)] y(x)=0 (3.7)
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One Dimensional Problem Using the expression for V(x) given by Equation (3.5), Equation (3.6)
becomes,

2
dLg)c)+2—I?[Elmm§ xZ}w(x)=0 .(38)
NOTES o 2

For the convenience of solving Equation (3.8), we define a new variable
y and a new parameter A as,

1
y= (’"}‘:OJZX .(3.9)
and
a=2E .(3.10)
ho,

In view of the definition of the variable y in terms of the variable x, we
may consider the wave function for the oscillator to be a function of y and
write the wave function as y(y).

Now,
dy(x) _dy(y) dy _(me, )" dy(y)
dx dy dx 7 dy . .
[using Equation (3.9)]
and
Py(x)_ d dy(x) _ d |(mo, )" dy()
d> dx dx  dx h dy
1
_[mw, 2 d [dy(y))dy
n dx\ dy )dx
2 2
or TYx) _ mdy d¥() L1

dx? h dy?
Using Equations (3.9), (3.10) and (3.11) in Equation (3.8) we get,

mo, dy(y) |[2m . 2m 1 5
ZE-Sx— =0
n a2 +|:h2 7 ><2m(00 mmOJ’i|‘If(y)
dy(G) |28,
_ =0

or e + o, Y vy)
2

or dLgyh[x_yz]w):o (3.12)
dy

Equation (3.12) is the time independent Schrodinger equation for the

oscillator.

The solution of Equation (3.12) yields y(y) and hence the wave function
Y(x) for the oscillator.
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3.3.2 Solution of the Wave Equation One Dimensional Problem

Asymptotic Solution
Asymptotic solution of the wave equation is the solution of Equation (3.12) NOTES
in the limit y — oo or x — oo, In this limit,
A—y? —y?
so that Equation (3.12) reduces to

2
D Py =0

d
or ;gﬂ ) (3.13)
The general solution of Equatlon (3.13) may be taken as,

*)’

V() =e > and y(y) =

i.e., as
yy)=-e 2 ..(3.14)
The above can be easily seen. We get from Equation (3.14),
2P £ 2
dw(y)ziye_ 2 , d W(y):(y2+1)e 2 =y2 e 2 =y2\|f(y)

dy dy*

because y is being considered large tending to infinity. One of the

2
asymptotic solutions namely y(y) = ¢ 2 isnot physically acceptable because
it diverges as |y| and hence |x| — oo. We thus have the asymptotic solution
for the oscillator,

7
y(y)=e 2 ...(3.15)
In terms of the variable x, the asymptotic solution can be expressed as,
yx)=e 2" ..(3.16)

Exact Solution: Recursion Formula

In view of the asymptotic solution given by Equation (3.15), we may express
the exact solution of the wave equation for the oscillator given by Eq. (3.12) as

W)= ¢ 2 HO) (3.17)

y2

where H(y) is a function of y such that the product ¢ 2 H(y) tends to
zero as |y| — oo or |eo| as is required by the asymptotic solutions given by
Equation (3.15) or Equation (3.16).
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One Dimensional Problem From Equation (3.17) we obtain

- -
dv0)_ S AHG) |
dy dy
NOTES . .
- [d_(y)_yg(y)} :
ly
and
Pyo) PHG) L TaHe) L, 2 ang) B
= _ H 2 _ 2 _ H 2
dy’ o e dy Ty HG)e re dy e
2 2 i
or d \Ifz()’)z[d Hgy)_zy dH(y)+(y2—1)H(y):|e 2 .(3.18)
dy dy dy

Substituting Equations (3.17) and (3.18) in Equation (3.12) we get

{dzﬂy) Nt Hcy)} €2 +( ) H(e > =0
y y
PHG)  dHE)

or 2y +(L =1 H(»)=0 ..(3.19)

dy? fy
We find that the fyunction H(y) in the exact solution of the Schrédinger
equation for the oscillator given by Equation (3.17) satisfies the Hermite
differential equation.

Power Series Solution

We now assume a power series solution of Equation (3.17) of the type

o

Hy) =D a, ™" ...(3.20)

r=0

Where r takes integral values including zero. Equation (3.20) gives

dH(y) :ia,,(s+r)ys+r71 (3.21)
dy r=0
and
2 oo
d;9)=§6ar(s+r)(s+rl)ys+r2 ..(3.22)

Substituting Equations (3.20), (3.21) and (3.22) in Equation (3.19)
we obtain,

oo

Za,(s+r) (s+r—1)y=? _zzar(s+,,)ys+r +(h— l)zar P =0

r=0 r=0 r=0

Dividing throughout by *~2, the above becomes,
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oo oo

zar(s+’”)(s+r—1)yr—Zar(2s+2r—k+1)y”2:0

r=0 r=0

or  ays(s—D)+ases+)y+ Y [a(s+tr)(str—1)—a_
2s+2r-3-2)]y =0 r=2

2

.(3.23)

For Equation (3.23) to hold for all values of y, it is necessary that the
coefficients of different powers of y must separately be equal to zero. We
hence obtain

a,s(s—1)=0 ..(3.24(a))
a s(s+1)=0 ...(3.24(b))

a(s+r)(str-1)—a ,(2s+2r-3-2)=0
.(3.25)

Equation (3.25) gives
2s+2r—3—A
a = a
ro(s+r)(s+r—-1

s (r22) (3.26)

Equation (3.26) is called the recurrence relation.
As a, 1 0, we have according to Equation (3.24(a))
s=0 or s=1
According to Equation (3.24(b)) we may have,
a=0 or s=0 or s=-1 ..(3.27)

Since s #—1 we get eithera, =0 or s =0 or both.

The recurrence relation given by Equation (3.26) allows us to calculate
all the even coefficients in terms of ¢ and all odd coefficients in terms of
a,. Equation (3.20) will have only odd coefficients if ¢, = 0 and only even
coefficients if a, = 0. We thus have two independent solutions of Equation
(3.20). A linear combination of these two solutions gives the most general
solution of Equation (3.26).

Considering the root s = 0, Equation (3.26) gives,

_ 2r—3—A

Clr WCZV72 (I" 22) (328)

The above equation yields the even coefficients as,

=% 1-2
D= N T
Sh, G0,

4%3 41

ay

0| ete. .(3.29)

One Dimensional Problem

NOTES

Self-Instructional
Material

83



One Dimensional Problem and the odd coefficients as,

3on 3
IR T
B A (G- 7-2)G-A
NOTES P S STE l)alz%al etc.
5x4 5x4x3! : ..(3.30)

With s = 0, the solution given by Equation (3.20) becomes

=3

H()= 4.5

r=0
The above can be written conveniently as

H(y)=(a, + ay’+ayt+.)+(ay+ a3y3 +tay +..)

Using the results given by Equations (3.29) and (3.30), the above gives

= ol i} i by :| 1|:)\ 3i by 2i N :|
H(y) “[”ry Stapa-p T T M ey T aenGoy T

..(3.31)

An inspection of Equation (3.31) shows the following:

(1) For A =1, 5, 9, etc., the first series in Equation (3.31) becomes a
polynomial while the second series remains an infinite series.

(ii) For A = 3, 7, 11, etc., while the first series is an infinite series, the
second one reduces to a polynomial. From the above we can conclude
that when,

A=Q2n+1), n=0,1,2,.. ..(3.32)
one of the solutions is a polynomial.
3.3.3 Energy Eigenvalues of the Oscillator

Equation (3.28) gives for large »

a :—2r_3_7\'a —>£a
I I"(l"—l) r—2 2 Yr-2

or - = ..(3.33)

From the above we obtain

Lt =0 .(3.34)

roed,
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Thus under the condition given by Equation (3.32), both the infinite
series in Equation (3.31) converage for all values of y.

We have the Taylor series expansion of ¢*” as

5 4 6
=142+
2! 3!
= 2 ;yr
N & (/2)]
Writing
1
b=—.. ...(3.35
T (r/2)! ( )
we get
e = Y by ...(3.36)
r=0,24,...
The ratio of the coefficients of the successive terms in Equation (3.36) is
o G
! 2
R Gl | - .(337)
br—Z 1

() 5

In view of Equation (3.33) and (3.37) we may write
a b,

”

4.2 b5

We find that for large values of 7, the wave function y(y) = ¢ "> H(y)
will behave like e*”? if H(y) is given by the first (or even) series in Equation
(3.31) while it will behave like y ¢ if H(y) is given by the second (or odd)
series in Equation (3.31). This is not physically acceptable. This unrealistic
situation is resolved if the infinite series in Equation (3.20) terminates after
a certain number of terms so that y(y) — 0 as y — % oo because of the factor
E 72 Thus for the wave function of the oscillator to satisfy the boundary
condition, the infinite series must be terminated by selecting A in such a
way that (27 + 1 — A) vanishes for » = n. Thus one of the series becomes a
polynomial and the other can be eliminated by setting the first coefficient to
zero. Thus, we obtain

(for large r) ...(3.38)

2n+1-A=0
or A=2n+1,
n=0,1,2,.. ...(3.39)
Using A given by Equation (3.10) in Equation (3.39) we get
ZE on+
ho,
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or E- %hmo =(n+%) hoo, (3.40)

We observe that integral values of # including 0 value leads to a discrete
NOTES set of energy values for the oscillator. It is important to note that the oscillator
possesses equi-spaced energy levels, the spacing between successive energy
levels being rw,.

3.3.4 Energy Eigenfunctions of the Oscillator

For the wave function of the oscillator to satisfy the boundary conditions
(W(y) = 0 as y — £ ), the parameter A should take the value (2n + 1) where
n is a positive integer including zero.

When A = (2n + 1), H(y) in Equation (3.19) can be conveniently

replaced by H (y) to get,
2
CH,O) 5, D) | 0411 H,(5)=0
dy dy
2
or d an(y)_zy dHn(y)+2n Hn(y)=0 (341)
dy dy

The solution of Equation (3.41) is the well known Hermite polynomial

of degree n given by,

n

H)=(1y e 4 @7 .(3.42)
n dyl’l

We may note the following recurrence relation that holds between
H, (), H,()and H, ()
H_ ()=2yH®y)-2nH _(y) ..(3.43)

Hermite polynomials of different degrees may be obtained from
Equation (3.42)

n=0,H((y) =1

n=1, H(y)=2

n=2, H@y)=4-2

n=3, H()=87°—12, etc. (3.44)

We may obtain the Hermite polynomials of higher degrees using
Equation (3.44) and the Equation (3.43).

The energy eigenfunctions of the oscillator given by Equation (3.15)
can now be expressed in the most general form as,

v, =N, H(y)e”"? .(3.45)
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.(3.46)

—m® (2
or Y (x)=N,e " H, [,fmeo x]

In the above, N is the normalization constant which can be evaluated
from the normalization condition,

Jvi v, 0 d=1

or hw@ﬁ(”

mo,

12
J dy=1

Using Equation (3.45) in the above we get

A 1/2 400
N, [m)e ay=1
m@, e

A 172
or IN, [’ (—j n'? 2" (n)=1
m,

The above gives

1
N = (m(x)o )2 1
" am) 2" (n!)
Using N, given by Equation (3.47) in Equation (3.48), we obtain the
normalized energy eigenfunctions of the oscillator to be given as,

(x) = (m(oo )1/2 1 " | M9
V. mm ) 2"(nl) "W ”

In the following Table are given the energy eigenfunctions, representing
the quantized states of the oscillator and the corresponding energy eigenvalues.

(3.47)

—maQ), xz
e 2

.(3.48)

Table 3.1 Energy Eigenfunctions and Energy Eigenvalues

State Energy eigenfunctions Energy eigenvalue
Ground state T _mo 1
— - 0 2 _h
yo() = (M |4 o X 210
hw
First excited 14  —m 3
2 2 —mwg >
state W, (x) = 4m~ g xe 20 Eh(oo
nn
Second ex- V0N [mag |4 (4meg - "Moo 2
: = x“-2le 2n = hog, etc
cited state 23/2 | h 0
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One Dimensional Problem Some of the energy eigenfunctions y (x), the corresponding energy
eigenvalues £ , the potential energy function V(x) are shown in the Figure (3.1).

Exbw (%)

NOTES \

= e A
N e A
—

o
x

Fig. 3.1 Normalized Wave Functions \y (x) forn =0, 1, 2, 3
Energy Eigenvalues Enfor n=20123
The Potential Energy Function V(x)

The probability of finding the oscillating particle between x and
x + dx when the oscillator is in the n™ state described by the wavefunction
y (x) and according to the definition is given by,

P (x) dx =y (x) y, (x) dx = [y (x)]* dx ...(3.49)

Using Equation (3.48) in Equation (3.49) we can find the probability
P (x). The plots of probability density [y (x)*] for some of the states along
with that of the potential energy function are shown in Figure (3.2).

ly, ()1

)T\ /A

Fig. 3.2 Probability Density |y (x)’| forn =0, 1, 2, 3.
Potential Energy Function v(x)
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-[2E 0  -[2E
K K

Fig. 3.3 Probability Curve

Discussions

From the wave mechanical treatment of linear harmonic oscillator presented
in the preceeding sections we observe the following:

(1) While a harmonic oscillator treated classically possesses constant
total energy depending upon the frequency and the amplitude, a wave
mechanical treatment of the oscillator yields a discrete set of equispaced
energy eigenvalues given by,

E = (n+%) ho,, n=0,12,.. ...(3.50)

In the lowest or the ground state, which corresponds to n = 0, the
oscillator has the finite energy,

0

E = %hmo (3.5

Which is called the zero-point energy.

According to old quantum theory, the energy values of the oscillator
are given by,

E =nho, n=0,1,2,.. ...(3.52)

A comparison of the result given by Equation (3.52) with that given
by Equation (3.50) shows that each of the equispaced energy levels
obtained in the old quantum theory are raised by an amount equal to
half the energy gap between the successive energy levels, i.e., by an
amount equal to the zero point energy to give the energy levels of
the oscillator in wave mechanical treatment. According to classical
mechanics and old quantum theory, while the harmonic oscillator
possesses zero energy in the lowest state corresponding to the state
at absolute zero (0K), the oscillator when treated wave mechanically

1
possesses the energy 5 ho, even at absolute zero.

The existence of zero point energy is in agreement with experiments
and is found to be consistent with the uncertainty principle also.
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One Dimensional Problem (ii) The function e *”? is always an even function, H (y) is an even function
for n even and an odd function for n odd, we find the oscillator energy
eigenfunctions given by Eq. (49) are even function for n even and odd

functions for » odd.

NOTES oy . : :
(iii) Since the oscillator energy eigenfunctions y (x) do not become zero at

the classical turning points x = +x,, the oscillator can be found outside

the parabolic potential barrier (Vzl kaJ. The oscillator in all its
2

quantum state is thus able to penetrate the potential barrier. This fact
becomes evident form Figure (3.4).

(iv) The total energy of the oscillator at the position corresponding to the
displacement +x from the mean position is,

E= lmv2 +lkx2
2 2

We obtain form the above, the velocity of the oscillator at the position
+x to be,

v:{éiji} .(3.53)

m

by (0l

Fig. 3.4 Solid Curve Represents the Variation of |y, (x)|* with x.

Dotted curve represents the probability density of a classical oscillator
of the same total energy.

Classically, the probability of finding the oscillator at the position +x
is inversely proportional to the velocity, i.e.,

gﬁm/ﬁ%g- (3.54)

We find the probability to be the minimum at the mean position
(x=0) and maximum at the two extreme positions (xo =, / 27E] . This

is shown by the dotted curve in Figure 3.3. Quantum mechanically,
for the ground state of the oscillator (n = 0), the probability density
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given by |y (x)* is maximum at x = 0 and becomes zero at positions  One Dimensional Problem
outside the classical turning points (x = +x,). This result is shown by

full line curve in Figure (3.3). Figure (3.2) shows the plot of |y (x)*

against x for different values of n corresponding to different quantum

states of the oscillator. NOTES

(v) As we move towards higher and higher excited states (n increasing),
the maximum value of probability density moves towards the extreme
positions as illustrated in the Figure (3.4) by the full line curve. The
dotted curve in this figure shows the variation of classical probability
density with position for the same energy.

It is important to remark that though the classical and quantum
mechanical probability distributions become closer and closer for larger and
larger n, the theory of oscillator described above cannot take account of the
rapid oscillations of [y (x)[*.

3.3.5 Alternative Approach for Linear Harmonic Oscillator Problem

Abstract Operator Method

The Schrodinger method for solving the energy eigenvalue problem of linear
harmonic oscillator as presented in the previous sections consists in replacing
the position x and the linear momentum p in the expression for total energy

by the corresponding Hermitian operator x |xand p = —ih di’ respectively,
X

to obtain the Hamiltonian operator £ for the oscillator and then to solve for
the energy eigenvalue equation,

Av=Ey
We may, however, note that one of the fundamental features of quantum
mechanics is that operators x = x and p satisfy the commutation relation,

[%, pl=in ..(3.59)

There exist many problems which can be exactly and elegantly solved
using the method of abstract operator algebra, i.e., using the commutation
relations between operators without considering specific forms for the
operators.

In the following, we use this method to solve the energy eigenvalue
problem for linear harmonic oscillator. As we shall see, the method allows
us to find, with simplicity not only the expectation values of various physical
quantities for the oscillator but also the energy eigenfunctions of the oscillator.

The Hamiltonian operator of a harmonic oscillator of mass m oscillating
along the x-axis under a force constant £ is,

=Ll ..(3.56)
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Let us introduce two operators @ and a ' according to,

A \/m(oo . 1 .
a= x+i p
2h 2mhw,
& T = \/mwo x—1i 1 ﬁ
2h 2mho,

In the above a' is the Hermitian adjoint of @ and ), is the natural
angular frequency of the oscillator. From Equations (3.57) and (3.58) we

.(3.57)
And

.(3.58)

obtain
Ant \/mcoo ) 1 N mm, . 1 -
aa’ = X+i | ———pl|J—=x—i P
20 2mhey, © |\ 20 2mhw,
_ mw, , 1 IO S -
= Xt + +—(px - x,
on ¥ 2y P o PP

Using Equation (3.55) in the above we obtain

fag_ MWy 1 2 L—'h
™ g £ T2 €
)
or Gat= L p—+lmo)§x2 L
haoy, | 2m 2 2
nn H 1 . .
or aa’ = Py [using Equation (3.56)]
@o ..(3.59)
Similarly, we obtain
ata = A 1 (3.60)
ho, 2
Adding Equations (3.59) and (3.60) we obtain,
H _satyoata
ho,
or f=Lhoy@a +ad'a)
2 ..(3.61)

Subtracting Equation (3.60) from Equation (3.59) we get,
aat—ata =1
Clearly, the operators a and a' satisfy the commutation relation,
[a, a']=1 ..(3.62)



I . One Dimensional Probl
We may also express the Hamiltonian operator A as, e umenstonat Froviem

i = hwo(&T&+%) .(3.63)

We observe that the Hamiltonian operator # and the operator a'a are NOTES

related to each other by numbers only. Clearly, the eignvalues Hand that of
a' a bear the same relationship.

Eigenvalues of a'a

We have
[ata,al=aaa —aa"a=(a"a— aa’) a=—(aa"— a'a) a
Using the result given by Equation (3.62) in the above we obtain
[ata, al=—a ...(3.64)
Also we have
[ata, a'l=ataa"— atata= a" (aa"— ata)= a'
...(3.65)

Let y be an eigenfunction of the operator a'a belonging to eigenvalue

A, e,
atay =Ly ..(3.66)
We now have
(ata) (ay)=(aa"—1) (ay) [using Equation (3.62)]
= aatay — ay
= aly— ay [using Equation (3.66)]
or (ata) (ay)=(A-1) ay ..(3.67)
Similarly, we get
(ata) (aty)= A+ 1) aty .(3.68)
Equations (3.67) and (3.68) show:
(i) awy is an eigenfunction of a'a belonging to the eigenvalue (A — 1).
(if) a™y is an eigenfunction of a'a belonging to the eigenvalue (A + 1).

From the above, we find that given the eigenfunction y of afa it is
possible to construct eigenfunctions a®y, (a’)* y, (af)® y, etc., belonging
respectively to eigenvalues (A + 1), (A +2), (A + 3), etc. Similarly, we can
construct eigenfunctions aw, (a)*y, (a) v, etc. belonging to eigenvalues
(A—=1),(A—2), (A—3), etc.

Now afa is self-adjoint irrespective of whether a is self-adjoint or
not. The expectation value of a'a is positive in all states, i.e., the operator
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One Dimensional Problem  does not possess negative eigenvalues. Hence the sequence of eigenvalues
(A —1), (A —2), ... must terminate before the negative value is reached and
also the sequence ay, a2y, ... must terminate.

Denoting the limiting eigenfunction (the last of the eigenfunctions) in
the sequence as y, we obtain,

NOTES
ay, =0 ...(3.69)
The above gives,
atay, =0=0xy, ...(3.70)
indicating that \, is an eigenfunction of the operator a'a belonging
to the eigenvalue 0.
In view of Equation (3.68) we then obtain
da (dhyy) = 1% (@ty)
ata[(a")yy]=2x(a"’y,

ata[(a®y gy ]=3(a"y, etc. ..(3.71)
or generalizing, we get
ata [(a'y gy ]=n(a’y y, ..(3.72)

We observe that the eigenvalue spectrum of the operator a'a consists
of a set of positive integers n. Equation (3.72) when applied to Equation
(3.63) gives

ALy v = o (s L[ rw ] oy (ne 3@ v,
(3.73)

Thus the energy eigenvalues of the oscillator are
E = (n+%jh0)0, n=0,1,2,.. (3.74)

The operator a'and a are, respectively, called the raising and lowering
operators. Further, since the eigenvalues of afa are positive integers it is
usual to call the operator afa as the number operator. The lowest energy
eigenvalue is,

1
EO = 5 h(DO
Which is the zero point energy of the oscillator.

Replacing p by —ih di in Equation (3.57) and (3.58) we obtain
X

&:

d
5 | mWyx+h—
2mhw,) dx
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d One Dimensional Problem
|

= —— | mw,x—h—
(thwo)l/z( 0 dx

Using the above in Equation (3.69) we obtain,

; NOTES
— | mox+r= |y, =0
Qmhwy)” (m ot dx)wo
dy
or mox y, + hd_xO:O

dy, —moyx
Yo

Integrating we obtain,

or dx

- ”‘L(DOXZ

Y, =N, e 2 , N,=A constant. ..(3.75)

0

The above is the energy eigenfunction of the oscillator belonging to
the lowest energy eigenvalue % ho,. The eigenfunction corresponding to the

. . . 3 .
first excited state belonging to energy eigenvalue B hw, is,

- | d “mo”
= a = 0) 77}1_ N 2h
Vi YT oy (m o* dn] 0€
—mayx’
or Wl = Lm(mwox_hije 2h
2mho,) dx
d —myx’
=N, (mmoxh—)e 2k ...(3.76)
dx

The eigenfunction corresponding to the second excited state belonging

to the energy eigenvalue %hmo 1s,

2 —mmyx?
. N, d ZMmOyX"
= a f = _ "t mmw,x — h - e 2h
VT T ) ( ’ de
d 2 —m(ﬂox2
or V,= N, (mu)ox - h—) e 2
dx

Repeating the operation by a' from the left we get the energy

. . . . 1
eigenfunction belonging to energy eigenvalue (n + 5) hw, as,

X

Yy =N, [mwox—hdij e 2 .(3.77)
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One Dimensional Problem v given by Equation (3.77) is the same as the eigenfunction for the
oscillator obtained using the previous method.

3.3.6 Potential Barrier Problem

NOTES A one-dimensional potential barrier of height ¥ and width a is defined by
potential function V(x) given by,
Vix)=0 for x<0
=V, for 0<x<a
=0 for x>a

The above potential function is shown in the Figure (3.5).

Region I Region II | Region III

X

Fig. 3.5 Potential Function

Let us consider a particle of mass m moving from the left, encounter
the barrier at x = 0 with energy E. We limit our discussion to energies of the
particles such that £ < ¥V, that is, energies such that no penetration of the
barrier would occur according to classical physics.

In the Region I (x < 0) the Schrodinger equation is,

d’ 2
:Iljxlz(x) +h_'wal(x):O
2
or d ;p;z(x) Ky (1) =0, k= /i_f;i E ..(3.78)

In the Region 11, i.e., inside the barrier we have the equation,

i h_z(E_VO)\VZ(x):O

«/2—21 (V, - E) = o (A positive quantity)
" .(3.79)

The above equation becomes,

Py(x) | 2m

Putting

d2

TV oy, 0=0 (3.80)
Self-Instructional dx
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In the Region III (x =, a), we have the equation, One Dimensional Problem

d2
%(")wz%(x):o .(3.81)
X
NOTES
The general solutions of Equation (3.78), (3.80) and (3.81) are given

respectively by,
Y (x)=A4 e+ B e™ ...(3.82)
y,(x)=A4,e"+ B e™ ...(3.83)

Y. (x) =4, e+ B e ...(3.84)
In the above 4, 4,, 4,, B, B,, B, are constants.

The first term in Equation (3.82) which represents a plane wave
travelling along the positive x-axis in Region I can be considered as the
wave incident an the barrier at x = 0. The second term representing a wave
travelling along the negative x-axis in the region can be interpreted as the
wave reflected from the barrier at x = 0.

The first and second terms in Equation (3.83) can similarly be
interpreted as the wave transmitted into the barrier at x = 0 and the wave
reflected from the barrier at x = a. In Equation (3.84) the first term can be
interpreted as the wave transmitted into the region III from the barrier at
x =a. In this region the only wave that can exist is a wave travelling along the
positive x-axis. Hence, the coefficient B, in the second term of the Equation
(3.85) is identically zero.

Considering the amplitude of the incident wave as unity we may write
the solutions in the three regions as,

Y (x)=e“+ B e™ ...(3.85)
y,(x)=A4,e"+ B e™ ...(3.86)
Y, (x) = A, e™ ...(3.87)

Single valuedness and continuity of the wavefunctions at the
boundaries at x = 0 and at x = a give the following boundary conditions:

v, (0) = y,(0)

aWl(x)_a\l’z(x) .
- o at x=0

o(a) = ys(a)

N, (0 _ Y50

d __
an o e @/ ..(3.88)
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One Dimensional Problem Using these boundary conditions we obtain,

[+B =4,+B, .(3.89)
NOTES ik(I-B))=o(4,-B,) ..(3.90)
A,e+ By =4, e ~(3.91)
o[d,e* — B, e ] =ik 4, et -(3.92)

Solving the simultaneous Equations [(3.89) to (3.92)] we obtain,

. —ika
A= koe ..(3.93)
(0" — k7) sin & (0ia) — 2iotk cos h(oa)

A, being the amplitude of wave transmitted into the Region I1I. We get
the transmission coefficient under the condition £ <V as,

T=AA*= 4] = 2ik oue ™
373 3 (o — k%) sin & (o) — 2i0tk cos h(ow)
y ik o™
(0> — k) sin & (o) + 2iotk cos h(ow)
2.2
or T— 4k o

(0% — k*)? sin h* (o) + 40°k? cos h? (o)

.(3.94)

Since both & as well as o are real quantities, the transmission coefficient
has a finite value.

When £ — 0, k — 0 and hence 7 — 0.

As the energy E of the incident particle increases, remaining less than
V,, both k as well as o increase and the transmission coefficient increases.
Under the condition £ <V, o 0, we obtain from Equation (3.94)
4k’o’ 1
= = ...(3.95
kK*ola® + 402k? ka V ( )
1

Under the condition of the barrier height ¥ large and the barrier width
a also large we get o large, so that

sin i (0ta) = - ¢

[\

1
cos h (o) = —e*
Self-Instructional 2
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The transmission coefficient given by Equation (3.94) then yields One Dimensional Problem

16k% o ou
7 2 2,2 ¢
(" —k)+40" k

s NOTES
1670 504

or = —¢€
(o +k%)?

Using the values of k£ and o in the above we obtain for such a barrier,

. "
_ 160, E) ] ¢
ot

We observe that transmission does occur even though the energy lies
below the top of the barrier. This is a wave phenomenon and in quantum
mechanics it is also one exihibited by the particle. This funneling of a particle
through a barrier is frequently encountered. We note that when o« is large,
the ratio of the transmitted flux to incident flux is,

2
2ka _4oa
T:(m} e 4 .(3.97)

T .(3.96)

We find the flux ratio to be an extremely sensitive function of the width
a of the barrier, and of the amount by which the barrier height ¥ exceeds
the incident energy.

The phenomenon of particle tunneling is quite common in atomic and
nuclear physics. Some examples are thermionic emission, field emission,
o-particle emission from a heavy nucleus.

3.3.7 Alpha-Particle Emission

It is observed that some radioactive nuclei disintegrate by the emission of
alpha (o) particle which is the nucleus of a helium atom having charge of
+2e and a mass 4 units.

An o-particle remains bound within the nucleus by a strong, attractive,
short range nuclear force. This attractive nuclear force acts upto a distance
which is approximately equal to the radius of the nucleus. When the o-particle
comes out of the nucleus then it experiences a long range coulomb repulsive
force due to the residual nucleus (the nucleus that remains after the emission
of the a-particle). The variation of the potential energy of the o-particle
with distance from the centre of the nucleus is qualitatively as shown in the
Figure (3.6).

If 7, be the radius of the nucleus and Ze be the change of the residual
nucleus then the coulomb potential energy of the o-particle just beyond the
1 2z

dne, n

surface of the nucleus becomes . For the a-emitting nuclides
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One Dimensional Problem — thig energy is several times larger than the energy of the o-particles. The
question thus arises how the a-particles of energy much less than the
potential barrier cross the barrier? The answer is provided by the quantum
mechanical tunneling of a particle through a potential barrier as discussed

NOTES in the previous section.

()

Fig. 3.6 Potential Energy of the a-Particle

Let E be the energy of the a-particle emitted from the nucleus. Let the
repulsive coulomb potential energy of the nucleus be equal to £ at a distance
r, from the centre of the nucleus. We then have,

2
E=_1 2% .(3.98)

dne, n

1 27

or r=
dne, E

.(3.99)

We may, for some qualitative understanding of the phenomenon of
o-emission, consider the potential V(r) in the region ) <7 < r as a one-
dimensional square potential barrier and use the result of the last section to
write the transmission coefficient from the barrier as,

8m
_ - 1/T(V(rE) (1 =15)
T= We { % } ...(3.100)
0

1 2z 1 2z
dne, 1, dne, 1

Where V= ..(3.101)

A rigorous treatment yields the transmission coefficient to be,

;zj" 2m(V(r)-E) dr
h "o

T=-¢e

" 2
2" 2m[—41 22¢ —E}dr
Y e
Self-Instructional or T=eh ™ o’
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The speed of an ai-particle in a heavy nucleus has been estimated to be ~ One Dimensional Problem
of the order of 10’ ms™'. Considering the nucleus’s radius to be 10-* m we
find that the time taken by the a-particle to move once across the nucleus to
be 102!, Clearly the a-particle strikes the coulomb barrier at the surface of

the nucleus 10*! times per second. The probability that the o-particle crosses NOTES
the barrier and comes out of the nucleus per sec is,
P=Tx10%
The reciprocal of P gives the life time T of the a-decaying nucleus, i.e.,
1 1
T=—=——— ...(3.103
P Tx10" ( )
If A be the disintegration constant of the nucleus we get,
| [ /2,”{4;2262,E}dr
A=p =Tx10" =107 e n 01 L7507
Taking its logarithm we get from the above,
logA=A+ BE, A and B Constants ..(3.104)
which is the well-known Geiger-Nuttal law.
Example 1: Find the probability density at the position x of a linear harmonic
oscillator of mass m and natural angular frequency ®, if the oscillator is in
its ground state. Find also the position at which the probability density is the
maximum. What is the maximum probability density?
Solution: The ground state of the given oscillator is described by the
wavefunction,
N
x) = 0 2h
W= (me) e
The probability density at the position x is given by,
e \/2 =
P(x) = vy = 0 no
() = w5 () yo (%) ( o j e
We find P(x) to be a function of x. Hence, for P(x) to be maximum
we have,
dP(x) _ 0
dx
12 —mw, ,
or (mu)o) e xx(mm()}flx:o
hm n
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One Dimensional Problem The above gives x = 0. Thus the probability density is the maximum
at the mean position (x = 0). The maximum probability density is clearly,

"o 1/2
P o= ()

Example 2: A linear harmonic oscillator is described at some instant of time
by the wavefunction y = ay, + by, where y and y, are, respectively, the
real, normalized ground state and first excited state energy eigenfunctions
of the oscillator with a and b real numbers.

NOTES

(a) Show that the average value of position x is in general different from
Zero.

(b) Find the values of @ and b for which (x) is maximum.
(c) Find the values of a and b for which (x) is minimum.

Solution: (a) The normalization condition of the wavefunction gives,

fw*w dx=1
or [ (@, + by, P dx=1
or jazwﬁ dx +Jb2wf dx + 2abj\|!0\|!1 dx =1

The above gives,
a’+b =1 (1)
since I vidr=1, wa dx=1and J’ W, v, dx =0 (y,and y, being orthogonal)

Now
(x)= J(allfo +by) x(ay, + by,) dx
2
= Jx(a\po +by,) dx
or x) = 2abj\p0 X\, dx ..(ii)

Since a and b are not zero, in general, we get (x) # 0.

(b) We may write the result given by Equation (i1), in view of Equation

(1) as

() =[1-(@+ b~ 2ab)] [wyxy,dx

or () =[1-(a—-b)] J.\|10x1|11 dx ...(iii)

From the above we find for (x) to be the maximum,
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a-b=0

or a=b= L (using Equation (i))

2

(c) From Equation (iii) we find for (x) to be the minimum

a:b:L

2

Example 3: A particle of rest mass 0.51 eV undergoes harmonic oscillation
of angular frequency ®, along the x-axis. If the particle is confined to the

ground state of the oscillator such that <(x—< x>)2> = (, find the energy

required to excite it to its first excited state.

Solution: For a one-dimensional harmonic oscillator the average kinetic
energy (T) is equal to the average potential energy (V) . Thus the total energy
of the oscillator is,

1
E=(T)+(V)=2V)=2 x5 m o5 () ()
Since the particle is confined in the ground state we have,
= %h(’)o ..(ii)
From Equations (i) and (ii) we have,

Loy =5 7

or ® = —" (iif)
" I

We know that for the harmonic oscillator (x) = 0. We have according
to the problem,

J = ) =J(2) = () =) =100 m (iv)

The energy difference between the ground state and the first excited
state is 7). Clearly, the energy required to excite the particle from the ground
to the first excited state is,

2
AE=hw,= h f o= U 5
2m{x 2 2my(x~)
_(658%107%) x ¢’
2m, 1070 x ¢

_ (6.58x107"°)* x(3x10°)*
2x0.51x10°%

=3.8eV.

One Dimensional Problem

NOTES
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One Dimensional Problem  Example 4: A particle of mass m undergoes simple harmonic motion along
the x-axis with an angular frequency ®. Considering the uncertainty relation

Ax Ap = g, where,
NOTES (Ax)> ={(x — {x) )* and (Ap)>={(p — {P) ),

Find the minimum energy of the oscillator.

Solution: We know that for the linear harmonic oscillator,

(x) =0and (p) =0 ..(1)
We hence get
(Ax)? =(x)* and (Ap)* = (p)* ...(i1)
The Hamiltonian of the oscillator is given by,
H = Kinetic Energy (7) + Potential Energy (V)

Clearly
(H) =(T) + (V)

(22N (L e
2m 2

1 b l o) 2
—pP )T —mm X
P+ (x%)

...(1i1)
Since both terms on the right hand side of Equation (iii) are real and
positive, we get,

(H) = ) )22 [ px L more)

or  (H) =2, /% 0 (p?) (%) = onf(Ax)? (Ap)?

(using Equation (iii))
or (H) >0 Ax Ap
or (H) > ol
2
Clearly, the minimum energy is given by,

(H) =

i

N | —
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Example 5: A particle of mass m is undergoing harmonic oscillation of

angular frequency m. If the wavefunction describing the state of the particle

be,

\l] = X e?“
Find the energy of the particle.

Solution: The wavefunction y satisfies the Schrodinger equation,

dvy  2m
+=[E-V]y=0
PRI [ Iy

()

In the above, £ is the energy eigenvalue in the state under consideration,

V' is the potential energy given by,

V= l mw* x>

2
We have
_mo 2
W: xe 2h
Clearly,
—mo > —mo >
‘;_er LD SRY)
be
-mw
—p2n [1 m_(oxz}
7
Further, we get
2 —mo “mo
i\l;—e”' meZx}[ln;—mxz}x—erzh
x
2 -mo o[ _ 2.2
or d\!:e o mmzx mcox+m203 e
dx | h h h
2 —mw >
or f{_‘f:%emx [”;l_g)x23}
x

Substituting Equations (i1) and (ii1) in Equation (i) we get,

mo ﬂXZ ma@ 2 Zm 1 2.2 ﬂxZ
7xe2h h—zx -3 +h_2 E*Emﬂ)x xe 2h
2m 1 x> 3
or h—Txe”’ {E—Emm2x2+mw2x _Ehm =0

..(ii)

...(iii)

=0

NOTES
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One Dimensional Problem The above gives,

E —Ehmzo
2
NOTES or Ezih(o.
2

Example 6: Find the probability of finding a particle undergoing simple
harmonic oscillations outside the classical limits if the oscillator is in its
ground state.

Solution: Consider a linear harmonic oscillator of mass m and angular
frequency .

If a be the amplitude of oscillation, the total energy of the particle when
we treat the oscillator classically is,

1
E=—mo’d
2

According to the problem, the oscillator is in its ground state and hence
its energy is,

1
E=—-ho
2
Thus, we have
1
—mw’a® = l ho
2 2
mm
/]
or a=,|—
mm

The wavefunction describing the ground state of the oscillator is given

12 g2y
=& T2
v
Where

The probability of finding the oscillator within the classical limits
(x=—atox=+a) is given by,

+a
p= | wiwdx
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Let us introduce a new variable y as,

y=0x
We then get,
+1
1
p=|—=e’dy
I &
(1
=2I—eydy
T
0
1 1 1y 1 6
_ 2 2 y y
or p=— J‘dny‘y dy+J‘Edy7 5dy+...
n 0 0 0 0
or :il_l+L_i+
P Jrl 3 10 42 77
or p=0.84

Thus, the probability of finding the oscillator within the classical limits
1s 0.84 or 84% when the oscillator is in its ground state. Clearly in the ground
state the probability of finding the particle outside the classical limits of the
oscillator is (1 —0.84) = 0.16 or 16%.

Example 7: Show that the existence of zero point energy of a linear harmonic
oscillator is a consequence of the uncertainty principle.

Solution: Consider a harmonic oscillator of mass m capable of oscillating
along the x-axis with an angular frequency . If at any time 7, x be the
displacement and p the linear momentum, the Hamiltonian of the oscillator

is given by,
=P L ()

2m 2

where k is the force constant equal to mw?. Classically, the average
displacement and the average linear momentum of the oscillator are zero, i.e.,

(x) =0 and (p) =0 ...(i1)

One Dimensional Problem

NOTES
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One Dimensional Problem According to Ehrenfest’s theorem, Equation (ii) also holds for the
quantum mechanical oscillator. If Ax and Ap be the uncertainties in the
measured values of x and p then by definition we get,

2 /N2 /\2
NOTES (Ax)? = (x) = (x)
and
(Apy =y — @)
Using Equation (ii), the above become
(Ax)* = (x)
(Ap)* = (?) ..(ii)
The average value of the total energy is given by
1 1
E - - 2 —k 2
(E) = 5 -+ 5 K)
Hence, using Equation (iii) we get,

(B) = (4P + - k() (iv)

We have the uncertainty relation,

Apng

or (Ap)* (Ax)* > é (V)

Using Equation (v), Equation (iv) can be written as,

2
"Ly (i)

(E) 2 8m(Ax)* 2

For (E) to be the minimum we must have,

dE) _
d(Ax)?
K2
or 4 + 1 k=0
8m(Ax)min 2
n? n
4 _
or (Ax)min_ dmk  Amme>
h ..
or (Ax)zminz py. ..(vi1)

Clearly
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2
(E) = ot e (An2,
O 8m(Ax), 2
_F2mo 1, h
= — me” ——
8mh 2 2mm
1
or (E) .= Ehw

Example 8: A particle of mass m undergoes simple harmonic motion along
the x-axis with an angular frequency ®. The wavefunction describing the
state of the particle at = 0 is given by,

v(x, 0) = AZ(%) v, (%)

where y (x) are the energy eigenfunctions of the oscillator belonging to
eigenvalues (n +21) Find:

(a) The normalization constant 4
(b) An expression for y(x, 7).
(c) Expectation value of the energy at = 0 and

(d) Show that the probability density |y(x, ¢)?| is a periodic function of
time.

Solution: (a) The normalization condition of the wavefunction is,
_[‘I/ *(x,0) y(x,0)dx=1

Using the expression for y(x, 0) in the above we get,

AP jz(%) v () 2[%) y, () dr=1

oo Y]] viewman 60

The orthonormality property of eigenfunctions gives,
Jviw,@ax =35,

Using the above in Equation (i) we get,

3] -

One Dimensional Problem

NOTES

Self-Instructional
Material

109



One Dimensional Problem 0
1)2
or |4 2 —| =1
—\2

NOTES or P2 =1
1

or |A| = N ..(11)

(b) w(x, t) and y(x, 0) are related according to,

—ift

W, ) = y(x, 0)

. | n —ihw(n +%)t
“Ig{E) e
1

or y(x, 1) = 2%] - zjz%(x) ..(ii)

n

(c) By definition, the expectation value of energy at # = 0 is given by,

(EY = [wre,0) Ay(x,0)dv

n+m

=" a
=337 Jewwa
M+1
- %(%) ? (n+%)h(o8nm
oo 1 n+l 1
= ;(Ej (1’14‘5) hm

= 1><h(n+lh(n
2
3
or (E) ZEhm

d) The probability density is given by,
(d) The p y yisg y.
w(x, OF = w*(x, ) w(x, 1)
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n+m One Dimensional Problem

+1

B ZGJ Ty,

n,m

The time factor, namely e "™ is a function of time with period

NOTES
2n
(n-myw’
Example 9: The Hamiltonian operator for a harmonic oscillator of angular
frequency  in terms of raising and lowering operators a* and a is given by,
fr= hm(&*& " 1] :
2
! 1/2
. (mm ]2 ( 1 j .
where a=|—| x+i p
2h 2mho
mo % 1 172
) ) 7
2h 2mho
Unnormalized energy eigenfunction of the oscillator is,
—x?
Y= (2x*—3x) ez
Considering dimensionless units (m =1, ®= 1, 2= 1), find the eigenfunctions
which are closest to y in energy.
Solution: If we take m =1, ® =1 and 7 =1 we get,
a= L (x+1ip)
NG p
] 1
' =—=(x-ip)
V2 ()
Let y be an energy eigenfunction of the oscillator belonging to the
energy eigenvalue,
E = (Hl)hm:(ml} n=0,1,2, .. (i)
n 2 2
We have
&Wn - _:n—\lln—]
And &Twn AT lpn-%—l
So that
aaty =a(mT Dy, =m+1)y ...(iii)
Using Equation (i) we have,
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One Dimensional Problem

@' = 2 ) (- )Y

Replacing p by —in d_ —i i, the above becomes,
NOTES dx - dx

oot
2 dx dx A

Using y given in the problem we get,

2

aaty = l(x+%j(x%j(2x3 ~3x)e 2

2
or Gty =402 -3x)e2 =3+ 1)y (iv)
Comparing Equation (iv) with Equation (iii) we get,
n=3
Hence, the eigenfunctions closest in energy to  belong to n = 2 and

n=4.

The eigenfunction corresponding to n =2 is,

2

S NP N B (VN P S
v, \/ga\p \/g\/a(x+dx](2x 3x)e

or ! (x + ij (2x* = 3x) e
dx

\IIQZ%

The eigenfunction corresponding to n =4 is,

2

_ 1. 1 d =
v, = EGTW:m(X_E)(2X3 —3x)e ?

Example 10: The ground state eigenfunction and the first excited state
eigenfunction of a linear harmonic oscillator along the x-axis are given,
respectively, by,

12 o2
o

9= H ‘<

12 oyl
o
and Wl(X) = 2|:m:| oxe 2

Find the expectation value of the energy of the oscillator if its state is
described by the wavefunction,

W) = %m () + ¥, ()]
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Solution: Let /7 be the Hamiltonian operator for the oscillator. We then have ~ "¢ Pimensional Problem

according to the problem,

AW = 2 1 o) 0
NOTES

Hwv, () = % I Wy, (x) (i)

We also have the following orthonormal properties of y(x) and y (x),

[wiw@ar= [l P = [viwa=1 i)
[wiwede= 1y, f de= [yl ae=1 (iv)
Jwi@wdr= [ v v @) dr=0 (V)

The expectation value of energy in the state described by the
wavefunction y(x) is given by,

(E) = [ v+ iy dx
N cn 1
- _[c[ﬁ{‘lfo(x)"'\lﬁ(x)} Hﬁ{wo(x)+\pl(x)}} dx
B %[J W () + Wy (O} H (o () + W () dx]

or (E) %U Vo) B v de+ [ w0 B v () de

+ [ v Ay de+ [ 0 B ) dx]
Using Equations (i) and (ii) the above becomes,

11 e
(E)y = =| | mhoyi(x)dx+ [ 3 hoyi(x)dx
2 _[02 £2

+oo +oo
+ [ 2hov,widcs [ hoy 0w dx]
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One Dimensional Problem Using Equations (iii), (iv) and (v) the above gives,

(E) = l|:lh0)+ih(l):|=h(,0
212 2

NOTES

Check Your Progress

. What are the two important properties of one-dimensional motion?
. How is force constant related to the frequency?
. What is the total energy of the oscillator?

. In terms of the variable x, express the asymptotic solution.

DN BN W N =

. Why the infinite series must be terminated for the wave function of
the oscillator to satisfy the boundary condition?

6. What is the condition for the wave function of the oscillator to satisfy
the boundary conditions?

7. What is zero-point energy?

8. What is the total energy of the oscillator? How will you obtain velocity
from it?

9. Give the Hamiltonian operator of a harmonic oscillator.

10. Explain the energy eigenvalues of the oscillator.

3.4 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

p—

. The important properties of one-dimensional motion that we find are:

(1) In case of bound states, the energy spectrum is not only discrete
but is non-degenerate also.

(i1) The eignfunction y (x) for a bound state has ‘»’ number of nodes
if the ground state corresponds to » = 0 and (n — 1) number of
nodes if the ground state corresponds to n = 1.

2. The force constant k (restoring force acting on the particle per unit
displacement) is related to the frequency ®, as

k=moy
3. The total energy E of the oscillator is,
E=T+V
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10.

. In terms of the variable x, the asymptotic solution can be expressed as,

mw, -

Y =e ¥

. For the wave function of the oscillator to satisty the boundary condition,

the infinite series must be terminated by selecting A in such a way
that (2r + 1 — A) vanishes for » = n. Thus one of the series becomes
a polynomial and the other can be eliminated by setting the first
coefficient to zero.

. For the wave function of the oscillator to satisfy the boundary conditions

(W(y) > 0 as y — £ o), the parameter A should take the value
(2n + 1) where n is a positive integer including zero.

. In the lowest or the ground state, which corresponds to n = 0, the

oscillator has the finite energy,

1
EO = E h(DO
Which is called the zero-point energy.

. The total energy of the oscillator at the position corresponding to the

displacement +x from the mean position is,
E= 1 mv* + 1 kx?
2 2

We obtain form the above, the velocity of the oscillator at the position
+x to be,

52
2F — kx
v: —
m

. The Hamiltonian operator of a harmonic oscillator of mass m oscillating

along the x-axis under a force constant £ is,

The energy eigenvalues of the oscillator are
E - [n+l)hm0, n=0,1,2, ..
" 2

The operator a'and a are, respectively, called the raising and lowering
operators. Further, since the eigenvalues of afa are positive integers
it is usual to call the operator a'a as the number operator.

3.5

SUMMARY

The nature of the states of the particle is determined completely by the
energy of the particle and the nature of the potential function V(x).

One Dimensional Problem

NOTES
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One Dimensional Problem * The important properties of one-dimensional motion that we find are:

(1) In case of bound states, the energy spectrum is not only discrete
but is non-degenerate also.

NOTES (ii) The eignfunction y (x) for a bound state has ‘»’ number of nodes
if the ground state corresponds to » = 0 and (n — 1) number of
nodes if the ground state corresponds to n = 1.

e Ifx, is the amplitude of the oscillator, its displacement x from the mean
or the equilibrium position varies with time according to,

X =X, sin o
* The potential energy of the oscillator is,

1 1
V(x) = Ek)c2 =5 m o x°

* The total energy E of the oscillator is,
E=T+V

y2

* One of the asymptotic solutions namely y(y) = ¢ 2 isnot physically
acceptable because it diverges as [y| and hence |[x| — co. We thus have
the asymptotic solution for the oscillator,

yZ

y()=e 2
* For the wave function of the oscillator to satisfy the boundary condition,
the infinite series must be terminated by selecting A in such a way
that (27 + 1 — A) vanishes for » = n. Thus one of the series becomes
a polynomial and the other can be eliminated by setting the first
coefficient to zero.

* The oscillator possesses equi-spaced energy levels, the spacing between
successive energy levels being 7,

* For the wave function of the oscillator to satisfy the boundary conditions
(W(y) = 0 as y — £ ), the parameter A should take the value (2n +
1) where 7 is a positive integer including zero.

* The probability of finding the oscillating particle between x and x +
dx when the oscillator is in the n™ state described by the wavefunction
y (x) and according to the definition is given by,

P, (x) d = 7 (x) , () dx = [y, ()P dx
* In the lowest or the ground state, which corresponds to n = 0, the
oscillator has the finite energy,

Which is called the zero-point energy.
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* The function e "2 is always an even function, H (y) is an even function
for n even and an odd function for n odd, we find the oscillator energy
eigenfunctions are even function for » even and odd functions for n
odd.

e Since the oscillator energy eigenfunctions y (x) do not become zero at
the classical turning points x = £, the oscillator can be found outside

the parabolic potential barrier (Vzl kxz)- The oscillator in all its
2

quantum state is thus able to penetrate the potential barrier.

* The total energy of the oscillator at the position corresponding to the
displacement +x from the mean position is,

1 1
= E I’I’lV2 + 5 kxz
We obtain form the above, the velocity of the oscillator at the position
+x to be,
1/2
2F — kx®
V = —

m
* The Hamiltonian operator of a harmonic oscillator of mass m oscillating

along the x-axis under a force constant £ is,

e a'a is self-adjoint irrespective of whether a is self-adjoint or not. The
expectation value of aa is positive in all states, i.e., the operator does
not possess negative eigenvalues. Hence the sequence of eigenvalues
(A—1), (A—2), ... must terminate before the negative value is reached
and also the sequence ay, a2y, ... must terminate.

* The energy eigenvalues of the oscillator are
E = [n+%)hcoo, n=0,1,2, ..

» The operator a'and a are, respectively, called the raising and lowering
operators. Further, since the eigenvalues of a'a are positive integers
it is usual to call the operator a'a as the number operator.

* Aone-dimensional potential barrier of height V/ and width a is defined
by potential function ¥(x) given by,

Vix)=0 for x<0
=V, for 0<x<a

=0for x>a

One Dimensional Problem
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One Dimensional Problem * As the energy E of the incident particle increases, remaining less
than V, both & as well as o increase and the transmission coefficient
increases.

NOTES * [tis observed that some radioactive nuclei disintegrate by the emission
of alpha (o) particle which is the nucleus of a helium atom having
charge of +2¢ and a mass 4 units.

* An o-particle remains bound within the nucleus by a strong, attractive,
short range nuclear force. This attractive nuclear force acts upto a
distance which is approximately equal to the radius of the nucleus.

e If 7, be the radius of the nucleus and Ze be the change of the residual

nucleus then the coulomb potential enerIgy of the a-particle just beyond
2Ze

the surface of the nucleus becomes

dne, n
* The speed of an a-particle in a heavy nucleus has been estimated to
be of the order of 10" ms™".

* The probability that the o-particle crosses the barrier and comes out
of the nucleus per sec is,

P=Tx10*
* The reciprocal of P gives the life time T of the a-decaying nucleus,
1.e.,
N
P Tx10"

3.6 KEY WORDS

* Nature of the states of the particle: It is determined completely by
the energy of the particle and the nature of the potential function V(x).

* Bound states: In bound state the energy spectrum is not only discrete
but is non-degenerate also.

* Total energy E of the oscillator: The total energy E of the oscillator
isgivenas E=T+ V.

* Alpha-particle emission: Some radioactive nuclei disintegrate by the
emission of alpha (a) particle which is the nucleus of a helium atom
having charge of +2e and a mass 4 units.

Self-Instructional
118 Material



One Dimensional Problem

3.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions NOTES

. What is one dimensional motion?

. How the nature of the states of the particle is determined?

. Define the term linear harmonic oscillator.

. What is kinetic energy of the oscillator?

. Give the equation for the asymptotic solution of the wave equation.
What is the recurrence relation for the oscillator?

What is abstract operator method?

Differentiate between eigenvalues and eigenfunction.

I - R SR

What is potential barrier problem?

[S—
=]

. Define the term tunnel effect.

Long Answer Questions
1. Discuss the one dimensional problems in quantum mechanics giving
appropriate examples.

2. Briefly explain the linear harmonic oscillator and tunnel effect in
quantum mechanics giving appropriate examples.

3. Explain the equations for the time-independent Schrédinger equation
for an oscillator.

4. Briefly discuss the exact solution/recursion formula of the wave
equation for the oscillator.

5. Discuss the energy eigenfunctions of the oscillator giving equations
and figures.

6. Explain the abstract operator method for linear harmonic oscillator
problem.

7. Write a detailed note on one-dimensional potential barrier.

8. Discuss about the alpha-particle emission giving appropriate examples.
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4.6 Key Words
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4.0 INTRODUCTION

In physics, a free particle is a particle that, in some sense, is not bound by
an external force, or equivalently not in a region where its potential energy
varies. In classical physics, this means the particle is present in a ‘field-free’
space. In quantum mechanics, it means a region of uniform potential, usually
set to zero in the region of interest since potential can be arbitrarily set to
zero at any point (or surface in three dimensions) in space. By a free particle
we mean a particle which moves freely in space without the influence of any
force. Hence, for a free particle the potential energy is zero.

In quantum mechanics, the particle in a box model, also known as the
infinite potential well or the infinite square well, describes a particle free
to move in a small space surrounded by impenetrable barriers. The particle
may only occupy certain positive energy levels. The particle in a box model
is one of the very few problems in quantum mechanics which can be solved
analytically, without approximations.

In this unit, you will study about the free particle and particle in a box.

4.1 OBJECTIVES

After going through this unit, you will be able to:
* Understand what free particle is

* Define the particle in a box Self-Instructional
Material 121
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4.2 THE FREE PARTICLE

By a free particle we mean a particle which moves freely in space without the
influence of any force. Hence, for a free particle the potential energy is zero.

Restricting our discussion to motion in one-dimension, say, along the x-axis,
we have V(x) = 0 for all values of x so that the wavefunction y(x) describing
the state of the particle of mass m and a total energy E satisfies the Schrodinger
equation,

or %+;—T Ey(x)=0
or %Hﬁ Y(x)=0 (4.0
Where = 2h—’fE L(42)

The most general solution of Equation (4.1) is a combination of two
linearly independent plane wave solutions e and e *

Y, (x) = Ae’™ + Be ™ ..(4.3)

where 4 and B are arbitrary constants. The complete wavefunction is
given by,

Y, (x, 1) = Ae "0+ Be ke .(4.4)
2

Where o= E_nk ..(4.5)
no 2m

The first term in Equation (4.3) vy, (x, ) = Ae™ " is a wave travelling
along the positive x-axis while the second term y (x, £) = Be ) represents
a wave travelling along the negative x-axis. Both the waves vy (x, #) and
V (x, ) travelling along opposite directions are associated with the motion of
the free partical having well defined momentum and energy. The momentum
associated with y (x, ) is p, = nk while that with y _(x, ) is p_ = —nhk. Both

272
V. (x, t)and y_(x, 7) belong to the energy k" Since for free particle motion
2m

there are no boundary conditions, there exist no restrictions on the values
of k and E. Clearly the states of the free particle are continuous or unbound.

It is important to discuss some of the physical subtleties present in the
free particle motion:



(1) The probability density corresponding to the solution y (x, ?) is,

P.(x,0)=|v,(x,?)[* =| A]* = Constant independent of x and ¢
The probability density corresponding to the solution W (x, #) is,
P.(x,t)=|y_(x,t) | =| B’ = Constant independent of x and 7.

The above result is a purely quantum mechanical result having no
explanation according to classical mechanics. Since the particle represented
by the waves v (x, 7) and y (x, ) have well defined momenta and energy
we have the uncertainty in momentum Ap = 0 and uncertainty in energy
AE =0. According to Heisenberg’s uncertainty principle we get the uncertainty
in the position Ax — oo and the uncertainty in the time A¢ — oo. Thus there
is complete loss of information about the position and time for any state of
the particle.

(2) The speed of the plane waves v (x, #) and y (x, £) is given by

E _1n’K*/2m _ hk
hk hk 2m

wave

.(4.6)

=|e

The speed of the particle according to classical mechanics is given by,

_p_nk
rticle =y~ ..(4.7)
We thus observe,
particle - 2vwave (48)

The above means that the particle travels with a speed which is double
the speed of the waves representing the particle.

(3) The wavefunction representing the particle is not normalizable. This

is because,
[viwov,cnde=14f [dr=w (49)
And |V @OV (ondo=|BP [dr=e ...(4.10)

We may conclude from the above result that the solutions of the
Schrodinger equation y (x, #) and y (x, f) do not represent physical
situation because wavefunction representing the state of any system must be
quadratically integrable. We may make a formal conclusion that a free particle
described by the laws of quantum mechanics cannot have sharply defined
momentum and energy. We may further conclude that a free partical cannot
be represented by single (monochromatic) plane wave. Physically acceptable
representation of a free particle is a wave packet. We may further conclude

The Free Particle
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that solutions of the Schrodinger equation which are physically acceptable
cannot be plane waves.

4.2.1 The Potential Step

Consider a particle of mass m moving in a one-dimensional potential specified
in the Figure (4.1). Mathematically, the potential function ¥(x) is of the form,

V(x)=0 x<0 (RegionI)
=7, x>0 (Region II)

The particle moving freely in Region I encounters the potential ¥ at
x=0.

x=0
Fig. 4.1 The Potential Step

The wavefunction y(x) describing the state of the particle in general
satisfies the Schrodinger equation,

h2 dZ
D v = By
2
or d;igx)_l_zhlzl [E*V(X)]W(X)ZO (411)

In the above, E is the total energy of the particle.

In the Region /, if y,(x) is the wavefunction, Equation (4.11) takes the
form

(4.12)
vy (x) 2 (
2 By =0
2
or d ::xlz(x) +k7 g, (x)=0
2
where e = h—T (4.13)

If y,(x) be the wavefunction of the particle in Region II, Equation
(4.11) gives,



The Free Particle
d*y,(x) 2m
“’—2+h—2[E—Vg]w2(x)=o

dx*
d2
°r o =0 (414)|  NOTES
Where o = ;—T[E—Vo] (4.15)

Most general solutions of Equations (4.12) and (4.15) can be written as,
v, (x) = Ae™+ Be'™ ...(4.16)
Y, (x) = Ce'* + De '™ ..(4.17)

In the above 4, B, C and D are constants which may be determined using
the boundary conditions on the wavefunctions. The first term in Equation
(4.16), v, (x) = Ae™ represents a plane wave travelling along the positive x-axis
in the Region I and can be considered as an incident wave, while the second
term Y, (x)=Be " representing a plane wave in Region I travelling along the
negative x-axis can be considered as the wave reflected at the potential step at
x = 0. The first term in Equation (4.17) y, (x) = Ce “* represents a plane wave
travelling in Region Il along the positive x-axis and can be considered as the wave
transmittedinRegionllfromthepotential stepatx=0,whilethesecondterm y, (x)=
De '™ represents a plane wave in Region II travelling along the negative
x-axis. Since throughtout the Region II there exists no potential boundary
from which reflection can occur, y, (x) must vanish which requires D to be
equal to zero so that Equation(4.17) reduces to,

Y, (x) = Ce™ ..(4.18)

We have the following boundary conditions in view of single valuedness
and continuity of wavefunction at a potential boundary:

(1) vV, ()= y,(x) atx=0 ...(4.19)
Using the above we obtain from Equations (4.16) and (4.18)
A+B=C ...(4.20)

dy,(x) _ dyy(x)

(i1) 0 e atx=0 ..(4.21)
From Equation (4.16) we have
WD) _ g pgei (4.22)
dx
From Equation (4.18) we have
W) _ oo .(4.23)

dx
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Using Equations (4.22) and (4.23) we get using Equation (4.21)

k(4-B)=aC ...(4.24)
Solving Equations (4.20) and (4.24) we obtain,
2k
= A
C P ...(4.25)
k—a
= A
P ...(4.26)

If we consider the constant 4 as the amplitude of the incident
wave, constants B and C can respectively be interpreted as the reflected
and the transmitted amplitudes. We now consider the results on
reflection and transmission in two cases, namely when £ > V, and when
E<V,

Casel: E>V
The wavefunction in Region I is,
v, (x) = Ae™ + Be ™ ...(4.27)
We get on differentiating Equation (4.27) with respect to x
PO = j[de — Be ] .(4.28)
X

Taking complex conjugate, Equation (4.27) becomes

yi(x)=A'e ™+ B'er ...(4.29)
Taking complex conjugate, Equation (4.28) we get
L A (4.30)

X
The general expression for probability current density is given by

= ;—ih[\p*Vq}f\yV\u*] ..(4.31)
m

Since we are considering one-dimensional motion we get from Equation
(4.31) the probability current density in Region I to be
—ih

J1 =
2m

v dl}

dx dx

Substituting from Equations (4.27), (4.28), (4.29), and (4.30) in the
above we obtain

hk
Ji=——(AF ~|BF) (4.32)

The first term on the right hand side of Equation (4.32) gives the
probability current density of the incident wave/beam



The Free Particle

hk
(Jl)incident - ; | 4 |2 (433)
while the second term gives the probability current density of the
reflected wave/beam NOTES
hk
(Jl)rcflcctcd - ; | B |2 (434)
Let us now consider Region II in which the wavefunction is given by
Y, (x)=Ce™ ...(4.35)
The above gives
N D) _ i Coits .(4.36)
dx
Taking complex conjugate of Equation (4.36) we get
v(x)=C e .(4.37)
and taking complex conjugate of Equation (4.36) we get
W) — g ¢ i .(4.38)
dx
The probability current density in Region II by definition is given by
—ih| . _dy dv,
J,=—= 2 _ 2 (439
= S V@) T Sy, (4.39)
Substituting from Equations (4.35), (4.36), (4.37) and (4.38) in Equation
(4.39) we obtain
ho
J,= 7|C|2 ...(4.40)
Since in Region II, there exists only the transmitted wave we get the
probability current density of the transmitted wave/beam,
ho
(Jz)transmitted — | C |2 (441)
m
The reflectance or the reflection coefficient is, by definition, given by
_ Probability current density for reflected beam
Probability current density for incident beam
— (Jl )reﬂected
(‘]l )incident
Using Equations (4.33) and (4.34) we obtain
hk | pp
_m! Pl 8P
hk 4P
Gilap A
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Using Equation (4.26) in the above we obtain

R= ("‘O‘J (4.42)

k+o

Similarly, the transmittance or transmission coefficient is

— (JZ )transmitted
(Jl )incident

Using Equations (4.33) and (4.41), the above gives

ho 2
C
w € aep

kAP

r= 0
=y

Using Equation (4.25) in the above we get

2
r-42)
k\k+o

_ 4ko.
(k + o)’

or ..(4.43)

We note the following:

. We have k= /2;_1—21 E , areal positive quantity

a=, /27’" (E-7,), areal positive quantity under the condition £

> Vo

Equation (4.42) then shows that R is a real positive quantity, meaning
that a certain fraction of the incident particles gets reflected on
encountering the potential step at x = 0. This result is in contrast
to classical mechanics, according to which a particle going over a
potential step, under the condition £ >V, would slow down in order
to conserve energy but would never be reflected. The observed result
is a consequence of the wave properties of the particle. In other words,
we can say that reflection under the condition £ > V is a quantum
mechanical effect.

. For E>>V, that is for & — k from below, the ratio of the reflected

flux to the incident flux, that is, |R|* approaches zero. This agrees with
intution which tells us that at very high incident energies, the presence
of the step is but a small perturbation on the propagation of the wave.



Case2: E< V, The Free Particle

. . 2 . . .
In this case, o given by or= /h—T (E —V,) becomes imaginary. We may write

NOTES
o= \/_2?[—’;’(1/0 ~E)= '\/;—T(VO ~E)=if ~(4.44)

hence f= /27’"(1/0 — E) is real positive. ...(4.45)

The solution of the Schrodinger equation in Region II is now given by
yx)=Cef=Cek ...(4.46)

We find that y,(x) does not blow up at x = +co

The reflection coefficient given by Equation (4.42), in this case becomes

oo [k—{Bj(k—{B) z(k—{ﬁj(kﬂﬁj (447
k+iB )\ k+iB k+iB )\ k—if

or R=1

Thus, when E' <V, as in classical mechanics there is total reflection.

It can, however, be seen that the transmission coefficient given by
Equation (4.43) does not vanish. Clearly, a part of the incident wave penetrates
into the classically forbidden region, Such penetration phenomenon again is
characteristic of waves permitting a ‘tunneling’through barriers that would
totally block particles in classical description.

4.2.2 Asymmetric Square Well

Consider a particle of mass m moving in a one-dimensional infinitely deep
asymmetric potential well as shown in the Figure (4.2), the potential function
V(x) being of the form,

V(x)=+ oo
for x<0 [Region I]
=0
for 0<x<a [Region II]
=+ oo
for x>a [Region III]

Self-Instructional
Material 129



The Free Particle

130

NOTES

Self-Instructional
Material

V(x)

x=0 X=a
Fig. 4.2 Asymmetric Square Well

Classically, the particle remains confined within the well and moves
with constant momentum back and forth as a result of repeated reflections
from the walls of the well at x = 0 and at x = a.

Since V(x) =+ o for x <0 (i.e., in Region I) as well as for x > a (i.e.,
in Region III), the wavefunctions of the particle in these two regions are
Z€ro, 1.€.,

Yyx=0)=0=y(x=a) ...(4.48)

If w(x) represents the wavefunction for the particle inside the well
(0 £x <a), we have the Schrédinger equation

dy(x) 2m
dxz + h—z E \U(X) =0
2
or % + kK y(x)=0 ...(4.49)
Where k= i—TE .(4.50)

The general solutions of Equation (4.49) are
Y(x) =C e*+ De ™™
or Y(x) = A sin kx + B cos kx ..(4.51)

where 4 and B are constants.
Using the boundary condition given by Equation (4.48), namely
¥(0) = 0 in Equation (4.51) we get
B=0
so that the solution becomes
W(x) = A sin kx ..(4.52)
Further, applying the other boundary condition namely y(a) = 0, we
get from Equation (4.52)
Asinka=0



The above gives either 4 = 0 or sin ka = 0. However, 4 = 0 leads to The Free Particle
Y(x) = 0 everywhere which is not possible. Hence, we obtain

sinka =0
The above gives NOTES

ka =nm;, n=A positive integer
=1,2,3, ... ... (4.53)

We may note that n cannot be 0 because that would make & = 0 so that
wavefunction would vanish everywhere.

From Equation (4.53) we thus get

k=" (4.54)

Using Equation (4.54) in Equation (4.52) we get the energy
eigenfunctions of the particle to be given by

W (x) =4 sin (ﬂx) n=1,2, .. .(4.55)
a

Constant 4 can be determined from the requirement that the
eigenfunctions are normalized, i.e.,

Jwim v, =1

0

The above gives,

or A ==1

or VENE ...(4.56)

The energy eigenfunctions are thus

v ) = \Esm(ﬂx} n=1,2, . (457
a a

Using Equation (4.50) in Equation (4.54) we get the energy eigenvalues
of the particle to be given by
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or E = w2, n=1,2,.. ..(4.58)

We find the energy to be quantized, only certain values of energy are
permitted. This is as expected because the states of a particle which are
confined within a limited region of space are bound states and the energy

eigenvalue spectrum is discrete. This result is in sharp contrast to the result

2
in classical physics in which the energy of the particle given by E Z%(p
being the momentum of the particle) can assume any value continuously
from a minimum to a maximum.

From Equation (4.58) we get

K

E -E= 2n+1) ...(4.59)

ma2
Clearly, the energy levels are not equispaced.
We have

E—E, 2n+1 2 1

2

E n? n n

n

Clearly, in the classical limit, the above gives,

E . —F
Lt [%}: Lt (%+L2)=0
S n TEARm ..(4.60)

meaning that the levels become so close together that they become
practically indistinguishable forming a continuum.

The lowest energy state or the ground state corresponds to n = 1. The
ground state energy is given by,
h2 2
E = T

1 2ma?

.(4.61)

And the ground state wavefunction is given by,

Y, (x) = \E sin(g x) (4.62)

Energy given by Equation (4.61) is called the zero point energy because
there exists no state with zero energy.

The plot of some of the eigenfunctions with x are shown in Figure (4.3).
We observe from the plots that the eigenfunction y (x) has (n — 1) nodes.
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Fig. 4.3 Plot of Engenfunctions

Discussion on Zero Point Energy

If the particle inside the well has zero energy then it will come to rest and
will be localized within the limited region defining the well. Heisenberg’s
uncertainty relation then will require the particle to acquire a finite momentum
and hence a minimum kinetic energy. Since the particle is confined in the
region 0 < x < g, it has a maximum position uncertainty Ax = a and hence

- . n D
a minimum momentum uncertainty Ap ~ — which in turn corresponds to
a

2 2
a minimum kinetic energy @p) _ 2h_2 which is in qualitative agreement
2 £ ma
with the exact value £, = T f

=
2ma

.. . . ho.o.
The minimum momentum uncertainty given by Ap ~ PR inversely
proportional to the width of the well. Smaller the width, more the particle

becomes localized, and Ap increases. This causes the particle to move faster
thereby increasing the zero point energy. If on the other hand, width of the
well increases, the zero point energy decreases but never becomes zero. Thus
localization of a particle forces a minimum motion and hence a minimum
energy to the particle.

4.2.3 Symmetric Square-Well Potential of Infinite Depth

A symmetric infinite square well potential is defined as

V(x)=+c for x<-a
=0 for —a<x<a
=+oc0 for x>a

and is represented in the Figure (4.4)

Consider the motion of a particle of mass m in the one-dimensional
potential described above.
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—-a o a
Fig. 4.4 Symmetric Infinite Square

If y(x) is the wavefunction describing the state of the particle in the
region —a <x < athen it satisfies the time-independent Schrodinger equation,
d2y(x) 2m

dx? +?

Evy(x)=0

2
or %+k2\p(x)=0 ..(4.63)
X

Where k= /i—TE .(4.64)

The most general solution of Equation (4.63) is given by,
Y(x) = A4 sin (kx) + B cos (kx) ...(4.65)
Where A4 and B are constants.

Since V(x) = oo for x < —a and x > a, the wavefunctions in these two
regions vanish giving,

Y—a)=0 and w(+a)=0 ...(4.66)
Using the conditions given by Equation (4.66) in Equation (4.65) we get

A sinka+ B cos ka=0 ...(4.67)
and

—Asinka+ B cos ka=0 ...(4.68)
For the above two equations to hold simultaneously we must have

Asinka=0 ...(4.69)
and Bcoska=0 ...(4.70)

In view of Eqations (4.69) and (4.70) we may have 4 =0 and B=0
but these are physically unacceptable because y(x) given by Equation (4.65)
would then vanish.

Since B #0, we have from Equation (4.70),



nr The Free Particle
cos ka= 0= cos > n=13,5,..

nT nt

k=— ..(4.71)
2a NOTES

Using Equation (4.64) in the above we obtain the energy eigenvalues

or ka =

W n’m? _ ’h? )
2 8ma? "

E:

n

n=1,3,5,.. (4.72)

2m a

The energy eigenfunctions corresponding to the above energy
eigenvalues are

 (x) = B cos kx = Bcos(ﬂ x), n=1,3,5 (4.73)

2a

The condition given by Equation (4.69) gives
sinka=0=sinnwr  (since A #0)

or ka=nmw or k=1% n=24,6 (4.74)

Using the above value of &k in Equation (4.64) we get the energy
eigenvalues

W, mhn?
— k= —,

E:

n

n=2,4,6, .. (4.75)

2m Sma

The corresponding energy eigenfunctions are
W (x)=4 sin(”zﬂj, n=2,4,6, .. ..(4.76)
a
The normalization conditions of the wavefunctions,

Jwiw,d=1
lead to
A=t p=L (4.77)
= N (4.

We can thus write the set of energy eigenfunctions for the particle in
the symmetric infinite square well potential as,

ST e
v (x) = N s1n(2a x), n=2,4,.. ...(4.78)
W (x) = %cos(%x}, n=1,3,5, . .(4.79)
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222
E="" 2 n=1,23,. .(4.80)

n

8ma

NOTES Discussion

The wavefunctions corresponding to n = 1, 3, 5, ..., i.e., corresponding to
odd quantum numbers are symmetric, Y(—x) = y(x).

e The wavefunctions corresponding ton=2,4, 6, ... i.e., corresponding
to even quantum numbers are antisymmetric, Y(—x) = — y(x)

e In other words, for symmetric potentials V(—x) = V(x), the
wavefunctions of bound states are either even (symmetric) or odd
(antisymmetric).

e The energy spectrum for the particle is discrete and non-degenerate.
e The ground state energy or the zero point energy is,
_ nh

8ma’®

E

1

Corresponding to the eigenfunction,
l// (x) = L CcOS E
! \/; 2a

4.2.4 Symmetric Square-Well Potential of Finite Depth

A symmetric square well potential of finite depth is described by potential
function V(x) of the form

z)=V, for x<-a (Region I)
=0for —a<x<a (Region II)
=V, for x>a (Region III)
The potential function is shown in the Figure (4.5)
V(x)
A
v, 3 v,
I Hi i
-a 0 +a X

Fig. 4.5 Potential Function
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Consider the motion of a particle of mass m in the potential well The Free Particle
described above.

The Schrodinger equation in Regions I and 111 is,

e NOTES
V4w = By
m dx

d? 2 B
o ;;gx)th—T(E—Vo)w(x) =0 (481)

In Region II the Schrodinger equation is

d’ 2
%‘F—TEW(X):O

which can be put in the form

_d2;’§” +Ey(x)=0
x ...(4.82)

where k= ,[—E ...(4.83)

Let us consider the cases where: E<V,, and E>V

Case E <V We may write Equation (4.81) in the form

d*y(x)
dx?

where o= /;—T(VO—E) is real positive -.(4.85)

The most general solution of Equation (4.84) is

—a?y(x)=0 ..(4.84)

Y(x) =Ae ™+ Be*, A and B are constants ...(4.86)
Specific solution in Region I v, (x) =4 e* ..(4.87)
Specific solution in Region Il y,(x) = B e * ...(4.88)

Solution of Equation (4.82) gives the wavefunction in region II
Y, (x) = C sin (kx) + D cos (kx) ...(4.89)

V,(x) is either symmetric or antisymmetric about x = 0. The first term in
Equation (4.89) is antisymmetric because sin (kx) = —sin(—kx). The second
term is symmetric because cos (kx) = cos (—kx).

For the symmetric function in Region II, the coefficient C = 0 so that
we may write the symmetric wavefunction in Region II as
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(W, menic = D €08 (kx) ...(4.90)
At x = *a, we have, using the single valuedness of wavefunction

Ae * =D cos ka ..(4.91)

Be =D cos ka ...(4.92)
Similarly, using the continuity of wavefunction at x = £a gives

oA e*=+D ksin(ka) ...(4.93)

+oB e *=D ksin(ka) ...(4.94)
The above equations give

A=B ...(4.95)
and ktan ka = « ...(4.96)

Let us now consider the antisymmetric wavefunctions in Region II.
In the case D = 0 so that we may write the antisymmetric wavefunction in
Region II as

(WZ(X))antisymmetric - C Sil’l (IOC) (497)

Using the single valuedness and continuity of wavefunction at the
boundaries at x = +a we get

A e =—C sin(ka) ...(4.98)
B e = (Csin(ka) ...(4.99)
oA e =—C kcos(ka) ...(4.100)
—aBe *=C k cos(ka) ...(4.101)
From the above four equations, we obtain
A=-B ...(4.102)
and
kcothka=-a ...(4.103)

The energy eigenvalues for the particle can be obtained by solving
Equations (4.96) and (4.103) graphically as explained in the following:

Let us put ka = x ...(4.104)
oaa=y ...(4.105)
From the above we get
x2 +y2 — (kZ + aZ) a2

Substituting for k£ and o from Equations (4.83) and (4.85), the above
becomes



2m 2m The Free Particle
Xty = [h—zE-i-h—z(Vo —E)} a?

2ma’
h2
Substituting Equations (4.104) and (4.105) in Eqations (4.96) and
(4.103), respectively, we obtain

or X2+yr= v, ...(4.106)

NOTES

Xtanx =y ...(4.107)
—xcotx=y ...(4.108)

We plot x tan x against x, x cot x against x and x* + y? for different
values of V a* (which are circles of different radii). Since both x and y can
take only positive values, the sections of the circles have been shown in the
first quadrant only in Figure (4.6).

y=oa

Fig. 4.6 Graph

In the Figure 4.6,
Full line curves — x tan x against x plots
Dashed curves — —x cot x against x plots

Circular sections — Different values of V0a2

The energy levels and the energy eigenvalues for the symmetric
wavefunction are given by the intersections of the x tan x against x curves
and the circular sections. Similarly, the energy eigenfunctions and the energy
eigenvalues when the wavefunction in the well is antisymmetric are given
by the intersections of — x cot x against x curves and the circular sections.

Ifthe intersections of x tan x against x curves and circles occur at values
of x equal to x , x,, ..., x , ... then we get

2mE,
xizkzazz : 2

a

h2
or E = ¥, n=13,5,..
2ma* "
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Similarly, if the intersections of —x cot x against x curves and the circles
occur at values of x equal to x ,, x,, ... x ..., then we get

2mE ,
xi,Z ka® = > a*
h
2
or E = > x%; n’=2,4,6, ..
ma

The number of bound states are seen to depend upon the height V/ and
the width a of the well through the factor ¥ a*. From the Figure (4.6) we
find the following

242
(i) Only one energy level of symmetric type, if 0 <V, a* < mh

m
(i) Two energy levels of which one is of symmetric type and the other of

232 232
. . . 4
antisymmetric type, if ngh < V0a2 < h
m

8m
(i1i1) Three energy levels of which two are of symmetric type and one of

4An*i? on’n?

antisymmetric type, if and so on.

<Vya’ <

m
Some of the energy eigenfunctions corresponding to bound states are
shown in the Figure (4.7).

Fig. 4.7 Eigenfunctions for Bound State

Unlike in the case of infinite potential well, both the symmetric as
well as the antisymmetric eigenfunctions extend beyond the well, i.e., in the
regions x < —a and x > a which define the classical turning points. Clearly,
there exists finite probability of finding the particle outside the well. This is
a quantum mechanical effect.

Case E>V:
The Schordinger equation in Regions I and III is given by,

d’y(x) , 2m
*n

(E-T)w(x)=0

Since E is greater than V), i—T(E —V,) is areal positive quantity. As

such the solution of the above equation is sinusoidal in nature. The probability



density for the particle is distributed over all space in regions I and III. It is The Free Particle
also distributed in Region I, i.e., within the well. Thus we do not get bound
state for the particle.

4.3 PARTICLE IN A BOX NOTES

Consider a particle of mass m moving within a rectangular box. Let us
choose a Cartesian coordinate system with x, y and z axes parallel to the three
adjacent edges of the box. Let the lengths of the box parallel to the x, y and
z axes be respectively, a, band c. Let p , P, and p_be the components of the
linear momentum of the particle along x, y and z axes, respectively. Let us
consider the motion of the particle to be force-free and the collision of the
particle with the walls to be perfectly elastic. Under such a force-free motion
P, D, p, are constants of motion and they only change sign on collision with
the walls perpendicular to the x-axis, y-axis and z-axis, respectively. Further,
one cycle of motion parallel to the x-axis is 2a, that parallel to the y-axis is
2b and that parallel to the z-axis is 2c.

We now have, according to the Wilson—Sommerfeld quantization rule,

2a

§pxdx = Jpxdx =p2a=nh
2

§ pydy = g pydy =p2b =nh

..(4.109)

...(4.110)
2c

iﬁpzdz = J.pza’z =p.2a =nh
0 ..(4.111)

The total energy of the particle is given by,

p2 Pl p’
=Fx v 4
£ 2m 2m 2m

The motion being force-free, potential energy of the particle is zero.
Using Eqations (4.109), (4.110) and (4.111) in the above, it becomes

1| w20 mh® a2k
— + +
4a>  4b*  4C7

2m

LS}

2 2 2
or Ezh—[”—u”—u ] (4.112)

S

8]

8m a b2 2

o

In the above equations, 7, n, and n_are zero or integers. Equation
(4.112) shows that the energy of the particle within the box is quantized.
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N KA W N =

. What is free particle?

. Define the Heisenberg’s uncertainty principle.
. Explain potential function V(x).

. What is reflection coefficient?

. What happens if the particle inside the well has zero energy?

Check Your Progress

4.4

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. By a free particle we mean a particle which moves freely in space

without the influence of any force. Hence, for a free particle the
potential energy is zero.

. According to Heisenberg’s uncertainty principle we get the uncertainty

in the position Ax — e and the uncertainty in the time At — oo. Thus
there is complete loss of information about the position and time for
any state of the particle.

. Mathematically, the potential function V(x) is of the form,

Vx)=0 x<0 (Region I)
=V, x>0 (Region II)

The particle moving freely in Region I encounters the potential V at
x=0.

. The reflectance or the reflection coefficient is, by definition, given by

R= Probability current density for reflected beam

Probability current density for incident beam

(Jl )reﬂected
- (Jl )incident

. If the particle inside the well has zero energy then it will come to

rest and will be localized within the limited region defining the well.
Heisenberg’s uncertainty relation then will require the particle to
acquire a finite momentum and hence a minimum kinetic energy.

4.5

SUMMARY

By a free particle we mean a particle which moves freely in space
without the influence of any force. Hence, for a free particle the
potential energy is zero.



* The probability density corresponding to the solution y (x, ?) is,
P.(x,t)=|v,(x,t)[> =| 4> = Constant independent of x and ¢
The probability density corresponding to the solution y (x, #) is,
P (x,1)=|y_(x, 1) =| B|*= Constant independent of x and 7.

* Mathematically, the potential function V(x) is of the form,

Vx)=0 x<0 (Region I)
=V, x>0 (Region II)
The particle moving freely in Region I encounters the potential V) at
x=0.

* The reflectance or the reflection coefficient is, by definition, given by

Probability current density for reflected beam

R:

Probability current density for incident beam

_ (Jl )reﬂected
(']1 )incident

* For E>>V, thatis for o — k from below, the ratio of the reflected flux
to the incident flux, that is, |R|* approaches zero.

* If the particle inside the well has zero energy then it will come to
rest and will be localized within the limited region defining the well.
Heisenberg’s uncertainty relation then will require the particle to
acquire a finite momentum and hence a minimum kinetic energy.

* The minimum momentum uncertainty given by Ap ~ —, is inversely
a

proportional to the width of the well.

» The wavefunctions correspondington =1, 3, 5, ..., i.e., corresponding
to odd quantum numbers are symmetric, Y(—x) = Y(x).

* The energy levels and the energy eigenvalues for the symmetric
wavefunction are given by the intersections of the x tan x against x
curves and the circular sections.

4.6 KEY WORDS

* Free particle: It means a particle which moves freely in space without
the influence of any force. Hence, for a free particle the potential energy
is zero.

* Heisenberg’s uncertainty principle: It states that the uncertainty in
the position Ax — e= and the uncertainty in the time Af —s oo .
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4.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. What is free particle?

2. Define Heisenberg’s uncertainty principle.
3. What is potential step?

4. What dose particle in a box state?

Long Answer Questions

1. Discuss the concept of free particle giving appropriate examples.
2. Briefly explain the potential function V(x) with relevant equations.

3. Discuss asymmetric square well and symmetric square well with
relevant examples.

4. Explain the concept of particle in a box.
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UNITS THREE DIMENSIONAL
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Structure

5.0 Introduction

5.1 Objectives

5.2 Three Dimensional Harmonic Oscillator

5.3 Rigid Rotator
5.3.1 Schrédinger Equation for a Rigid Rotator with Free-Axis
5.3.2 Solution of the Wave Equation: Energy Eigenvalues and Energy

Eigenfunctions for the Rotator

5.3.3 Rigid Rotator with Fixed Axis

5.4 Answers to Check Your Progress Questions

5.5 Summary

5.6 Key Words

5.7 Self Assessment Questions and Exercises

5.8 Further Readings

5.0 INTRODUCTION

In physics, the one and three-dimensional particle in a box are prototypes of
bound systems. The harmonic oscillator is the most basic model with which
we treat the vibrations of molecules. The rigid rotor is a mechanical model
of rotating systems. An arbitrary rigid rotor is a 3-dimensional rigid object,
such as a top. A special rigid rotor is the linear rotor requiring only two angles
to describe, for example of a diatomic molecule. More general molecules
are 3-dimensional, such as water (asymmetric rotor), ammonia (symmetric
rotor), or methane (spherical rotor).

In this unit, you will study about the three dimensional harmonic
oscillator and rigid rotator.

5.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand what three dimensional harmonic oscillator is

* Define the rigid rotator

5.2 THREE DIMENSIONAL HARMONIC
OSCILLATOR

A general three-dimensional harmonic oscillator consists of a particle, of
mass say m, bound to the origin O of a rectangular coordinate system (XYZ)

Three Dimensional Problem
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Three Dimensional Proble : - . iy .
ree imensionart Frovlem by a restoring force = —k7 where 7 is the position vector of the particle

with respect to the origin O and £ is the force constant. We may consider the
force I to have cartesian components
NOTES F.o=—kx, F=-ky F=-kz ..(5.1)

where x, y, z are respectively the components of 7 along x, y and z axes.
For generality, the force constants & , k and k_along the three axes have been
considered to be different.

If v, v, v_be respectively the components of the natural frequency v
of the oscillator along the x, y and z axes then we have

k.= mcoﬁ = m(27wx)2 = 47’ mwux2

k). = nw))z, = 171(271:1/).)2 = 41> mv ‘2
k, = mm? = m(27wz)2 = 41’ mvf ..(5.2)
k= mw,=mQ2ny,)* = 41* mvd ..(5.3)

The potential energy function of the oscillator is spherically symmetric
and is given by

V=W = Lp =lmwgr2 (5.4
2 2
Alternatively, we may write the potential energy function as
Vx,y,z)= %m(mfcx2 + )y’ +0l2%) ..(5.5)
The Schrodinger equation for the oscillator given by
2

Ay + h—’f [E~V(r)y=0

can be expressed in Cartesian coordinates as

Pyr.y.2)  OY(xy.2)  Py(xy.z)  2m
ax? ¥ 3z ”
A4 Z

[E - m(w’x* + ©2)* + 022)]y(x, »,2) =0 (56)
Solution of the Schrodinger Equation

Equation (5.6) can be solved using the method of separation of variables.
We write y(x, y, z) as a product of a function of only x, a function of only y,
and a function of only z,
Y(x, y, 2) = X(x) Y(y) Z(2) -(5.7)
Using Equation (5.7) in Equation (5.6) we get
2 2 2
I/Zd—)z(+)(2a’—)2/+)(Yd—ZZ+2—’;1[E—m(cofcx2 + 02y +0222)XYZ =0
ox dy 0z h g

Dividing by XYZ and rearranging the terms the above becomes
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2 2 2 2 2 2
{liﬁ&iw%ﬂ+Pil21w2ﬂ+Fi£2L¢/}:%%lmﬁg)

xde w var w Tz w
We find
(1) The sum of the three terms on the left hand side of Equation (5.8) is NOTES
a constant because the total energy E of the harmonic oscillator is a
constant.
(i1) The first term in the left hand side of Equation (5.8) is a function of
only x, the second term is a function of only y while the third term is
a function of only z.
These facts require each term on the left hand side of Equation (5.8)
to be equal to a separate constant, we put
1 d°X 2m’ ~2m
T wlx’ = P E, E_=A constant
2 2
or idX+2m [Ex—m(oixz] =0
52 & 2 r
X m —
or ?+h—2|:Ex—mu)§x2:|X—0 (59)
Similarly, writing the second term and the third term on the left hand
side of Equation (5.8) equal to ;Zm E, and h22m E_respectively, we obtain
d°Y  2m
2
Z_zeril_T[Ez_mwiyz]Z =0 ..(5.11)
We also find :
2m 2m 2m —-2m
—h—zEx —h—zEy _h_ZEZ = hz E
or
E+E +E=E ..(5.12)
Equations (5.9), (5.10) and (5.11) are mathematically identical with
the time-independent Schrédinger equation for linear harmonic oscillator.
The results (A) and (B) as below:
(A) q=@ﬁ%y%
1
Eyz(ny+5) ho, ..(5.13)
1
E = (nz + —J ho,
2
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Three Dimensional Problem where 7, n,n_are positive integers including zero.

In view of the results given by Equations (5.12) and (5.13) we get the
energy eigenvalues of the three-dimensional harmonic oscillator to be

NOTES E =FE +E +E =Kn +l)w +(n +ljm +[n +l)co }h
x y z L) X L) y ) z

nen,n,

(5.14)

(B) The normalized solutions of Equations (5.9), (5.10) and (5.11) to
be given respectively by

e
X, ®=N, H, e >

1/2 gz
Yr BEY
or X =|l———F—| H 2 ..(5.15
(%) [2”*'%!\/5} (I (5.15)
where Y= m;’; and E=7.x (5.16)
1/2
Y, = Y—y H, (e™? (5.17)
2" n, W ’
mQ@
where Y, = / hy and M=y,
and
1/2
_ Vs -2
Z =|——=——| H ..(5.18
. (2) [2”:;12!\/%} .. (Q)e (5.18)
Y= m;f and C=vyz ..(5.19)

Substituting Equations (5.15), (5.17) and (5.18) in Equation (5.19) we
get the normalized eigenfunctions of the three-dimensional oscillator to be
given by

1/2
L 24 72
\VnAnvn: (x’ Y, Z) = |:’YX’Y/V’YZ3/2:I I—Inr (E.;)F[nL (n)H,,: (C) X e j(é e C ) ...(5.20)

n
2"n n,n I

In the above,
n=n +n,+n, .(5.21)
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Special Case

In the following we consider a three-dimensional harmonic oscillator for
which the natural frequencies of oscillations 7, n, N, along X, Y and Z axes
respectively are equal. The angular frequencies ® , ® , and @_ then are also
equal. Let us assume

0 =0=0=0, ..(5.22)

Equation (5.14) then gives the energy eigenvalues of the oscillator to be

3
E o, =[(nx +n, +n,)0, +5m0}h

n)(

or

E;=(n+%)hw& n=ntn 0 =012 .(523)

In view of Equation (5.22) we find

,
A R A (5.24)

E= ./m;:o x; n=,/m;0° ¥ C=,/m;)° z ...(5.25)

Substituting Equations (5.24) and (5.25) in Equation (5.20) we get the
eignfunctions of the oscillator to be given by

1/2

(mmo ) Lo
h (P )
Vo, (5022 =| oy T H, ©H, WH,({) x e 2

..(5.26)

The ground state of the oscillator corresponds to
n=n=n=0 ..(5.27)
From Equation (5.23) we get the energy of the ground state to be given

_3
E, _jnwo

and the ground state eigenfunction from Equation (5.26) to be

Wooo(xa y: Z) = (_ 6757 (x2 + y2 + xz) (528)

The first excited state corresponds to

n=1

Three Dimensional Problem
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so that we may have
n.=1, n,=0, n,=0
n.=0, n,=1, n =0 ...(5.29)
n,=0, n,=0, n, =1
Equation (5.23) gives the energy eigenvalues corresponding to this
state to be

5

E, = > na, .(5.30)

The corresponding eigenfunctions are

ll1010"’ \IIOIO
We find that there are 3 different eigenfunctions corresponding to the

and Wy,

. 5
same energy eigenvalue 5 ho,.

Consider the first excited state of the three-dimensional isotropic
oscillator to be 3-fold degenerate.

The second excited state of the oscillator corresponds to
n=>2

so that we may have the following sets of values of 7 , n, and n_

nx—2,ny—0,nz—
n,=0,n,=2,n,=
nx=0,ny—0,nz—
..(5.31)
n.=1l,n,=1,n,=

The energy eigenvalue for this state from Equation (5.23) is given by

7

Corresponding to this energy eigenvalue there exist 6 different energy
eigenfunctions, namely

\VZOO’ ll)'020’ \V002’ ll1110’ WIOI’ llIOll
Thus the second excited state is six-fold degenerate.
In general, the degeneracy of the energy eigenstate of the three-

dimensional isotropic oscillator is

Degree of degeneracy = % (n+1)(n+2) ..(5.33)



Three Dimensional Problem

5.3 RIGID ROTATOR

A rigid rotator consists of two mass points attached at the two ends of a
massless rod. The system is capable of rotating about an axis passing through NOTES
its centre of mass and perpendicular to the length of the rod. If the rotator is
constrained to rotate in plane, it can be described by an angle coordinate 0
at any instant of time.

The potential energy of the rotator is zero because the masses are rigidly
connected to the ends of the rod of constant length.

The kinetic energy of the rotator is given by

1,2 1 .12
T==Io"==16
2 2
where / is the moment of inertia of the rotator about the axis of rotation
and o = 0 is the angular velocity of rotation. Clearly, the total energy of the
classical rotator is
1 00 1, 2
E=T==10"==1w
2 2 ..(5.34)
The phase integral of the rotator can be written in terms of the total
angular momentum p, and the angular coordinate 8 as

J=§ pody .(5.35)
According to Wilson—Sommerfeld quantization rule we have
J=nh, n=0,1,2,.. ..(5.36)

Using Equation (5.35) in Equation (5.36) we obtain
f Dodg = nh

Since the total angular momentum p, = I is a constant of motion, the
above equation gives

2n
De _[ do =nh
0

or P, = 1o Ty ..(5.37)
The above equation gives
nh _ nh
== —
2nl 1 ..(5.38)
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Three Dimensional Problem Substituting the value of ® in Equation (5.34) we obtain

1 n*h?
E = 5 1 2
NOTES
_ 1 n’h*
or 2 1 ...(5.39)

We find that the energy of the rigid rotator is discrete and not continuous.
Problem of Rigid Rotator

Rigid rotator is a system of two spherical particles separated by a fixed
distance. The system can rotate about an axis through the centre of mass and
perpendicular to the plane containing the particles. If the plane containing the
particles can take any arbitrary orientation, the axis of rotation can assume
any orientation in space and the system is then referred to as a rigid rotator
with free axis. On the other hand, if the particles are confined within a given
plane then the axis of rotation has a fixed direction in space and the system
is then referred to as a rigid rotator with fixed axis.

A quantum mechanical treatment of rigid rotator with free axis is
helpful in understanding the behaviour of a diatomic molecule which can be
considered as a rigid rotator with free axis at least as a first approximation.

5.3.1 Schrodinger Equation for a Rigid Rotator with Free-Axis

In order to arrive at the Schrodinger equation, let us first calculate the total
energy of the oscillator which is the sum of the kinetic energies of the two
particles constituting the rotator and the potential energy of the system.

Let the rotator consist of two particles of masses m and m,
separated by a fixed distance 7. Let the system of particles rotate with
an angular velocity ‘@’ about the axis XY passing though the centre
of mass O and normal to the line joining the particles as shown in the
Figure (5.1).

X

5o

o)

omy

y
Fig. 5.1 Rigid Rotator

Let for any arbitrary position of the plane containing the particles, i.e.,
for an arbitrary orientation of the axis XY in space, the cartesian coordinates of
m, and m, with respect to O which is considered as the origin of a rectangular
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coordinate system be respectively (x,,y,,z,) and (x,, y,,z,). Let (v, 0, ¢) and  Three Dimensional Problem
(r,, 0 + 7, ¢ + 1) be respectively the spherical polar coordinates of m, and
m,. We then have the transformation equations given by

X, =¥ sin O cos ¢ NOTES
y; =17 sin 6 sin ¢ ...(5.40)
z, =1 cos 0

and

X, =1 sin(0+m) cos (¢ + ) =17, sinOcos
Y, =1 sin(0+ 1) sin (¢ + ) =7, sin O sin ¢ ..(5.41)
z, =1, cos (0 + 1) =—r, cos O

The kinetic energy of the particle of mass m | is

1 . . .
T = Eml(xl2 + 0 +20) ...(5.42)

1
Obtaining the time derivatives X, y, and z, from Equation (5.40),
substituting them in Equation (5.42) and simplifying we obtain

T = %mlrf(éz +sin” 0 ¢*) ..(5.43)

1

Similarly, the kinetic energy of the particle of mass m, is found to be
T,= %mz()'cf +35+23)= % m,r} (67 +sin® 0¢%) ...(5.44)
The total kinetic energy of the rotator is thus
1 1 . . .
T=T+T,= (5 mr’ +5m2r22) (6° +sin’ 6¢%) ..(5.45)

Since for the rigid rotator the distance r, between the two particles is
fixed (r, = constant), we can say that there exists no mutual force between the
particles. As a consequence, the potential energy of the rotator is zero (V'=0).

The total energy of the rotator is thus

E=T= %(mlrl2 m,r?) (6% +sin® 0 ¢%)
E= %1 (6% +sin” 6 ¢%) ..(5.46)

where, I=mr?+myr: ..(5.47)
1s the moment of inertia of the rotator about the axis of rotation XY.

To gain physical insight into the rotator problem, we now express
Equation (5.46) in a different form using the definition of centre of mass of a
system of particles. Let with respect to the origin O, 7, and 7, be respectively
the position vectors of the particles of masses m, and m,. The position vector

of the centre of mass with respect to the origin is then given by Self-Instructional
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my + m, ..(5.48)
Since the origin has been chosen as the centre of mass itself we have
7=0, 7, and 7, oppositely directed

We thus obtain from Equation (5.48)

_ i
ny + m,

The above gives

myr =myr, ...(5.49)
We may write Equation (5.49) as

mlrlsz(VO_rl)
or r ——" 7 ...(5.50)
Similarly, we obtain
r=—a ..(5.51)

my +m2

Substituting Equations (5.50) and (5.51) in Equation (5.47) we get

or
_ _mimy 2
m; + my
or
)
I=u? ..(5.52)
mm, . .
where W= S the reduced mass of the two particles.
1 2

Using Equation (5.52) in Equation (5.46) we get the total energy of
the rotator as

= %uroz(éz +sin” 0¢7%) ..(5.53)

If for convenience, we set the distance between the particles equal to
unity, i.e., r, = 1, we get

ur% =W =1 (say) ..(5.54)
We can then write the total energy of the rotator as
E= %10(92 +sin 00%) .(5.55)



which is the kinetic energy of a particle of mass i = /, moving on the
surface of a sphere of radius unity.

Thus the motion of the rigid rotator is the same as that of a single
particle of mass 1, equal to the reduced mass of the two particles forming
the rotator, over the surface of a sphere of radius unity.

The wavefunction y(x, y, z) describing the state of a particle of mass m
having a total energy £ moving in a potential field /" satisfies the Schrodinger
equation,

ANy (x,y,z)+ ?;_I—T[E—V]qf(r, 0,0)=0 ...(5.56)

In spherical polar coordinates the above becomes

Li(}l) a\lf(”ae,q))J_i_ 1 a (Slnea\l'((raeﬂq))j

r* or or 72 sin 0 20 00
1 oy(r,0,0) 2m
+—[E-V ,0,0)=0 (5.
rZ Sin2 e a¢2 hz [ ]W(V ¢) (5 57)

As seen above, the rigid rotator behaves as a single particle of mass
W =1, over a sphere of unit radius. We thus have » = 1 so that we get

Li 2 a‘l’(’”a e’ q)) —
5 [r ST j 0 ..(5.58)

Equation (5.57) then becomes

2
;i(smea"’}r L 9V 2 e =0 ..(5.59)

sin 6 00 % sin” © W T
Further for the rigid rotator V"= 0, so that Equation (5.59) reduces to
1 9. oy 1 oy 21,
— 00— |+ +—+Ey =0 ...(5.60
sin 6 00 (Sm ae) sin20 90> T (5.60)

In the above, y is a function of only 6 and ¢ since » = constant i.e.,
v =y(6, 0)

5.3.2 Solution of the Wave Equation: Energy Eigenvalues and
Energy Eigenfunctions for the Rotator

The wave equation given by Equation (5.60) can be solved using the method
of separation of variables. We do this by writing

Y(8, 9) = O (6) D () -(5.61)
where © and @ are respectively functions of 0 alone and ¢ alone.
Using Equation (5.61) in Equation (5.60) we obtain
1 9 (Sin 0 49 ) 1 d’® 2I,E

— + 00 =
sin 0 00 sin? @ do>  A?
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NOTES

Self-Instructional
Material

155



Three Dimensional Problem

Dividing the above throughout by 9—?9, we get
Sin

2
isinei(sin6@]+¥sin2 szid qz) ...(5.62)
NOTES O] do do n D do

The left hand side of Equation (5.62) depends only on 6 while the right
hand side depends only on 6. Hence for the Equation (5.62) to be valid, each
side of it must separately be equal to a constant. For convenience we set

2
—% 6;(;) = m? (m = constant)
o,
or e +m*® =0 ..(5.63)

Let us call it @ equation.

We also have

21.E
isinei sineﬁ + 29" sin2 0 =m?
(S} do

do n
- sin? 0 .
Dividing the above by we obtain
2
e Ly
sin 6 do do h? sin® @
or
21,E 2
1 (G99 [2hE__m 1g=0 (5.64)
sin @ do do n*  sin® @

Let us call it © equation.
Solution of the ® Equation
The most general solution of Equation (5.63) is given by
D = fe*imo ...(5.65)

where A4 is an arbitrary constant, and can be evaluated using the
requirement of the normalization of @

27
_[ DD dy=1
0
Using Equation (5.65) in the above we obtain
2n
4P j do =1
0

or
AP 21 = 1
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1
2 —
& 2n
or
. NOTES

For @ to be a factor in the total wavefunction of the rotator, the single
valuedness of ® demands

D(9) = D(¢ + 2m)
Using Equation (5.65) in the above we get

Aeiim¢ — Aeiim(¢+2‘rt)

or
ptimd = ptimd pE2mmi
or
eiani: 1
or

cos 2mm =t i sin 2mwm = 1

The above demands m to be zero or an integer positive as well as
negative, i.e.,
m=0,%t1,£2,.. ...(5.67)
Using the results given in Equations (5.66) and (5.67), we obtain from
Equation (5.66)

D(0) = ﬁem (5.68)

The integer m can be identified as the magnetic quantum number.

Note: The Lagrangian function L for the rigid rotator is by definition given by
L=T-V.

or L=F (-V=0and E=T)

Using the expression for the total energy £ given by Equation (5.46)
we get

L= %1(62 +sin’ 0 ¢?)

We observe that ¢ does not appear explicitly in the Lagrangian function

and hance ¢ is a cyclic or ignorable coordinate.

Solution of the ® Equation

_2,E
==

Putting A ...(5.69)
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Three Dimensional Problem the © equation which is given by Equation (5.64) becomes

2
E i(sine @) (x J@ =0 .(5.70)
sin 0 40 do sin® @
NOTES
Let us introduce a new variable  as
E=cos O ..(5.71)
Now
fl—(; fl(;) Zg —sin @ fl—g (using Equation 5.71)
or
d d
=-sin®— ..(5.72
5 sin 7 ( )

Using Equations (5.71) and (5.72) in Equation (5.70) we get

, dO m* _
R g0l
or
(gL g— ™ e =0 (5.73)
df_,z dE I lféz_

For mathematical convenience let us substitute
0=(1-Ey X&) (5.74)
where X(§) is a function of only &.

2

o d 0
Substituting for d—gand &

Equation (5.73) and 51mp11fying we obtain

as obtained from Equation (5.74) in

(1-&2 2(m+1)E,—+[x m(m +1)1X ..(5.75)

iz dg
Equation (5.75) can be solved using power series method. For this we
express the function X as a power series in & as

X=Yat", n=0,12,. (5.76)
The above gives
T (5.77)
dé n=0
and
I’X < .
ie = 2 n(n—1)%E&2 ..(5.78)
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Substitution of Equations (5.76), (5.77) and (5.78) in Equation (5.75)
yields

oc oo

Y nn-1a,g"> =Y n(n-a,&" —2m+1) i nat"
n=1

n=2 n=2

+A—mm+D]Y, a,&"=0 .(5.79)

n=0

For Equation (5.79) to be valid for all possible values of &, the
coefficients of the individual powers of § must separately vanish.

Thus we obtain, in general, for the coefficient of &

(n+l)y(n+2)a, ,-nn-1a —-2m+ na +[A-—m(m+1)]a =
0

or

_nm=1D+2n(m+D)+mm+1)—A 4

ez (n+1)(n+2) !

or
Apiy  n(n—1)+2n(m+1)+m(m+1)—2A
a, (n+1)(n+2)

n

..(5.80)

Equation (5.79) is referred to as the Recursion formula for the
coefficients of the series for X(). In order that the polynomial X represents a
satisfactory part of the total wavefunction of the rotator, the series for X must
break off (terminate) after a finite number of terms (otherwise it diverges).
Considering that polynomial breaks off after the nth term we get,

an+2 - 0

and hence Equation (5.80) gives

nn—1)+2n(m+1)+mim+1)-A=0

or A=(mtm)y(ntm+1) ..(5.81)

In Equation (5.81)m=0,1,2,...andn=0, 1, 2,..., Hence we may write
n+ m =11s an integer including 0 ..(5.82)
We can thus write Equation (5.81) as

A=1Il+1) ...(5.83)
Using the above values of A, Equation (5.73) becomes
‘9 . do m’
1-&° 2E—+[I(1+1) - =0 ..(5.84
( g)diz §d§+{(+) l_az} (5.84)

It is well known that the associated Legendre function p"(€) of degree
[ and order |m| where /=0, 1, 2,...and m =0, 1, 2,..., [ is defined in terms of
Legendre polynomial P (§) as

Three Dimensional Problem
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PIME)=1-8)2 & P(§) ..(5.85)
P (&) satisfies the Legendre differential equation
NOTES :
2 4B Q)
di[( -&) 7 }+l(l+1)P(<“;) 0 ...(5.86)

Differentiating Equation (5.86) |m| times with respect to & and using
Equation (5.85) we obtain,

1-&%) d21g :n‘ 28 a5 |m§|(§) {1(1 +1)— = } P"E) =0 ..(5.87)
Comparing Equations (5.84) and (5.88) we identify
() = P)"(E) = P/"(cos 6) ...(5.88)
Thus we can express the general solution of the ® equation as,
©(6) =B P)" (cos 0) ...(5.89)

In the above the constant B is determined by requiring ©(0) to be
normalized, i.e.,

j ©*(0)0(0) sin 6 d6 = 1
0

Using Equation (5.89) in the above we obtain,

+1
B? J {P"(cos 8)}" {P/"(cos B)} d(cos B) = 1

-1
or
B 2(1 + |m|)!

PV

The above gives

_ 21410 = |m])! (5.90)
2(1 + |m|)! T

Thus the general solution of the ® equation given by Equation (5.90)
becomes

20+ 11 — |m])!

21 + |ml)! P"\(cos 8) -(5.91)

0(0) =

In view of Equation (5.68) and Equation (5.91) we can now write the
wavefunction y for the rigid rotator with free axis as
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1 [20+ 11— |ml)!

Y = 00)D(0) = T\ 20+ ]! Pllm‘(cos 0)e™ ...(5.92)

Set of values of / and |m| give the different energy eigenfunctions for
the rotator. NOTES

The corresponding energy eigenvalues are obtained from

A=I1l+1)
or
2ol =g+ )
or
hz
E =+ )] (5.93)

0

5.3.3 Rigid Rotator with Fixed Axis

For a rigid rotator with fixed axis, 8 becomes 90° so that the Schrodinger
equation for the rotator given by Equation (5.60) becomes

IV L 20 py=0 ..(5.94)

9y _
%0’ +miy = ..(5.95)
The general solution of Equation (5.95) is given by
(§) = e

As has been shown earlier, the requirement of normalization of y(¢)
gives
1
A= -
\2m
and the requirement of single valuedness property y(¢) demands m to
be zero or a positive or negative integer. Thus the normalized eigenfunctions
of a rigid rotator with fixed axis are given by

L e
= M m=0,%1,%2,...
V.(0) = 7=

and the corresponding energy eigenvalues are

h2
m2l,
Note: The total wave function describing the state of a rigid rotator with free
axis as obtained above is Self-Instructional
Material 161




Three Dimensional Problem Y= ®lim(e) (I)im(Q)) = YLim(G, (I))

The functions Y, , (8, ¢) are called spherical harmonics. They are the
simultaneous eigenfunctions of angular momentum operators L_and L?, being

NOTES solutions of the eigenvalue equations
By, ©®0=l+)nY,

tm

Lz le,im(e q)) - im n )Il

,tm

We find that the quantum mechanical problems of rigid rotator and
angular momentum are directly related.

Check Your Progress

1. What is three-dimensional harmonic oscillator?

2. Define the potential energy function of the oscillator.
3. Explain rigid rotator.

4. Give equation for the kinetic energy of the rotator.

5. What is the total energy of the rotator?

54 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Three-dimensional harmonic oscillator. A general three-dimensional
harmonic oscillator consists of a particle, of mass say m, bound to the
origin O of a rectangular coordinate system (XYZ) by a restoring force
F =—k7 where 7 is the position vector of the particle with respect to
the origin O and £ is the force constant.

2. The potential energy function of the oscillator is spherically symmetric
and is given by

V=Wﬂ=%kﬁ=lmm@2
3. Arigid rotator consists of two mass points attached at the two ends of
amassless rod. The system is capable of rotating about an axis passing
through its centre of mass and perpendicular to the length of the rod.
If the rotator is constrained to rotate in plane, it can be described by
an angle coordinate 0 at any instant of time.

4. The kinetic energy of the rotator is given by

1 5 1 .
r=lrp2=1;
y o7 =319

where I is the moment of inertia of the rotator about the axis of rotation

Self-Instructional and ® = 0 is the angular velocity of rotation.
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5. The total energy of the rotator is thus

E=T= %(mlrf m,r}) (6 +sin® 0 §%)
E= %1(62 +sin” 0 ¢%)

where 1= mlrlz + m2r§

is the moment of inertia of the rotator about the axis of rotation XY.

5.5

SUMMARY

Three-dimensional harmonic oscillator. A general three-dimensional
harmonic oscillator consists of a particle, of mass say m, bound to the
origin O of a rectangular coordinate system (XYZ) by a restoring force
F =—k7 where 7 is the position vector of the particle with respect to
the origin O and £ is the force constant.

The potential energy function of the oscillator is spherically symmetric
and is given by

V=)= e = mei
A rigid rotator consists of two mass points attached at the two ends of
amassless rod. The system is capable of rotating about an axis passing
through its centre of mass and perpendicular to the length of the rod.

If the rotator is constrained to rotate in plane, it can be described by
an angle coordinate 0 at any instant of time.

The potential energy of the rotator is zero because the masses are rigidly
connected to the ends of the rod of constant length.

The kinetic energy of the rotator is given by

1,42
T==l0==1
[0 26

DO | —

where / is the moment of inertia of the rotator about the axis of rotation
and ® = 0 is the angular velocity of rotation.

Rigid rotator is a system of two spherical particles separated by a fixed
distance. The system can rotate about an axis through the centre of
mass and perpendicular to the plane containing the particles.

Ifthe particles are confined within a given plane then the axis of rotation
has a fixed direction in space and the system is then referred to as a
rigid rotator with fixed axis.

Any arbitrary position of the plane containing the particles, i.e., for an
arbitrary orientation of the axis XY in space, the cartesian coordinates
of m, and m, with respect to O which is considered as the origin of a
rectangular coordinate system be respectively (x,,y,,z,) and (x,, y,, z,).
Let (7, 0, ¢) and (r,, 6 + 1, ¢ + 1) be respectively the spherical polar
coordinates of m, and m..

Three Dimensional Problem

NOTES

Self-Instructional
Material

163



Three Dimensional Problem

164

NOTES

Self-Instructional
Material

5.6 KEY WORDS

* Three-dimensional harmonic oscillator: A general three-dimensional
harmonic oscillator consists of a particle, of mass say m, bound to the
origin O of a rectangular coordinate system (XYZ) by a restoring force
F =—Kk7 where 7 is the position vector of the particle with respect to
the origin O and £ is the force constant.

* Rigid rotator: It consists of two mass points attached at the two ends of
amassless rod. The system is capable of rotating about an axis passing
through its centre of mass and perpendicular to the length of the rod.

5.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. Define three-dimensional harmonic oscillator.
2. Give the Schrodinger equation for the oscillator.
3. What is rigid rotator?

Long Answer Questions

1. Discuss the concept of three-dimensional harmonic oscillator giving
appropriate examples.

2. Briefly explain the concept of rigid rotator with relevant equations.

3. Prove that the potential energy of the rotator is zero because the masses
are rigidly connected to the ends of the rod of constant length.

4. Explain the terms free axis and fixed axis for a rotator.

5. Discuss Schrodinger equation for a rigid rotator with free-axis with
relevant examples.

6. Explain the energy eigenvalues and energy eigenfunctions for the
rotator.
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6.0 INTRODUCTION

A potential depending only on the distance from a fixed point (centre of
the force) is referred to as a spherically symmetric potential. Examples of
spherically symmetric potential are: gravitational potential due to a mass
point, electrostatic potential due to a point change, etc. Diatomic molecules
are molecules composed of only two atoms, of the same or different chemical
elements. The prefix ‘di-’ is of Greek origin, meaning ‘two’. If a diatomic
molecule consists of two atoms of the same element, such as hydrogen (H,)
or oxygen (O,), then it is said to be homonuclear. Otherwise, if a diatomic
molecule consists of two different atoms, such as carbon monoxide (CO) or
nitric oxide (NO), the molecule is said to be heteronuclear. The only chemical
elements that form stable homonuclear diatomic molecules at Standard
Temperature and Pressure (STP) or typical laboratory conditions, of 1 bar
and 25 °C, are the gases hydrogen (H,), nitrogen (N,), oxygen (O,), fluorine
(F,), and chlorine (CL,). The simplest molecule possible is the H,” molecular
ion. It consists of two protons and one electron. The ground state energy of
the system will be -13.6 eV, when the electron forms a hydrogen atom with
one of the protons.

In this unit, you will study about the separation of variables and solution
of R,0, ® equation, diatomic molecules - hydrogen atom, and bound states
and parity.
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6.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand separation of variables and solution of R,0, ® equation
¢ Define diatomic molecules - hydrogen atom

¢ Discuss and solve for bound states and parity

6.2 SEPARATION OF VARIABLES AND SOLUTION
OF R, O, ®, EQUATIONS

Consider a particle of mass m moving under a central force, i.e., a force whose
magnitude depends only on the distance of the particle from a fixed point and
whose the direction is always towards or away from the fixed point. Such a
force F () can always be derived from a potential function ¥ according to

- —dv
F(r)= 0 ..(6.1)
Itisevidentthatthepotential functiondepends only onthedistance and canbe

expressed as

V=Wr) ..(6.2)

Such a potential depending only on the distance from a fixed point

(centre of the force) is referred to as a spherically symmetric potential.

Examples of spherically symmetric potential are: gravitational potential due
to a mass point, electrostatic potential due to a point change, etc.

The wavefunction y which is a function of the coordinates of the
particle in space and which describes the state of the particle satisfies the
Schrédinger equation

Viy + ;—T [E-V(r)]y=0 .(6.3)

For motion under spherically symmetric potential, it is advantageous to
express the Schrodinger equation in terms of spherical polar coordinates 7, 0,
0 instead of Cartesian coordinates x, y, z because the potential is independent
of the angular coordinates 6 and 0.

The operator V? in spherical polar coordinates is given by

1 90(,0 1 9 J 1
Vi= — —|r— — | si 9—) —  ..(64
¥ or (r arj " % sin® 00 (sm 00 " r*sin’ © 9¢° 64)
which when used in Equation (6.3) gives the Schrédinger equation in
spherical polar coordinates

19 ( aw(r,e,¢))+ L0 (Smeaw(r,e,@j
re or or r* sin @ 00 20




1 (6, 0, )
! rrsin’® 90 [E Viny(r,6,0)=0 ...(6.5)

The above equation can be separated into three independent equations
corresponding to the three independent variables 7, 6 and ¢ using the well
known method of separation of variables. The method consists in writing

y(r, 0, 0) = R(r) ©(0) D(d) ...(6.6)

where R(r), ©(0) and ®(¢) are, respectively, functions of only r, only
0 and only ¢.

Substituting Equation (6.6) in Equation (6.5) we obtain

2
Y d(rzde+R<I) = d[sindgj+R® 149 2—’"[5 V()] RO® =0
¥ dr r r“sin @ do r*sin® 0 do’

r? sin® 0

Multiplying throughout by TR the above equation gives

@ d¢? i

[E - V()] sin® 6=0

sinzei(rz d_R)+sin6 d ( d@)j 1 d&®  2m

ne—
R adr dr © 46 do

.2 . 2
or MY 6 i(rz d—R)+ sin 6 i(sine d@j +2_m [E - V(r)]r sin’ 9—— 1d°® ...(6.7)
R dr\  dr 0 do de ) n @ do’

Since the left hand side of the above equation is a function of » and
0 while the right hand side is a function of only ¢, we must have each side
equal to some constant. For convenience let the constant be put equal to m?.
We then get

2 2
_id?zmzord?-{-mz@:o (68)
D do do

We also get

sin0 d ( , dR) sin® d (. _dO
— | — |+ — | sin® —
R dr\ dr O do de

Dividing the above equation by sin* 6 we obtain

) ;’" [E — V()] sin® 0 = m*

d

Ld(dR
651 0 dG

1n6@ +m?/sin? =0
R dr dr do

] ;’" [~ V()

.(6.9)
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In the above equation the left hand side is a function of only » while
the right hand side is a function of 6 only. Hence each side of the equation
must be equal to a constant. Considering the constant to be A, we get

! d (sin@j+m2sin2 0=A

- @sined_e do
2
or ,1 A sined—g +|A— .m 0=0 ...(6.10)
sin 0 do do sin® 0
and L d(adR) 2m e =
R dr ar )

Multiplying byif, the above gives
r

1 d{( ,dR 2m AR
—_ — |+—[E-V(@)]R=—
P2 dr [r dr)+ h? [ ")} r?
1 d{( ,dR 2m A
or _ _ _E*V R:—R:O cee 6.11
2 dr [r dr)+ n? [ ()] r ( )

Equation (6.11) is usually referred to as the radial wave equation. We
have thus been able to separate the three-dimensional Schrodinger equation
given by Equation (6.5) into three independent, one-dimensional equations
involving the independent coordinate », 6 and ¢ given by Equations (6.8),
(6.10) and (6.11), respectively.

It is important to note that the equation involving the angular co-
ordinates namely 0 and ¢ do not contain the potential function and hence these
two equations hold for all three-dimensional problems involving spherically
symmetric potentials. The radial wave equation given by Equation (6.11),
however, involves the potential function V() and hence it takes different
forms for different types of V(r) as in hydrogen atom problem, three-
dimensional oscillator problem, rigid rotator problem, etc.

Solution of the Schrodinger Equation

Solutions of the Equations (6.8), (6.10) and (6.11), respectively, give the
functions R(r), ©(6), ®(¢). We can then obtain the solution of the Schrodinger
equation given by Equation (6.5) in terms of R(r), ©(0) and ®(¢) as

y(r, 6, 0) = R(r) ©(6) D(¢)
6.2.1 Solution of the ®-Equation
The function ®(9) satisfies Equation (6.8)

2
L | =0




The general solution of the above second-order differential equation
is given by

D() = Ae*™m (6.12)

For ®(¢) to be a factor of acceptable wavefunction y(r, 0, ¢), it must
be single valued, i.e., it must satisfy the condition

O(¢) = P(¢ + 2m)

or Aetimd = fotm©+2m) = oty ptidnm
The above holds if

eiian — 1
or

cos 2mm * isin 2mwm = 1
The above requires m to be equal to 0 or an integer, i.e.,
m=0,1,2, ..(6.13)
m 1is called the magnetic quantum number.

Further, the function ®(¢) must be normalized requiring

211
[ e*@e@do=1
0

Using Equation (6.12) in the above we obtain

211
4 | do=1
0
1 1
AP =— A=—
or 4| O o~ ...(6.14)

The normalized solution of the ®-equation is thus

‘D(¢)=ﬁe"m¢, m=0,+1,£2,... ..(6.15)

We find that the function ®(0) is, in general, a complex function which
can be decomposed into a real part and an imaginary part, i.e.,

1

Real form D(0) = W cos md ...(6.16)
n
Imaginary from ®(¢) = % sin mo ..(6.17)
T
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6.2.2 Solution of the ©-Equation

We have the ©-equation given by Equation (6.10)

2
1 4l ila-™ lo=0
sin 6 d0 do sin® 0

Let us introduce a new variable § as

E=cos O ...(6.18)
We then get
d® d®dt . . de
oS sine 2 ...(6.19
a0 dEdo U aE (6.19)
Further
sin 0 = \/1- cos? 0 =1 - & ..(6.20)

Using Equation (6.20) in Equation (6.19) we get

4d__fi_e 4
i 1-& 7 ..(6.21)
Using Equations (6.19), (6.20) and (6.21), the ©® equation becomes
Al g d0Q) | |, _m =0 6.22
d&{(l &) 7 }{x 1_(22}9@ ..(6.22)

Equation (6.22) is the well known associated Legendre equation. Since
€ = cos 0, the above equation is physically meaningful only for values of &
lying between —1 and +1. Physically acceptable solutions of Equation (6.22)
give

A=Ill+1), [=0,1,2,. ..(6.23)
m=0,t1,+2,..+1/ ...(6.24)

When m = 0, Equation (6.22) reduces to the well known Legendre
differential equation whose solution is the Legendre polynomial

P(&)=P(cos 0) ...(6.25)
For m w 0, the solutions are associated Legendre polynomials
PiE) = Pi"(cos 6) ...(6.26)

The normalized solutions of Equation (6.22) are given by

OF 0)= (1) |5 A (cosOm>0(6.27)
mon_ |2LE1 (A =|m]!
o (8)= > Ut P"(cos0),m<0 ...(6.28)



6.2.3 Normalized Angular Part of the Wavefunction

The normalized angular part of the wavefunction is the product of ©(0) given
by Equation (6.27) and ®(¢) given by Equation (6.15)

_; 1\ w(17|m|)' m imo
qﬁfgeu’lf:)_\/%( " | 2 my T eosOLe .(6.29)

1=0,1,2,..; m=0,+1,+2, ..., £/ ..(6.30)

The angular part of the wavefunction is called spherical harmonic and
written as ¥, (0, ¢). We get

where

20+1 (I |m))!
2 (+|m])!

Y,(0,0)=¢ P (cos B), ¢ ..(6.31)

We observe that the angular part of the wavefunction neither depends
upon the total energy E nor upon the potential function V(7).

6.2.4 Solution of the Radial Wave Equation

The radial wave equation is given by Equation (6.11)

1 d(,dR) 2m )
— 2P+ E-V@IR-SR=0
»2 dr (V dr) g EVIOIR=5

The above equation can be solved exactly provided the potential
function V(r) is stated explicitly. It is thus clear that the radial wavefunction
R(r) depends upon the nature of the problem under consideration.

For solving the radial wavefunction it is usual to introduce a function
u(r) according to
u(r) =rR(r) ...(6.32)
The above gives,

dR —-u 1du
_——= - —
dr r* rdr
Using Equations (6.32) and (6.33) and A = [(/ + 1) in the radial wave

equation and simplifying we obtain

.(6.33)

d’u  2m IA+0Hn | _
—+ = E-V@)- u=0 ...(6.34
ar’*  n { ) 2mr? ( )
I+ i . . . .
The term - is called the centrifugal potential because its first
mr

derivative with respect to » gives the classical centrifugal force when we
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use \I(I + 1)k as the orbital angular momentum. Since centrifugal force
I(1+ 1)A?

is a repulsive force, the term >

5 represents a repulsive potential. We
mr

may note that the spherically symmetric potential (r) may be attractive or
repulsive. We may write Equation (6.34) as

d*u 2
d7§+h_’;”[gweﬁ.]u:o ..(6.35)

where V. which may be called the effective potential under which the
particle moves is given as

I(1+1)n?

2

V.=Vr)+ .(6.35(a))

2mr

Equation (6.35) has the form of one-dimensional Schrodinger equation
and can be solved from a knowledge of the spherically symmetric potential
V(r).

6.3 APPLICATION TO DIATOMIC MOLECULES -
HYDROGEN ATOM

Ahydrogen atom consists of an electron of charge — e, mass m and a nucleus
having a proton of charge +e and mass m . By hydrogen-like atom we mean
a one electron atom having a nucleus with Z protons (for example a singly
ionized helium atom, a doubly-ionized lithium atom, etc.) For generality we
consider a hydrogen-like atom.

If » be distance between the nucleus and the electron then the potential
energy function V(r) is given by

2 2
V)= —_ 28 _ 2% f=—1 .(6.36)
dne, r r dn g,
If E be the total energy of relative motion between the nucleus and the
electron then the time independent Schrédinger equation for the atom in the
centre of mass coordinate system is given by

V2y(7) + i—’;’ [E—V(")]y(F) =0 ..(6.37)
where
m, (Zmp) .
m = ————— 1s the reduced mass.
m, +(Zm,)

Equation (6.37) expressed in spherical polar coordinate (7, 0, ¢) is

1 d(. 8\|1J 19 ( . aw) 1y 2m —0..(6.38)
= 0— ZE-V ...(6.
P or (r or " % sin @ 90 ERPT) " r* sin® @ 90 ’ n? [ (nly



In the above,

y=y(r, 6, 0).
Using the method of separation of variables we may write
VY =y(r,8,0)=R(r) © (6) D (9) -(6.39)
We obtain the following three equations
2
(i) ® equation: Z q:f m® =0 ..(6.40)
. . 1 d do m’

] tion: —|sin®— |+| A - 0 =0..6.41
(i1) © equation 846 (sm m ) +( o 9) ( )
(iii) R (radial) equation: L < (rz dR) 2 E R - R = 0..(6.42)

P2 dr dr W r
In the above, A=1I+1) ...(6.43)
Solution of the @ equation was obtained earlier and is given by
1.
D (0)=—¢e", m=0,%1,%2,.. ..(6.44
() on (6.44)

Solution of the ® equation was obtained in earlier and is given by

— m 2[+1 (l_|m|)' m .
©,0)= () 2 (e P"(cos0); m>0 ...(6.45)
2l (= m)!
O (0)= P 0); m<0 ..(6.46
WO = T P cos ) m (6:46)
In the above,
[=0,1,2,... ...(6.47)
m=0,+1,+2, ..., £/ ...(6.48)

The normalized angular part of the wavefunction is given by

20+1 (1 —|m))!
2 (I+|m)!

1 m m imo
= = —\— cee -4
V(6,0)=0O)P,,(0)=—— 1 P (cos 6) ™ ...(6.49)

Solution of the Radial Equation

Substituting for V(r) given by Equation (6.36) and A given by Equation (6.43)
the radial wave Equation (6.42) becomes

2 2
L i(rz de+ 2m {E—Z(H-l)h L }R=o ..(6.50)

r_2 dr E h_2 2mr? r
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For solving Equation (6.50) let us introduce a dimensionless variable
p as
p=1r ..(6.51)
The parameter 7y is chosen as
—8mE

Y=\ .(6.52)

Further let us introduce a constant A as

2
h = kie — .(6.53)

We may note that £ is negative for bound states of the atom under
consideration and hence both p and A are real.

In terms of p and A, Equation (6.50) becomes

2
AR 2 dR &_l_l(ltl) R=0 ..(6.54)
dp pdp |[p 4 p

Letusfirstfind the asymptotic solution of Equation (6.54). Itisthe solutionin
the limit p (and hence 7) — oo. In this limit Equation (6.54) reduces to

2
IR 1p—o .(6.55)
dp~ 4
The two independent solutions of the above equation are
R=e"?
and
R= e+p/2

The second solution is not acceptable because as p — oo R — 0. Hence
the acceptable asymptotic solution is

R(p)=e*”

In view of the above asymptotic solution, we may write the exact
solution of Equation (6.54) as

R(p)=F(p)e*? ...(6.56)
where F(p) is some function of p.

Using Equation (6.56) in Equation (6.54) we obtain

d? d
o? dlé(zp) +p(2-p) e, [pPA—p—I(l+D]F(p)=0 ..(6.57)

dp
We find that when p =0
I(I+1)F(0)=0



or
F(0)=0,/70 ..(6.58)

Clearly, a power series solution for F(p) must not contain a constant
term. Hence, we may write the power series solution as

F(p) = Z C, p”k ...(6.59)
k=0
The above gives
dF (p) _ s+k—
d—p_ZCk (s +k)p* ! ..(6.60)
2
ddegp) =) G, (s+h) (s+k—Dp*™*? ..(6.61)

Substituting Equations (6.59), (6.60), (6.61) in Equation (6.57) we
obtain

Y G -1-s+0)p™ "+ Y C(s* +2sk+ K +s+k -1 —Dpt =0 ..(6.62)
k k

For the above equation to be valid for all value of p, the coefficient
of each power of p must separately vanish. Equating the coefficient of p* to
zero we get

C(s*+s—-P-D=0

Since C, Tt 0, we get
P?+s—P-1=0

or
(s—D(s+I1+1)=0

The above gives
s=1 or s=—(+1) ...(6.63)
If s =—(/+1), the first term in F(p) given by Equation (6.59) becomes

C . . .
C,p "= —=L_ which tends to infinity as p and hence 7 tends to zero. We
p(l+1)k

hence get s = /. Equating the coefficient of p5***! = p/*#*1 in Equation (6.62)
to zero we obtain the recurrence relation

l+k+1-A

U k) (ke 2l )k -(6.64)

Using the above relation we can find the coefficients C|, C,, C,, etc.,
in terms of the coefficient C,.
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For large values of k, Equation (6.64) gives

k
Ck+1 - Fck
or
Grl_1 .(6.65)
We have
N L kN
=Y Pt = > bp ..(6.66)
k=0 k=0
where b = L
k!
Clearl b = 1
Y B (k+1)!
by+1 k! 1
So that by (k+D! k+1
For large k we get
by+1_1
bk ...(6.67)
F(p) given by Equation (6.59) can be written as
Fp)=p'Y, Cp'=p' D Cp .(6.68)
k=0 k=0

Using Equation (6.66) we obtain
pler=p"Y b, p* ...(6.69)

In view of the results given by Equations (6.65), (6.67), (6.68) and
(6.69) we get

Fp)=p'e
So that
R(p) = plere P2 = pler ...(6.70)
R(p) given by Equation (6.70) is not acceptable because R(p) — oo as
p and hence » — oo. Thus the series governed by the recursion relation given

by Equation (6.64) does not lead to an acceptable radial wavefunction unless
the series breaks off after a finite number of terms.



Energy Eigenvalues

Let us assume the series to break off after the &™ term so that C., becomes

zero. The recursion formula given by Equation (6.64) then gives
[+k+1+A=0
or
A=1+k+1=n(say) ..(6.71)

In Equation (6.71), the number £ is called the radial quantum number
which can take values 0, 1, 2, 3,.... The number # is called the total or principal
quantum number which can take the values 1, 2, 3,...

From Equation (6.53) we get
k*Z**  m

A= —
n*  (-2E)

Using Equation (6.71) in the above equation we obtain the energy
eigenvalues for a hydrogen-like atom to be
E = —k*mZzZ*e* B me* Z*
g 210’ 32’ ey hPn’

(6.72)

The energy eigenvalues for a hydrogen atom are obtained by putting
Z =1 in Equation (6.72). We get
4
E=—"__ (673

"R e h’n’ (6.73)

Substituting the values of m, e, € and # we obtain the energy
eigenvalues of hydrogen atom to be

E =-13.6¢eV, E,=-34¢eV, E =-151¢V,etc.

The above values are the same as obtained by Bohr on the basis of old
quantum theory.

Radial Wave Function
The infinite series for F(p) becomes a polynomial due to the requirement of
the series to break off after a finite number of terms.

Let us write

F(p) =p'L(p) ..(6.74)
We then get

drF(p) _ ,dL(p)
=p
dp

+1p" ' L(p) ..(6.75)
dp

2 2
LEQ) L), 140D A0 2y
p

dp’ dp’ dp
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= o £24P) d’L(p) +2p! dL(p) +1(1 - 1)p" 2 L(p) ...(6.76)
dp* dp

Substituting Equations (6.74), (6.75) and (6.76) in Equation (6.57) and
simplifying we get

dL(p)

2
] (p)+(21 +2-p) R
dp

(n—1-1)L(p) =0...(6.77)
If I7(p) be the associated Laguerre polynomial of the order p and degree
(g — p) then it satisfies the differential equation

d* L} (p) L} (p)

+1-
i +(p p) dp

p +(@-p)L(p)=0 ..(6.78)

If we consider ¢ = n + [ and p = 2/ + [ then Equation (6.77) becomes
identical with Equation (6.78) and we can identify L(p) as the associated
Laguerre polynomial of the order (2/+ 1) and degree (n + 1), i.e., as L*/'! 41 (P)

We thus obtain the radial wavefunction to be of the form

R ()= 'L (P)e ™
The normalized radial wavefunction is then
R (r)=N, 'L (p)e®? ...(6.79)
The normalization constant Nn[ can be obtained from the normalized
integral

j RY(r)Pdr=1 ..(6.80)
0

Using R (r) given by Equation (6.79) and the orthogonal properties of
associated Laguerre polynomials we obtain

1/2
N o |(22mk Y -1y (681
T a ) 20+ DT

Using the result given by Equation (6.81) in Equation (6.79) we obtain

; 1/2
_ 2Z (n—1-1! —p/2 [ p21+1
R = _ p
A7) [( nay j 2n[(n+D)!T ] ¢ Pl (P')(6.82)

where

_ 4me, n

2
me

..(6.83)



Since the reduced mass m is almost the same as the electron mass m, Application to Diatomic

(for both hydrogen and hydrogen-like atoms), we get Molecules
_dme, h _
= =a_ (A constant ..(6.84
% m, e a( ) (6.84) NOTES

a, is identified as the radius of the first circular orbit for the electron
in the hydrogen atom called the Bohr radius.

In view of Equation (6.84), the radial wavefunction becomes
R (r)= _[ 2z) M] P2 o' 2% () ...(6.85)
& [nao j 2n[(n + )T P L P)
The negative sign for N has been used to make R, positive.

—8mE

p and r are related according to p =yr = 2

r

Substituting for £ given by Equation (167) we get

p=2%, (6.86)

na,

Equation (6.86) used in Equation (6.82) gives the radial wavefunction
for hydrogen-like atom as

3 -z !
nay ) 2n[(n+1)!] na, ndy, )(6.87)

Putting Z =1 in the above, the radial wavefunction for hydrogen atom
is found to be

,
4y

3 !
R(=— || 2| 2 l=Dt [ 2 ) o[ 2] (6.88)
8 nay ) 2n[(n+IN)7 na, na,

Complete Wavefunction

The complete wavefunction is given by

V(75 8,0) =R () ©,(6) © ()

_ @)= mDt
where ©,(0) e oy P" (cos 0)
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@,(0)= =
( 27}

ananl(r) - |22 (n —[-1)! il:ll 27r
na, ) 2n[(n+ l)' na,

In the above
n=1,2,3,..
[=0,1,2,...(n—1)
m=0,%x1,+2,.. £/
The explicit forms of the complete wavefunctions vy  , for some of

the values of n, /, m which describe stationary states of the hydrogen-like
atom are given below along with the spectroscopic designations of the states.

n 1 m Spectroscopic designation Wave function v/
32 2
1 0 0 1s \|/100=iR aé) %
=T\ 4
» 0 0 5 1z 7 Tzr
S Yoo = 7 | 2a, aor) ¢
1 [ 7z \52 %
2 1|0 2p Voo == 2—) re cos 0
a
0
=7
5/2 =
2 1 +1 2p Vo1 = 81ﬁ (aé) re®o sin e*
-+ 0
1 7 5 —Zr
2 | 1 | - 2p v, = SR( )2re2aorsmeel¢

Putting Z = 1 in the above, we obtain the wavefunctions for the
hydrogen atom.

Degeneracy of the Energy Levels

The energy eigenvalues for the hydrogen-like or hydrogen atom depend only
on the principal quantum numbers # as is seen from the Equations (6.72)
and (6.73). The energy eigenfunctions, however, depend on the quantum
numbers 7, / and m. We have seen that for a given value of n, / can take
values 0 to n — 1 and for each of these / values there are 2/ + 1 values of the
m from —/ to +/. Clearly the energy level defined by the energy eigenvalue
E is degenerate. The degeneracy is given by

n-1
D= @+h=p ..(6.89)

~
I
(=]



The ground state, i.e., the minimum energy state for which n = 1 is
clearly non-degenerate (n> = 1). The first excited state for which n = 2 is
4-fold degenerate, and so on.

Probability Distribution Function

Let us consider the atom in the state described by the wavefunction y , (r,
0, ¢). The probability of finding the electron in the volume element dt = 2
dr sin 0 dO d¢ about the point (7, 6, ¢) is then given by

P di=|y [di=|y [ rdrsin® do do

nlm
=R (MI|Y, (8, O)] r’dr sin 6 d6 do

Clearly, the probability of finding the electron within a spherical shell
of radius » and thickness dr from the nucleus irrespective of its angular
position is given by

b 2n
P (r)dr = R, () rdr [ sin0 do [ do
0

0
or P (r)dr=4m|R (r)] r’dr ...(6.90)

In this case, the atom is in the ground state described by the
wavefunction,

—-r

\II = ; eao
100 35\1/2
(Tay)

The probability of finding the electron at the distance » from the nucleus
is according to Equation (6.90) given by

—-2r —2r

a }"2:

e
3 3
(Ttay) ap

e 7’ ..(6.91)

PlO(r):

For P () to be the maximum we have

d]JIO(r):O
dr
or
d|l4 -
—|=e® =0
dr | a;
or
—2r —2r
e r—prtet = =0
ay
or
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272
2r— — =
ay
or
r r
l-——=0 or —=1
ay )
or

r=a ..(6.91)

0
Thus the electron of the hydrogen atom in the ground state is found
with maximum probability at a distance equal to the Bohr radius which is
about 0.5 A from the nucleus.

Equation (6.91) shows that P,/ =0 at » = 0 and also at » = co. We thus
find from the theory of hydrogen atom based on Schrédinger wave mechanics
that the position of the electron in the atom is not certain as opposed to
Bohr’s theory and instead we can say that the electron is found for most of
the time around the Bohr radius. The result is consistent with Heisenberg’s
uncertainty principle.

6.3.1 Properties of the Radial Wave Function of Hydrogen Atom

The radial wavefunctions of the hydrogen atom have the properties shown
in the Figure (6.1). We observe the following:
(i) They behave like ! for small »

ii) They decrease exponentially for large value of 7 since 12! is dominated
(i) They p y g ntl
by the highest power 7~'~1.

Ffw(r) Rzo(r)
o ¥ a, o
&, I
aD

P~

Roy(r) Ryo(r)

o) o vg,a{j
Ryq(r) Rap(r)
o a, o a

Fig. 6.1 Radial Wavefunctions of Hydrogen Atom



n+l

(iii) The radial function R  (r) has n—/— 1 radial nodes since L.} {i) is
na,

a polynomial of degree n — [ — 1.

6.4 DISCUSSION OF BOUND STATES AND PARITY

Example 1: A rigid rotator which rotates freely in the x—y plane has a moment
of inertia / about the axis of rotation. ¢ is the angle between the x-axis and
the axis of rotation. Find (a) the energy eigenvalues and the corresponding
eigenfunctions. (b) If at # = 0, the rotator is described by the wavefunction
y(0) = 4 sin? ¢, find the wavefunction at the time ¢ (¢ > 0).

Solution:
(a) For the given rotator, the Hamiltonian is given by
A -0 d
T 20 4yt

If vy be the energy eigenfunction belonging to the energy eigenvalue
E, we have the eigenvalue equation

.(6.92)

Hy = Ey
or
2 2
i v _ Evy
21 d¢?
or
dhy 21
+2 Ey=
d¢2 h2 llj 0
or
dy _
pre +my=0 ...(6.93)
where
21
m? = h—zE ...(6.94)

The general solution of Equation (6.93) is
Y(0) = Ae™® ...(6.95)
where A4 is an arbitrary constant.

Single valuedness of y(¢) requires

y(0) = y(¢ + 2m) ...(6.96)
Using Equation (6.95) in Equation (6.96) we get
m=0,+1,+2,... ...(6.97)
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Thus, we may write the solution given by Equation (6.95) as
Y(0)=Ae™, m=0,+£1,12,... ...(6.98)
Normalization of y(¢) gives

2n
[ v*@w©ao=1
0

or
AP = Lo 4= ...(6.99)
2n \/ﬁ
We thus get energy eigenvalues, using Equation (6.94), as
o _
W oy M m= 0,£1, £2,... ...(6.100)

and the energy eigenfunctions, using Equation (6.99) in Equation
(6.98), as

1 .
v (0)= E em, m=0,11,%2,... ...(6.101)

(b) We have
Y(0) =4 sin* ¢
We may express the above as

y(0) = g[l —cos20]= g - f (€2 + ¢ 29)..(6.102)

The first term corresponds to m = 0.

The term%e"z“’ corresponds to m = +2
The term%e*iz"’ corresponds to m =—2

Now we get y(7) from y(0) as

y(t) = é— A g0 i _ % e 20giEs!

4
—i21 —i21
or y(?) = gf Zem’ e 2 ee !
n n
2i ¢7—t] 72{4)7— tJ
or vipy=4_4, [ r)_ A\ ..(6.103)
2 4 4

Example 2: For a rigid hydrogen molecule (H,) calculate the energies of the
stationary states corresponding to /=1 and / = 2. Find the bond length of the
molecule in terms of the energy difference between the states.



Solution: A rigid hydrogen molecule can be considered as a rigid rotator
with free axis. As such the energy eigenvalues are given by

I(1 + DR?
21
where/ = the moment of inertia of the molecule

E = , [=0,1,2,.. ...(6.104)

== =2ﬂa2 ..(6.105)
In the above m is the mass of each atom and « is the bond length.
We have from Equation (6.104)

2
the energy corresponding to /=1 as £, = N2

2
the energy corresponding to /=2 as E, = 3
2n
We get E-E = -
L _ 2
which gives  [= ...(6.106)
E, - E,

From Equation (6.105) we have the bond length given by

21
a= \|—
m

Using Equation (6.107) in the above we get

a=| 2XA° |1 .(6.107)
(E, —E\)m m(E, — E;)

Example 3: A particle of mass m is moving in a three-dimensional potential
given by

M, y, 2) 2211710)222 for0<x<a, 0<y<a

= oo elsewhere.
Write down (a) the total energy (b) the wavefunction for the particle.
Solution: The given three-dimensional potential essentially consists of
(a) An infinite potential well along the x-axis
(b) An infinite potential well along the y-axis

(c) A harmonic oscillator potential along the z-axis.
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The energy due to the potential well along the x-axis = . n;
ma
2h2
The energy due to the potential well along the y-axis = - nﬁ

. . . 1
The energy due to the harmonic oscillator potential = (nz + Ej ho

(a) Clearly, the total energy of the particle is

22
Th 1
E, ., = - (ni +nﬁ)+(n2+z)hm

X'y 'z

(b) The total wavefunction of the particle is

2 . T . n
Wnnn(xay,z)z Sln( e x]sm( nyZn (Z)
v a a a ‘

where Z is given is terms of Hermite polynomial as

1 2;22 z
Z,(2)= e H, |—
: [Vr 2" n !z, 1" Z(zoj

Th
nw

ZO—

Example 4: Determine the expectation values for » and 7> when a hydrogen
atom is in its ground state, 7 being the distance of the electron from the
nucleus.

Solution: The wavefunction for the hydrogen atom in its ground state is

”

L
(ma)”

By definition we have the expectation value of r irrespective of its
angular position with respect to the nucleus as given by

"IIIOO -

oc T 2n
(’”)ZJWTOO " WYigo dT:J.|\I1100|2”’”2d”J sin 6 dej. do
0 0 0

2n -2r

1
:4RJ—3e”O P dr
) T,
4
4 (a, 3
or r=—|—13'==a
<> ag(zj 2 0



The expectation value of 7 is similarly given by Application to Diatomic

Molecules
= —2r
(r*y= 4n'[—3e “ ptdr
0 T NOTES
5
_ 4 [ao ) 41
=—|=2| 4
ag \ 2
or
Y= 3a02

Example 5: Obtain the expectation value of the potential energy v(r) of the
electron in a hydrogen atom in its ground state.

Solution: The normalized wavefunction for the hydrogen atom in its ground
state is

= ; aO
Wi €

3172
(may)

The potential energy of the electron in the Coulomb field of the nucleus
is given by

2
r)=-— L &
4dne, r

By definition, we get

2
V) ZJ-|\|’100 § [— ! e—] dt

dne, r

oo 1 82 b 27
— 2 _ s 2 :
£|\p100| ( pr rerrjsmede!dq)

0

2 o  —2r
B -2
=_ 4ax—— | e rdr
dn e, Tay
e’ 1 e’ aé
TE, a, (zj ne,a, 4
ay
1 &
or V=
dn e, a,
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Example 6: Calculate <l> for a singly-charged helium ion in its ground state.
r

Solution: The radial part of the wavefunction of a hydrogen-like atom in

the ground state is
7 32z,
R (r)= 2(—) e
)

For H we have Z = 2 so that the radial wavefunction becomes

5 22
Rlo(r) = 2[—) e
ay

2
_ A2 T
= e

32

ay

The radial probability density is then given by

—4r
_ 32 5 a
])10(1/')_’”2 ‘RIO(I")|2=—3}”3€ 0

ay
We thus get
1 1 T3,
<—>=J —P(r)dr= ——3r3ea° dr
r 0 r 0 I"ao
Rt L
:—3Jea°rdr
)
ay 16
or

Example 7: Obtain the effective potential energy of the electron in a hydrogen
atom. Under what condition does the bound state for the atom occur?

Solution: The radial wave equation for hydrogen atom is given by

LA (R 2m e D
. dr(r dJ* LE-VONR- 2 R =0..(6.108)

2

where R = R (r) is the radial wavefunction for the atom.
We can write Equation (6.108) as

Self-Instructional
Material

a
—| 7
dr

2
2Z_R)+2';zr [E-VEIR-10+DR =0 ...(6.109)
r



Let us introduce a function of , namely u(r) as Application to Diatomic

Molecules
u(r)=rR(r) ...(6.110)
The above gives

) NOTES
R(r) =2 .(6.111)

Using Equation (6.111) in Equation (6.109) we get

d| 5 1du(r) 2 5
E[l" x——d u( ):|

r r

LB v "D ja4n ™ =0

or

AL 80|+ 22 5 Va1 =0
dr dr
or

d*u(r)  du(r) du(r) , I(1+1) _
et - [E Vr)]ru ()_T”(r) 0

Dividing throughout by r, we get

d? Il
d“(f)+—[E Ve utr) - “) u(r) =0
or
d*u(r)  2m _1(1+1)h2 _
dr? +h{E V) 2mr? }()
2
of ddu(zr) [ effectwe] u(r) (6112)
2
where v =y + D (6.113)
effective 277’”"

Equation (6.112) is the Schrodinger equation for a particle of mass m

and total energy E moving in a potential field given by the potential energy
function Veffective defined by Equation (6.113).

The first term in Equation (6.113) is the Coulomb potential energy
given by

My =—1 ¢

4ne, r

The second term can be recognized as the centrifugal potential energy
function because its first derivative with respect to » gives the centrifugal
force if we take the angular momentum of the electron as /i(/ + 1) #.
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The plot of V, against 7 is as shown in the Figure (6.2).

ffective

%

effective

Fig. 6.2 Plot of against r

V;ﬁ%ctt‘ ve

For total energy positive, V. . s positive corresponding to repulsive
force and hence positive energy cannot correspond to bound state. On the other
hand if the total energy is negative say —F, the effective potential remains
negative corresponding to attractive force in the range r, <r <r,. The state
of the particle is clearly a bound state.

Example 8: A hydrogen atom is in its ground state. Find the root mean square
deviation in the measurement of 7 (distance of the electron from the nucleus).

Solution: The root mean square deviation in the measurement of r is by
definition given by
Ar= @)= (r)?
In the ground state of hydrogen atom, we have seen is Example 4
3
{ry= 5 a

and (r*y=3a]

We hence obtain

a 3

Check Your Progress

. What is spherically symmetric potential?

. Define operator V2 in spherical polar coordinates.

. State the condition essential to be a factor of acceptable wavefunction.
. What is centrifugal potential?

. State the properties of hydrogen atom.

AN AW N

. Explain the properties of the radial wave function of hydrogen atom.




6.5 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The potential function depends only on the distance » and can be
expressed as

V="Wr)

2. The operator V2 in spherical polar coordinates is given by
1 9 ) 1 9 0 1 &

Vi= - — = —|sin®— —

P or (r Br) " r* sin® 00 (sm 86) i r*sin® © 0¢”

3. For ®(9) to be a factor of acceptable wavefunction y(r, 0, ¢), it must
be single valued, i.e., it must satisfy the condition

©(0) = D(¢ + 2m)

I(1+ DR

4. The term >

5 is called the centrifugal potential because its first
mr

derivative with respect to » gives the classical centrifugal force when

we use \I(I + 1)# as the orbital angular momentum.

5. A hydrogen atom consists of an electron of charge — e, mass m_ and a
nucleus having a proton of charge + e and mass m . By hydrogen-like
atom we mean a one electron atom having a nucleus with Z protons
(for example a singly ionized helium atom, a doubly-ionized lithium
atom, etc.)

6. The radial wavefunctions of the hydrogen atom have the properties
(i) They behave like ! for small »

(i1) They decrease exponentially for large value of » since Li’j} 1s
dominated by the highest power r"~/~!.

(i) The radial function R 6 () has n — [ — 1 radial nodes since

s [ij is a polynomial of degree n —/ — 1.
na,

6.6 SUMMARY

e The potential function depends only on the distance » and can be
expressed as

V="

Application to Diatomic
Molecules

NOTES

Self-Instructional
Material 191



Application to Diatomic
Molecules

NOTES

Self-Instructional
192 Material

Such a potential depending only on the distance from a fixed point
(centre of the force) is referred to as a spherically symmetric potential.

e The wavefunction y which is a function of the coordinates of the

particle in space and which describes the state of the particle satisfies
the Schrodinger equation

2m
Vi + T E-Vw=0

e For motion under spherically symmetric potential, it is advantageous to

express the Schrodinger equation in terms of spherical polar coordinates
r, 8, ¢ instead of Cartesian coordinates x, y, z because the potential is
independent of the angular coordinates 6 and ¢.

For ®(¢) to be a factor of acceptable wavefunction y(r, 0, ¢), it must
be single valued, i.e., it must satisfy the condition

O(¢) = ©(¢ + 2m)

The normalized solution of the ®-equation is

! €M m=0,+1,+2,..

(9) = \2n

The function d(¢) is, in general, a complex function which can be
decomposed into a real part and an imaginary part, i.e.,

Real form ®(¢) = L cos m

Va2
Imaginary from ®(9) = 21 sin md

The angular part of the wavefunction is called spherical harmonic and
written as ¥, (6, 0).

I(1+1)A?

The term >

5 is called the centrifugal potential because its first
mr

derivative with respect to » gives the classical centrifugal force when

we use \I(I + 1)k as the orbital angular momentum.

A hydrogen atom consists of an electron of charge — e, mass m_and a
nucleus having a proton of charge +e and mass m . By hydrogen-like
atom we mean a one electron atom having a nucleus with Z protons
(for example a singly ionized helium atom, a doubly-ionized lithium
atom, etc.)

If E be the total energy of relative motion between the nucleus and the
electron then the time independent Schrodinger equation for the atom
in the centre of mass coordinate system is given by

VA () + 2B - V() =0



where Application to Diatomic

Molecules
m,(Zm,)
m = ————— 1s the reduced mass.
m, +(Zm p)
e F is negative for bound states of the atom under consideration and
NOTES

hence both p and A are real.

e The infinite series for F(p) becomes a polynomial due to the requirement
of the series to break off after a finite number of terms.

e The complete wavefunction is given by

v, (. 6,0)=R (r)©,(8) D ()
e The energy eigenvalues for the hydrogen-like or hydrogen atom depend
only on the principal quantum numbers 7.

e The probability of finding the electron in the volume element dt = r*
dr sin © dB d¢ about the point (7, 0, ¢) is then given by

P dt=|y [di=|y, [rdrsin0dodd

nlm

=[R (PP |Y, (8, 0)]? r’dr sin O d do

e The electron of the hydrogen atom in the ground state is found with
maximum probability at a distance equal to the Bohr radius which is
about 0.5 A from the nucleus.

e The normalized wavefunction for the hydrogen atom in its ground state
is

1 -

)

v, = @)
e The potential energy of the electron in the Coulomb field of the nucleus
is given by
L e
V(r) = 4TCEO r

6.7 KEY WORDS

e Spherically symmetric potential: The potential depending only on
the distance from a fixed point (centre of the force) is referred to as a
spherically symmetric potential.

e Spherical harmonic: The angular part of the wavefunction is called
spherical harmonic and written as ¥, (6. ).

e Radial quantum number: The number k is called the radial quantum
number which can take values 0, 1, 2, 3,... .

e Complete wavefunction: The complete wavefunction is given by the
equation, y_(r.6.0)=R () O, (6) D (0).

nlm nl
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6.8

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

AN

Define the term spherically symmetric potential giving examples.
What are 0 equation and @ equation?

Define the angular part of the wavefunction spherical harmonic.
What is diatomic molecule?

Give the composition of hydrogen atom.

What is bound states and parity?

Long Answer Questions

1.

Discuss the concept of separation of variables and solution of R,0, @
equation giving appropriate examples.

. Explain the equations for Schrodinger equation in spherical polar

coordinates.

. Discuss the solution equations of the radial wave equation.

Briefly explain diatomic molecules with reference to hydrogen atom.

. What is the significance of energy eigenvalues? Discuss with the help

of examples.

Discuss about bound states and parity with the help of relevant
examples.

6.9
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UNIT7 HARMONIC OSCILLATOR

Structure

7.0 Introduction
7.1 Objectives
7.2 Harmonic Oscillator
7.3 Dirac’s Bra Ket Vectors
7.3.1 Wavefunction as Vector; Ket Vector
7.3.2 Scalar Product, Bra Vector
7.3.3 Norm of a Ket
7.3.4 Orthogonality of Kets and Bras
7.4 Solution using Ladder Operator and Matrix Representation
7.5 Answers to Check Your Progress Questions
7.6 Summary
7.7 Key Words
7.8 Self Assessment Questions and Exercises
7.9 Further Readings

7.0 INTRODUCTION

The harmonic oscillator is a model which has several important applications
in both classical and quantum mechanics. It serves as a prototype in the
mathematical treatment of such diverse phenomena as elasticity, acoustics,
AC circuits, molecular and crystal vibrations, electromagnetic fields and
optical properties of matter. In classical mechanics, a harmonic oscillator is
a system that, when displaced from its equilibrium position, experiences a
restoring force F proportional to the displacement x, # = —&z, where, k is
a positive constant.

If F is the only force acting on the system, the system is called a simple
harmonic oscillator, and it undergoes simple harmonic motion: sinusoidal
oscillations about the equilibrium point, with a constant amplitude and a
constant frequency (which does not depend on the amplitude). A simple
harmonic oscillator is an oscillator that is neither driven nor damped. It
consists of a mass m, which experiences a single force F, which pulls the mass
in the direction of the point x = 0 and depends only on the mass’s position
x and a constant k.

Bra—ket notation is a notation for linear algebra, particularly focused
on vectors, inner products, linear operators, Hermitian conjugation, and the
dual space, for both finite-dimensional and infinite-dimensional complex

Self-Instructional
Material 195



Harmonic Oscillator

196

NOTES

Self-Instructional
Material

vector spaces. It is specifically designed to ease the types of calculations that
frequently come up in quantum mechanics. Its use in quantum mechanics
is quite widespread. Many phenomena that are explained using quantum
mechanics are usually explained using bra—ket notation.

In simple cases, a ket |m> can be described as a column vector, a bra

with the same label <m| is its conjugate transpose (which is a row vector),
and writing bras, kets, and linear operators next to each other implies
matrix multiplication. However, kets may also exist in uncountably-infinite-
dimensional vector spaces, such that they cannot be literally written as a
column vector. Also, writing a column vector as a list of numbers requires
picking a basis, whereas one can write ‘|m>’ without committing to any
particular basis. This is helpful because quantum mechanics calculations
involve frequently switching between different bases, so it is better to have
the basis vectors (if any) written out explicitly. In some situations involving
two important basis vectors they will be referred to simply as ‘|—> “and |+> "

In this unit, you will study about harmonic oscillator, Dirac’s bra ket
vectors and solutions using ladder operator and matrix representation in detail.

7.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand what harmonic oscillator is
e Discuss Dirac’s bra ket vectors

» Explain solutions using ladder operator and matrix representation

7.2 HARMONIC OSCILLATOR

Bohr’s theory based on the quantization of angular momentum and energy
of the electron in hydrogen atom was successful in explaining broad features
of hydrogen atom and of the spectral lines emitted by it. The concepts used
in the theory were new but of fundamental importance and inspired further
researches in atomic physics.

Bohr’s theory was extended by Arnold Sommerfeld in the year 1915
by introducing elliptical orbits for the electrons in atoms.

In the same year Wilson and Sommerfeld postulated independently a
more general statement of quantization rule for systems undergoing periodic
motion.

If a periodic system of s degrees of freedom described by generalized
coordinates g, ... gs and generalized momentap , p, ..., p_then phase integrals
of the system are defined as



Ji = &P;dq;, i=1,2,...5 (71) Harmonic Oscillator

the integration being carried over one complete cycle of the variable
g, Wilson and Sommerfeld stated that the stationary states (allowed orbits)

for the system are those for which the phase integrals are integral multiples NOTES
of Planck’s constant 4, i.e.,
J; = j;p,-dq,- =mh;, n;=0,1,2, .. -(7.2)

In the case of motion of electron in circular orbits, the number of
degrees of freedom is only one and the angular momentum / = mvr is a
constant of motion so that the quantization rule given by Equation (7.2)
reduces t

$mvrdo = nh
or mvr2n = nh
so that mvr = % ..(7.3)

We may note that Equation (7.3) is the quantization rule postulated
by Bohr for the electron in hydrogen atom rotating in circular orbits.

The general quantization rule of Wilson and Sommerfeld was used in
anumber of problems of interest, particularly for finding out the energies that
periodic systems could assume. In the following, we present a brief outline
of some such systems in the microscopic domain.

The Harmonic Oscillator

Consider a harmonic oscillator of mass m oscillating along the x-axis about
the equilibrium position x = 0. The displacement of the particle from the
equilibrium position at any instant ¢ is given by
X =asin oyt .(7.4)
where a is amplitude and o, is the natural frequency related to the force
constant according to
w, =k .(7.5)
m
The potential energy of the oscillator is given by

V:%kﬁ :%mwéaz sin® (w,?) ..(7.6)
The kinetic energy of the oscillator is
2
T= %mVZ =%m(%) :%mazmg cosz((;)ot) -(7.7)

Thus, the total energy of the oscillator becomes

E=T+ szlm s (7.8)
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According to Wilson—Sommerfeld quantization rule, we get
ji;pxdx =nh, n=0,1,2,

or m ii;g;_cdx = nh.

Substituting for % and dx, the above equation becomes

27 /@y

ma* e’ | cos’(wyt) dr = nh
0

Evaluating the integral, the above gives

2.2 m _
ma G)Dx@—uh

...(7.9)
Using Equation (7.9) in Equation (7.8), the energy of the oscillator is
| nhw,
== — =nhwy, n=0,1,2

..(7.10)

Thus the quantization rule applied to linear harmonic oscillator gives
the energy of the oscillator to be zero or an integral multiple of no, and not
continuous.

7.3 DIRAC’S BRA KET VECTORS

According to the Schrodinger formulation of quantum mechanics, the physical
state at any time ¢, say, of a particle of mass m moving in one dimension in
a potential field ¥(q), g being the coordinate of the particle which can take
values from — o to + o, is described, in general by a complex valued function
VY (g, ) called the wave function in the position or coordinate representation.
Schrodinger postulated that if the particle is undisturbed by any measurement
its state develops with time in a completely causal manner according to the
equation

L oy(g.) _[ -1 9’ (711
in _{ - aq2+V<q>}w<q,r> (7.11)

According to Max Born and Jordan,

(g, t)’2 dq gives the probability
of finding the particle between the position g and g+dgq if a measurement
is made.

It is possible to define a function ¢(p, ¢) called the wave function in
the momentum representation (p representing the momentum of the particle)
according to the Fourier transform,

—ipq

1 Foo 2
o= Wane" dg

..(7.12)



O(p, t) which is completely determined by y (g, ?) describes the state Harmonic Oscillator
of the particle as does (g, 7). In other words, O(p, ?) represents the same
dynamical state as (g, ) while the expression ‘(b (, t)‘2 dp gives the probability

that a measurement of momentum yields a value lying between p and p + dp. NOTES

Schrodinger theory has been developed in position as well as momentum
representation in entirely equivalent way.

We know that problems in ordinary geometry may be solved using
vectors without the necessity of using any coordinate system. A question thus
arises—can quantum mechanics be formulated without using any particular
representation? If the answer is yes, the results would then be independent
of representation on the one hand, while on the other the obvious advantages
of using a representation in such a formulation would not be lost. To carry
out calculations we would be free to use any convenient representation, just
like in geometry a coordinate system may be conveniently chosen when
vectors are used.

In Dirac’s formulation, quantum mechanics is developed without using
any specific representation and instead it uses the concept of vectors in a
space that may have a finite or an infinite dimension.

In the sections to follow a brief account of the essentials of Dirac’s
formulation is presented.

7.3.1 Wavefunction as Vector; Ket Vector

Let y(q) be the wavefunction that describes the state of a particle moving in
one dimension at the time z. For each specific value of ¢ (in the range — oo to
+o0), say q,, q,, etc., the wave function is y(g,), W(g,), etc., respectively.

Let us imagine an infinite dimensional space having mutually
perpendicular axes each labeled by one of the values of ¢. Let us now consider
a vector in this space at the time 7 such that its projection on the g, axis is
y(q,), that on the g,-axis is y(q,) and so on. The vector thus considered then
represents the state of the particle just as its components along the different
axes do.

Since y’s are, in general, complex valued functions, the vector
representing the state is not an ordinary vector in real space.

For Dirac, we call such a state-vector in a complex vector-space a ket
vector or simply a ket and denote it by the symbol|). The particular vector
whose components are W(g,), W(q,), etc., is called ket y and is written as |\|1>.

In the Figure (7.1) is shown the ket vector ‘\p) and its components
y(q,), ¥(q,), etc., along the different axes (it is possible to show only three
components).
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Fig. 7.1 Ket Vector ) and Three of its Coordinate Representatives

If4, A, A_be the components of an ordinary vector A along the axes
of a Cartesian coordinate system XYZ, then the vector A can be represented
completely by these components, i.e., A= (4, Ay, A_]. Likewise, |y) may be
completely represented by its components along the orthogonal g-axes, i.e.,
|\u> =[y(g,), W(q,), ...]. The vector |l|!> thus represented is said to be given
in the position representation.

If we now consider another Cartesian co-ordinate system X"Y’Z’
rotated with respect to the system XYZ then the same vector A may
equally well be_) represented by its new components A, Ay’ and 4’ and
we may write A = [4], Ay’, A’]. Exactly similarly, we may express gw)
in another representation, namely the momentum representation as y) =
[0(p,), ¢(p,), ....]. We may visualize ¢(p,), &(p,), etc., as the components
of |\|I) on a rotated orthogonal set of axes p,, p,.... as shown in the Figure
(7.2). The relation between the new p-axes and the old g-axes is given by
Fourier transform.

Py is

o(py) - |

.

,
X -
1 -7
N

q1 p. 1//’
y

Fig. 7.2 Ket Vector |y and Three of its Momentum Representatives.

We note that by introducing the above concept of vector in complex
vector space to describe physical state of a quantum system it is possible to
visualize the possibility of an infinite number of equivalent representations
in which quantum mechanics can be formulated.



More About Ket-Vector Harmonic Oscillator

With each state of a dynamical system is associated a ket vector. A general ket
is denoted by the symbol |). The ket vectors with labels inside such as ‘a),
’b), etc., designate particular states. NOTES

The state ket is postulated to contain complete information about the
physical state.

The ket vector space is a linear vector space by which we mean that if
C, and C, are two complex numbers and ‘a) and |b> are two ket vectors in
a given space, the linear combination,

\oo =C, ‘a) +C, \b) ...(7.13)

is also a ket vector in the space of ‘a) and ‘b) and represents a state
of the system.

If a ket depends on a parameter ¢" which may take any value in the
range ¢, < g’ < ¢, then we may generalize Equation (7.13) as

B) = [* caigraq .(7.14)

9
when C(q") is a complex function of ¢” and the vector ‘[3) is in ket

space.

Kets ’0() and ‘B) defined by Equations (7.13) and (7.14), respectively
are said to be linearly dependent on ‘a) and ‘b) and on ‘q’).

When Cl‘a> and C, ‘a) are added, the result is
Cl‘a>+ Czla)Z(C1 +C2)|a) ...(7.15)

In the above, C, ‘a), C%a} and (C, + Cz)’a) represent the same
dynamical state of the system. If, however, C, + C, = 0, the result is no state
at all.

From the above, it follows that dynamical state of a system is specified
entirely by the direction of the ket vector representing the state in the ket
space. In other words, there exists a one-to-one correspondence between the
state of a system and a direction in ket vector space. ‘a) and — ‘a) represents
the same state.

The above also shows that classical and quantum superposition
principles are different. Quantum mechanically, there exists nothing that
corresponds to classical amplitude. Instead, only the direction of ket is
significant. Further, in quantum mechanics there is no state corresponding
to no motion (C, + C, = 0 in Equation 7.15); no motion is nothing at all.
However, classically the state of rest (no motion) is a state of the system.

The dimensionality of ket space is determined by the number of
linearly independent kets in the space, i.e., the number of independent states
of the system under consideration.
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7.3.2 Scalar Product, Bra Vector

With each ket |a>, a complex number f is associated. The set of numbers
associated with different ‘a)‘s is a linear function of ‘a). This means that the
number associated with (‘al) + ‘az)), where ‘al) and |a2> are two kets, is the
sum of the numbers associated with ‘a » and ‘a2> separately. Similarly, the
number associated with C ‘a), where C is a complex number, is C times the
number associated with ‘a). The above results may be written as,

Aa) +a) =f(|a)) +£(|a) .(7.16)
f(Cla)) = Cfla) . (7.17)

The number f associated with all the kets in ket space may be visualized
as defining a vector in another space (dual space) denoted, following Dirac,
by the symbol ( f | and called the bra vector.

The scalar product of { /] ‘ and ‘a) is written as (f ‘a) and it is a complex
number.

In view of the above, we may re-write Equations (7.16) and (7.17) as

U] (|ja)+ [a) = flay +{fay) .(7.18)
(f(C|a)=C{f|a) ...(7.19)
If (b|a)=0 forall |a), we may conclude that (b| = 0, i.e., (b is a null bra.
If, (bl‘a> =(b, ‘a) for all ya> ...(7.20)
then <b1’ = <b2’ ..(7.21)

The sum of two bras <b1‘ and <b2‘ is defined by its scalar product with
‘a). Thus

(<b1‘ + (bz‘)’a) = (bl‘a> +4b, ‘a) ...(7.22)

It is assumed that each ket is associated with a single bra in a unique
way. Hence bra is given the same status as the ket to which it is associated.
(a| is the bra associated with the ket ‘a).

Consider the ket
\a>=]a>+\b> ...(7.23)
The bra associated with ‘oc) 1s then

(0 = ¢a| + b .(7.24)



With the ket,
‘B) =C ‘a), C = A complex number ...(7.25)

is associated the bra,

(B| = C* a
From the above, it is reasonable to call the bra (o
ket ‘oc) as the hermitian adjoint of ’0() and vice-versa, i.e.,

(oc‘ = (Jo)", ’0() = ((a‘)* ..(7.27)

Since there exists unique correspondence between bras and kets, the
direction of a bra vector represents the state of a quantum system as does the
direction of the associated ket. Hence, they are said to be dual of one another.

C* = Complex conjugate of C...(7.26)

3

associated with a

7.3.3 Norm of a Ket

Consider two kets ‘a) and ’b) and the bras (a’ and (b’ associated with them,
respectively. We can form four numbers, namely

(ala), (alb), (b|b) and (b|a)

In general, {a|b) and (b|a) are complex, and it is assumed that they
are related as

(alby=<blay ..(7.28)
Replacing ’b) by ‘a) in Equation (7.28) we get
(ala) = (alay ...(7.29)

Clearly, (a|a) is real and is called the length or norm of ’a).

It is assumed that the norm of a ket vector is either positive or zero, i.e.,
(alay=0 ...(7.30)

Equality sign holds in the above if ‘a) =0.

The assumption given by Equations (7.28) and (7.29) are motivated
from a consideration of wave function (g, ) and its complex conjugate
v*(q, 1). As seen earlier, (g, ) is visualized as components of ’w} in ket
space. Likewise, we may visualize y*(q, ) as the components of (y| in the
bra space. We know from wave mechanics that the complex numbers y*(qg, ¢)

x(g, ) and x*(q, 1) W(q, ?) are related as

v*(q, 1) x(q, ) = [x*(g, 1) W(gq, O]* -.(7.31)
We also know that
[1w(g, 1) Pdg=0 ..(7.32)

Since bras and kets are intimately related to wave functions, relations
similar to those given by Equations (7.31) and (7.32) should hold also for
them. Such relations are given by Equations (7.28) and (7.30).
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7.3.4 Orthogonality of Kets and Bras

In wave mechanics, the wave functions y(g) and ¢(g) are orthogonal, if

Jv @ o) dg=0 +(733)

In the case of kets and bras, the vectors ‘a) and ‘b) are orthogonal if
their scalar product is zero, i.e., if

(alby =0 ..(7.34)

The orthogonality involved with ket/bra vector is different from the
orthgonality of two ordinary vectors, say, A and B in the real space. If 4 and B
are orthogonal,i.e.,if 4 .B =0, 4 and B areatrightangles to each other and they
lie in the same vector space. In the orthogonality condition given by Equation
(7.34), we may note that {(a |and | b) are in different vector spaces. Further, if
{alb) = 0 we may say that not only ‘ a) and ‘ b) are orthogonal but also {a |and

(b | are orthogonal. When (a|b) = 0 it may also be said that the associated
quantum states of the system they represent are orthogonal.

7.4 SOLUTION USING LADDER OPERATOR AND
MATRIX REPRESENTATION

If with each ket |a) in the ket space we can associate another ket | b) , then
this association may be used to define an operator say o which we may
write in the form

b) = ala) ..(7.35)

¢ in the above might mean multiplication, differentiation, integration,
etc., operations.

An operator always appears to the left of the ket on which it operates.

A class of operators used extensively in the formulation of quantum
mechanics is the linear operators. A linear operator in ket space is defined
as given in the following; if |a ), | a,) and |a) are any three kets in the
space and C is a number then an operator o is said to be linear if

a(la) +la) )y=ala) +dla) ...(7.36)
And a(Cla))=C gl a) ...(7.37)
Equal Linear Operators

A linear operator is completely defined when its effect on every ket in the ket
space is known. Hence, two linear operators &, and d, are equal (04 = 0,) if

6, lay = Gyla)  forall |a) ...(7.38)



Null Operator Harmonic Oscillator

A linear operator a is a null operator if

ala) =0 forall |a) ...(7.39)
NOTES
Identity operator
A linear Operator ¢ is said to be an identity operator if
ala) =lay forall|a) ...(7.40)
Algebra of Linear Operators
(i) Sum of two linear operators ¢, and @, i.e., (@, + @,) is defined according to
(o, + o) lay =o,|ay +ao,|a ...(7.41)
(ii) Product of two linear operators o, and a,, i.e., (&, a,) is defined
according to
(& 0,)|a) =ay (0, |a)) -.-(7.42)
From Equation (7.42) it is possible to define powers of a linear operator.
We further find the following relations to hold
(o, + o) |ay =(0, +q)|a) ...(7.43)
[(d, + @) + 6] a) =[a +(d, + 05)] | a) -..(7.44)
[y (&2+d8)]\a> = a0 |a) +d oy]a) ...(7.45)
(iii) Commutator of two linear operators ¢, and a, is written as [, a,]
and is defined as
[&, O,] = d, O, — O, O, ...(7.46)
The operator ocAl and ocAz are said to be non-commutative if
a O, # O, O, 1.€., [0y, O] # 0 .(7.47)
We may note that the above properties hold with matrices.
It is seen that the algebra of N-dimensional square matrices is the same
as the algebra of linear operators.
We may further note that the algebra of quantum mechanics is a non-
commutative algebra.
Multiplication by a constant is linear operation. A constant operator
commutes with all linear operators.
(iv) Inverse of an Operator: If two linear operators ¢, and @, satisfy the
equation
&, 6, = G, &, = I (Identity operator) ...(7.48)
then a, is said to be the inverse of @, and vice-versa, provided the
inverse exists and we write
Self-Instructional
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G=06,", 6=06" ...(7.49)
The inverse of a product of operators (¢, 0, a,) is
(6 6 65) ' =05 @, ™" ! ...(7.50)

As mentioned earlier, the above properties of linear operators are
common to finite square matrices. This fact allows us to represent operators
by matrices.

Operation of Linear Operator on Bra

By operating a linear operator (say & ) on a bra (say {c [) we obtain, in general,
another bra (say (d |) in the same bra space. It is a convention to write the
operator to the right of the bra on which it operates. Hence we write,

{d= {c|a ...(7.51)
The operation is defined through the equation,
(cl(a]ay)=({c|a)|ay. ..(7.52)

Thus, & may first operate on {c | and the result applied to | @) or vice-
versa.

We may note that operator properties given above are equally valid
whether they are applied to kets or to bras.

An Example of a Linear Operator

A simple example of a linear operator that occurs frequently in quantum
theory is,

@)y (b|=P .(7.53)
P may operate as a ket, say, | ¢) to give
P |c) =|a) (ble)
The above is the ket | @) multiplied by the number (b|c)

P may operate on the bra (c | to give
(c|P = {(ca) {b. ..(7.54)
The above is the bra (b | multiplied by the number (c|a).

The operator P defined above is seen to satisfy the requirements of a
linear operator.

Hermitian Operators

As discussed earlier, the linear operators which represent dynamical variables
of a quantum system are real linear operators. Such operators are said to be



Hermitian. In the following we define Hermitian operator in the space of ket Harmonic Oscillator
and bra vectors.

Consider the ket | g) to be the result of operation of the linear operator
aonaket|p),ie., NOTES

lq) =a|p)
The bra associated with ket | g) is then given by,

= @la"=a"p =(1g))

The symbol ' is called the Hermitian adjoint of 0 . Thus, the bra (q]
which is hermitian adjoint of | ¢) may be considered as the result of some

linear operator operating on (p | which is designated by al.

If in Equation (7.28) we take (a | = (p | o’ and |a)y = o |p)  then
we get

(P16 |b) = (b |6 |p)" +.(7.55)
Equation (7.55) is a general result that applies to any two kets | p) and
| b) and any linear operator O .

We may replace a by a' in Equation (7.55) to obtain

(p|GHIby= (b &'|p) ..(7.56)
Let us now replace |a) in Equation (7.28) by | a) = a' | p)
and {a|= (p| &. We then get

(p| G| b) =(b| &' p) (757)

Comparing Equations (7.56) and (7.57) we obtain
(p| &'|b) = (p|C|b). +(758)
Since in Equation (7.58) ket | b) and bra (p | are arbitrary, we find that
Gt =a ...(7.59)

If the linear operator a is self adjoint, i.e., if

~

a=a
then @ is said to be Hermitian. From Equation (7.55) we find that if
0 is Hermitian, it must satisfy
(p| &by = (bl o |p)’ +.(7.60)
for arbitrary | b) and | p) .
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Eigenvalue Problem for Operators in Ket and Bra Space

Let us consider a linear operator . In general, ¢ operating as a ket gives
another ket in the same space.

However, for every linear operator there exists a set of kets such that the
result of operation of the operator on any such ket is the same ket multiplied

by a number. If | a) be such a ket for the operator 0 then we obtain
o |ay =o |a) ...(7.61)
o, being a number.

Equation (7.61) is referred to as the eigenvalue problem for the operator
a, | @) is said to be the eigen ket of a and o, the associated eigenvalue.

It is customary to label an eigenket with the associated eigenvalue.

With this convention, we may rewrite the eigenvalue problem (eigenvalue
equation) as

oloy=o0 |0 ) ...(7.61a)

If |0 ) is an eigenket of 66, then by Equation (7.62) any constant ¢

times | o0 ) is also an eigenket of @ with the same eigenvalue o, . The states
represented by | o ) and c| &) are one and the same state.

Eigenvalue problem formulated in terms of bras is

B,1B=B,B,I _.(7.61b)

In the above (B3, | is an eigenbra of the linear operator BA belonging to
the eigenvalue 3 .

Theorems Valid for All Linear Hermitian Operators

Earler we discussed the following two theorems related to linear Hermitian
operators. We once again state the theorems and prove them using Dirac’s
bra and ket notations.

Theorem 1: The eigenvalues of a linear Hermitian operator are real.
Proof: Consider a linear hermitian operator . The eigenvalues of o
satisfy the equation

o |a‘k> :(xk|a‘k>

forming scalar product of both sides of the above equation with (o, B
we ge

(o, | a o) = o (o, | o) ...(7.62)

Taking complex conjugate of both sides we obtain

~ *_ AT N
(o, | O o) "= (o | O o) =oat, (o | o) ...(7.63)



Harmonic Oscillator

But since &' = @ and (o, |o,) # 0, comparing Equations (7.62) and
(7.63) we get

o, = o’ ..(7.64)
Clearly the eigenvalue o, is real. NOTES

Theorem 2: Two eigenvectors of a linear Hermitian operator belonging to
different eigenvalues are orthogonal.

Proof: Consider a linear Hermitian operator Ot.

Let |Ocj> be the eigenvector of o belonging to eigenvalue a, and |o,)
be the eigenvector of o belonging to eigenvalue o,

We then have according to our considerations

~

o=a
O =0 5 O =0 ..(7.65)
Let (o, | be the eigenbra associated with the eignket | o) .

We then have the eigenvalue equations

of o) =0, o) ...(7.66)
(o | =0, (0| ...(7.67)
Forming scalar product of Equation (7.65) with (o, |, we get
(o, | o | ocj) =a, (o, | ocj) ...(7.68)
Similarly, forming scalar product of Equation (7.67) with |OL/.> we obtain
(0,10 0,y =at, (o, Jot) ...(7.69)
Subtracting Equation (7.69) from Equation (7.68), we get
(o, — ) (o, | ocj> =0 ...(7.70)
Since a, and o, are two different eigenvalues, Equation (7.70) gives
(o, | ocj> =0 (7.71)

Clearly, the eigenvectors | OC/.> and | o) are orthogonal to each other.

We may note from Equations (7.66) and (7.67) that the eigenvalues
associated with eigenkets are the same as those associated with the
corresponding bras.

Physical Interpretation to Eigenvalues; Completeness, Expansion in
Eigenkets

Any dynamical variable of a system that can be measured is called an
observable of that system.
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According to a basic postulate of quantum mechanics, with every
observable there is associated a Hermitian operator and the result of
measurement of an observable is an eigenvalue of the corresponding operator.

Consider an observable Qof a quantum system. Let O be the
corresponding Hermitian operator. If the system is in a particular eigen state
of & ,say | o), then if we measure o we obtain the value ;. We assume
that if we measure o and in each measurement we obtain the value o, with
certainty, that is, if we measure o for a large number of systems each prepared
in an identical way and always get the value o, then we say that the system
is in the state | o) .

Furthermore, when a single measurement of o is made on the system

in an arbitrary state, we obtain one of the eigen values of ¢ . In such a
measurement the measurement process disturbs the system and causes it to

jump into one of the eigen states of a.

The eignekets of the operator o corresponding to the observable o
form an orthonormal set,

(/| lJ.) = 8@./. ...(71.72)
where 6,-,- 1s the Kronecker delta,
8. =0 if iz
g =0 ”’”} .(1.73)
=1 if i=j

It is postulated that any state of the system is linearly dependent on
the eigenkets | o, ). In after words eigenkets of a form a complete set. Any
arbitrary state described by the ket | P) can thus be written in terms of the
eigenkets of o as

Py =%z alo) ..(7.74)

If a measurement of o is made in the state described by | P) then |a |
gives the probability of obtaining the value o,

If the system is in a state described by the normalized ket
|P) =ala) +a,|o, ..(7.75)

then a measurement of o, gives either the value o, with probability |a |*
or the value o, with probability |a . Since (P|P) = 1, we obtain

|P) =X . alo) ...(7.74) la,[* + |a = 1. ..(7.76)
We know that the eigenkets of o" form an orthonormal set so that
(o, @) =3,



We have
(ocl_|P) = Ck(ocl_|ock> = C o =C ..(777)

k ik

Thus, |P) =2|a) C.={Zk o) (o, }|P)

(- C.= (o, |P> from Equation (7.76)
Since the above result holds for all arbitrary kets we must have

Zk | o) (o, =L ...(7.78)
The above equation is referred to as the completeness condition of
eigenkets of the operator corresponding to an observable of a quantum system.

Classical Definition of Angular Momentum

Let us first consider the angular momentum classically. For this, let us consider
a particle of mass m moving along a path AB about some fixed point O as
shown in the Figure (7.3). Let at some instant of time, the particle be at the
position P. The position P of the particle with respect to the point O is defined
by the position vector 0p or 7. Let the linear momentum of the particle at the
position P be p. The direction of 7 is along the tangent to the path 4B at P.

Fig. 7.3 Angular Momentum

Classically, the angular momentum (which is a vector quantity) of the
particle about the point O when it is at P is defined as

L=7xp ...(7.79)

With the point O as the origin, let us consider a rectangular coordinate
system (XYZ). If x, y, z be the coordinates of the point P then

T=ix+jy+kz ...(7.80)

Further, if p , P, and p_be respectively the components of P along X,
Y and Z axes then

P =ip.+jpy+hkp, ...(7.81)
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If L L and L_be respectively the X, Y and Z components of L, then
using equatlons (7. 80) and (7.81) in Equation (7.79), we get

i j ok
iL,+ jL,+kL,=| x y z
p_x py pZ

Evaluating the right hand side of the above equation and comparing
the coefficients of i, j and k on both sides we obtain

L =yp —zp, ...(7.82)
L =zp —xp, ...(7.83)
L =xp,—yp, ...(7.84)

Quantum Mechanical Description of Angular Momentum

In order to treat angular momentum quantum mechanically, we replace the
physical quantities L, 7, p,L,L,L,x,y,z p,p, and p, by corresponding
linear Hermitian operators,

XH.)E:X
y—oy=y

zZ—>zZ=Z

D, %é{Z—ih

P, ﬁf?y:—i

¥ Ho

p. —>p =—ih- ...(7.85)

oz

Substituting the above in Equations (7.79), (7.82), (7.83) and (7.84)
we obtain the quantum mechanical operators corresponding to the quantities
L.L,L,L as

L= —il7 xV ...(1.86)
IA,X =—th(yi—zi)
dz d ..(7.87)
o 0 0
=—th|z=—— - x —
b (Zax X:az) ...(7.88)
- 0 0
=—th(x——y—)
k dy ~ ox ...(7.89)



Step-Up (Raising) and Step-Down (Lowering) Operators or Ladder Harmonic Oscillator
Operators

Instead of L and L it 1s often convenient and more instructive to use their

complex comblnatlons L * zL NOTES
The operator L+ = Lx + iLy ...(7.90)
is called the step-up operator.
The operator Lﬂf = Lx — iLAy ...(7.91)
is called the step-down operator.
We find LL =L(L+iL)=LL+iLL .(7.92)

Using the commutation relations Equation (7.92) becomes
LL=LL +iL, +z(LL —iL)
=( zL)L +(L +zL)

=L L +L,
or

LL =L (L+1) ..(7.93)
Similarly, we obtain

LL =L (L+1) ...(7.94)

Let ¥, be a simultaneous eigenfunction of [’ and L belonging to
eigenvalue m of L We obtain

LLY, =L(L+1)Y, [usingEquation (7.93)]
=L LY, + lem
- Z‘+mYzm + 2‘+ Im
or
L(LY)=(m+1)(LY,) ...(7.95)
Similarly, we get
L(LY)=(m—-1)(LY,) ...(7.96)

Equation (7.95) shows that L ., 1s an eigenfunction of LZ belonging to
eigenvalue (m + 1), 1.e., an elgenvalue one unit greater while Equation (7.96)
shows that L_Ylm is an eigenfunction of L_with eigenvalue (m — 1), i.e., an
eigenvalue one unit less than the eigenvalue m belonging to the eigenfunction
Y, . For the above reasons, the operators L, and L_are Respectively, called

the step-up and step-down operators or ladder operators.
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1. Why was Bohr’s theory extended?

. Give the displacement equation of the particle from the equilibrium
. According to the Schrédinger formulation of quantum mechanics,

. What is ket vector? How it is represented?

. How is a dynamical system associated with a ket vector? How is a

6. Explain that each ket is associated with a single bra.
7. When the ket and bra said to be dual of one another?

8. When a linear operator is a null operator?

Check Your Progress

position at any instant t.

explain the physical state at any time t.

general ket denoted?

7.5

ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

. Bohr’s theory was extended by Arnold Sommerfeld in the year 1915

by introducing elliptical orbits for the electrons in atoms.

. The displacement of the particle from the equilibrium position at any

instant ¢ is given by

X =asin oyt
where a is amplitude and o is the natural frequency related to the force
constant according to

k

(,00: m

. According to the Schrodinger formulation of quantum mechanics,

the physical state at any time ¢, say, of a particle of mass m moving in
one dimension in a potential field V(g), g being the coordinate of the
particle which can take values from —eo to + oo, is described, in general
by a complex valued function y (g, ?) called the wave function in the
position or coordinate representation.

. Since y’s are, in general, complex valued functions, the vector

representing the state is not an ordinary vector in real space.

For Dirac, we call such a state-vector in a complex vector-space a ket
vector or simply a ket and denote it by the symbol ‘) The particular
vector whose components are W(q,), ¥(q,), etc., is called ket y and is
written as | ).



. With each state of a dynamical system is associated a ket vector. A general

ketis denoted by the symbol ‘). The ket vectors with labels inside such as ‘a),
‘ b), etc., designate particular states.

The state ket is postulated to contain complete information about the
physical state.

. It is assumed that each ket is associated with a single bra in a unique

way. Hence bra is given the same status as the ket to which it is
associated. (a| is the bra associated with the ket ‘a).

. Since there exists unique correspondence between bras and kets, the

direction of a bra vector represents the state of a quantum system as
does the direction of the associated ket. Hence, they are said to be dual
of one another.

. A linear operator a is a null operator if

ala) =0 forall |a)

7.6

SUMMARY

Bohr’s theory was extended by Arnold Sommerfeld in the year 1915
by introducing elliptical orbits for the electrons in atoms.

In the case of motion of electron in circular orbits, the number of
degrees of freedom is only one and the angular momentum / = mvr is
a constant of motion.

The displacement of the particle from the equilibrium position at any
instant  is given by x = a sin o

where a is amplitude and o, is the natural frequency related to the force

. _ .k
constant according to 0, = \/%

The potential energy of the oscillator is given by

V= % foc® = % moga’ sin*(0yt)  ...(7.6)
The kinetic energy of the oscillator is

2
1

T= lmv2 :lm ax =— ma’wj cos” (w,t)
2 2 dt 2

Thus the quantization rule applied to linear harmonic oscillator gives
the energy of the oscillator to be zero or an integral multiple of nw,
and not continuous.

According to the Schrodinger formulation of quantum mechanics,
the physical state at any time ¢, say, of a particle of mass m moving in
one dimension in a potential field V(g), ¢ being the coordinate of the
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particle which can take values from —eo to + o, is described, in general
by a complex valued function y (g, t) called the wave function in the
position or coordinate representation.

According to Max Born and Jordan,

(g, t)‘2 dq gives the probability of

finding the particle between the position g and g +dq if a measurement
is made.

In Dirac’s formulation, quantum mechanics is developed without using
any specific representation and instead it uses the concept of vectors
in a space that may have a finite or an infinite dimension.

Since y’s are, in general, complex valued functions, the vector
representing the state is not an ordinary vector in real space.

For Dirac, we call such a state-vector in a complex vector-space a ket
vector or simply a ket and denote it by the symbol |>. The particular
vector whose components are (g, ), W(g,), etc., is called ket y and is
written as ).

With each state of a dynamical system is associated a ket vector. A general
ket is denoted by the symbol ). The ket vectors with labels inside such as ‘a),
‘b), etc., designate particular states.

The state ket is postulated to contain complete information about the
physical state.

The dimensionality of ket space is determined by the number of linearly
independent kets in the space, i.e., the number of independent states
of the system under consideration.

The scalar product of { f ’ and ‘a> is written as (f ‘a) and it is a complex
number.

It 1s assumed that each ket is associated with a single bra in a unique
way. Hence bra is given the same status as the ket to which it is
associated. (a| is the bra associated with the ket ‘a).

Since there exists unique correspondence between bras and kets, the
direction of a bra vector represents the state of a quantum system as
does the direction of the associated ket. Hence, they are said to be dual
of one another.

Consider two kets ’a) and ‘b) and the bras (a‘ and (b‘ associated with
them, respectively. We can form four numbers, namely

(ala), (alb), (b|b) and (b|a)
In the case of kets and bras, the vectors ‘a) and ‘b) are orthogonal if
their scalar product is zero, i.e., if (a|b) = 0.

If with each ket |a) in the ket space we can associate another ket | b),
then this association may be used to define an operator say o.” which
we may write in the form



b)Y = Gla) Harmonic Oscillator
¢ in the above might mean multiplication, differentiation, integration,
etc., operations.
* An operator always appears to the left of the ket on which it operates. NOTES
* A linear Operator ¢, is said to be an identity operator if
ala) =|ay forall|a)
 Eigenvalue problem formulated in terms of bras is

BB =B,B,I

* Any dynamical variable of a system that can be measured is called an
observable of that system.

* When a single measurement of o is made on the system in an arbitrary
state, we obtain one of the eigen values of O .

7.7 KEY WORDS

* Dirac’s Formulation: In quantum mechanics it is developed without
using any specific representation and instead it uses the concept of
vectors in a space that may have a finite or an infinite dimension.

» Ket Vector: With each state of a dynamical system is associated a ket
vector. A general ket is denoted by the symbol |> .

* Duality of Ket and Bra: Since there exists unique correspondence
between bras and kets, the direction of a bra vector represents the state
of'a quantum system as does the direction of the associated ket. Hence,
they are said to be dual of one another.

7.8 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

. Define the term harmonic oscillator.

. What is the total energy of the oscillator?

. What are Dirac’s bra ket vectors?

. When ket and bra are dual of one another?

. How the linear operator is completely defined?

. What is Hermitian operator?

~N N L W N~

. Define angular momentum.
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Long Answer Questions

1. Discuss the concept of harmonic oscillator giving appropriate examples.

2. Briefly explain Dirac’s bra ket vectors.

(98]

Explain the wavefunction that describes the state of a particle moving
in one dimension at the time t.

Discuss the norms essential for a ket.
Explain linear operator in ket space.
Discuss the operation of linear operator performed on bra.

Prove that the eigenvalues of a linear Hermitian operator are real.

® Nk

Explain angular momentum with the help of examples.
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UNIT 8 QUANTUM DYNAMICS

Structure NOTES

8.0 Introduction

8.1 Objectives

8.2 Schrddinger, Heisenberg and Interaction Pictures
8.2.1 Schrddinger Picture
8.2.2 Heisenberg Picture
8.2.3 Interaction Picture

8.3 Answers to Check Your Progress Questions

8.4 Summary

8.5 Key Words

8.6 Self Assessment Questions and Exercises

8.7 Further Readings

8.0 INTRODUCTION

In physics, quantum dynamics is the quantum version of classical dynamics. Quantum
dynamics deals with the motions, and energy and momentum exchanges of systems
whose behavior is governed by the laws of quantum mechanics.

In quantum mechanics, the interaction picture, also known as the Dirac
picture named after Paul Dirac, is an intermediate representation between the
Schrodinger picture and the Heisenberg picture. However in the other two pictures
either the state vector or the operators carry time dependence, in the interaction
picture both carry part of the time dependence of observables. The interaction
picture is advantageous since it consider the changes to the wave functions and
observables due to interactions. Most field-theoretical calculations typically use
the interaction representation because they provide the solution to the various
Schrodinger equations as the solution to the free-particle problem and also for
some unknown interaction parts.

In this unit, you will learn about the Schrédinger, Heisenberg and interaction
pictures.

8.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain what quantum dynamics is
o Discuss Schrédinger picture
o Understand Heisenberg picture

¢ Define interaction picture
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8.2 SCHRODINGER, HEISENBERG AND
INTERACTION PICTURES

NOTES In physics, quantum dynamics is referred as the quantum version of classical
dynamics. Quantum dynamics deals with the motions, and energy and momentum
exchanges of systems whose behaviour is governed by the laws of quantum
mechanics. Quantum dynamics is significant for fields, such as quantum computing
and atomic optics.

Pictures in quantum mechanics are different points of view in describing a
quantum system. In the general Schrodinger picture, the operators are time
independent and the state vectors (wave functions) are time dependent. In
Heisenberg picture, the operators are rendered time dependent and the state vectors
become time independent. The Interaction (Dirac) picture, is a hybrid view-point
where both operators and state vectors are time dependent, evolving in time by
different unitary operators.

Quantum systems are considered as wave functions which solve the
Schrédinger equation. Observables are represented by Hermitian operators which
act on the wave function. In the Schrédinger picture, the operators stay fixed
while the Schrédinger equation changes the basis with time.

In the Dirac or interaction picture, both the basis and the operators carry
time-dependence. The interaction picture allows for operators to act on the state
vector at different times and forms the basis for quantum field theory and many
other newer methods.

In the Heisenberg picture, it is the operators which change in time while the
basis of the space remains fixed. Heisenberg’s matrix mechanics actually came
before Schrédinger’s wave mechanics but were too mathematically different to
catch on. A fixed basis is, in some ways, more mathematically pleasing. This
formulation also generalizes more easily to relativity - it is the nearest analog to
classical physics.

8.2.1 Schrodinger Picture

In physics, the Schrodinger picture, also termed as the Schrodinger representation
is a formulation of quantum mechanics in which the state vectors evolve in time,
but the operators (observables and others) are constant with respect to time. This
differs from the Heisenberg picture which keeps the states constant while the
observables evolve in time, and from the interaction picture in which both the
states and the observables evolve in time. The Schrodinger and Heisenberg pictures
are related as active and passive transformations and commutation relations between
operators are preserved in the passage between the two pictures.

In the Schrodinger picture, the state of a system evolves with time. The
evolution for a closed quantum system is brought about by a unitary operator, the
time evolution operator.

Self-Instructional
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For time evolution from a state vector |t(f;))at time 7, to a state Quantum Dynamics

vector [t/(t)) attime ¢, the time-evolution operator is commonly written [ (¢, £ ),
and one has, |(t)} = U(t, to)|1(ty)).

In the case where the Hamiltonian of the system does not vary with time, the
time-evolution operator has the form,

NOTES

I.-'r {!. \ tUJ — e — f.{jr” c. f“ J'h
Where the exponent is evaluated via its Taylor series.
The Schrodinger picture is useful when dealing with a time-independent
Hamiltonian H; thatis, & H = 0.

In elementary quantum mechanics, the state of a quantum-mechanical system
is represented by a complex-valued wavefunction y(x, f). More abstractly, the

state may be represented as a state vector, or ket |7} . This ket is an element of

a Hilbert space, a vector space containing all possible states of the system. A

quantum-mechanical operator is a function which takes a K&t |17} and returns

some other ket [t ).

The differences between the Schrodinger and Heisenberg pictures of quantum
mechanics revolve around how to deal with systems that evolve in time: the time-
dependent nature of the system must be carried by some combination of the state
vectors and the operators. For example, a quantum harmonic oscillator may be in

astate |17} for which the expectation value of the momentum, {1{5 %} .oscillates
sinusoidally in time. One can then ask whether this sinusoidal oscillation should be
reflected in the state vector iﬁ':‘_;. , the momentum operator ]ﬁl , or both. All three of

these choices are valid; the first gives the Schrodinger picture, the second the
Heisenberg picture, and the third the interaction picture.

The Time Evolution Operator

The time-evolution operator U(z, ¢,) is defined as the operator which acts on the
ket at time #; to produce the ket at some other time .

R(E)) = Ut to)|¥(to))-

For Bras, we instead have,

{@(t)| = (W)U (t, 1)
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Properties

Unitarity: The time evolution operator must be unitary. This is because we demand
that the norm of the state ket must not change with time. That is,

() |ab(L)) = ((ta)|UT (¢, Lo )U(E, to ) |s0(tn ) = {w(ta)lb(ta))
Therefore,

Ut t)U(L, tg) = I
Identity: When =1, Uis the identity operator, since
|'E:'{r|'1):' - {,.i"{_f” y L ] |-u}{f,|]j|:| .

Closure: Time evolution from 7, to z may be viewed as a two-step time evolution,
first from 7, to an intermediate time 7, and then from 7, to the final time 7. Therefore,

Ult,ty) = U(t, 1)U (L1, tg).
8.2.2 Heisenberg Picture

In physics, the Heisenberg picture, also called the Heisenberg representation, is a
formulation given by Werner Heisenberg in 1925, of quantum mechanics in which
the operators (observables and others) incorporate a dependency on time, but the
state vectors are time-independent, an arbitrary fixed basis rigidly underlying the
theory.

It stands in contrast to the Schrédinger picture in which the operators are
constant, instead, and the states evolve in time. The two pictures only differ by a
basis change with respect to time-dependency, which corresponds to the difference
between active and passive transformations. The Heisenberg picture is the
formulation of matrix mechanics in an arbitrary basis, in which the Hamiltonian is
not necessarily diagonal. It further serves to define a third hybrid picture, the
interaction picture.

In the Heisenberg picture of quantum mechanics the state vectors, [y(z), do
not change with time, while observables 4 satisfy,

d 1 aA
—A(t) = —[H, A(t e
A0 = 1401+ (5)

Where H is the Hamiltonian and [,*] denotes the commutator of two
operators (in this case H and 4). Taking expectation values automatically yields
the Ehrenfest theorem, featured in the correspondence principle.

By the Stone—von Neumann theorem, the Heisenberg picture and the
Schrodinger picture are unitarily equivalent, just a basis change in Hilbert space.
In some sense, the Heisenberg picture is more natural and convenient than the
equivalent Schrodinger picture, especially for relativistic theories. Lorentz invariance



is manifest in the Heisenberg picture, since the state vectors do not single out the
time or space.

This approach also has a more direct similarity to classical physics: by simply
replacing the commutator above by the Poisson bracket, the Heisenberg equation
reduces to an equation in Hamiltonian mechanics.

Equivalence of Heisenberg’s Equation to the Schrodinger Equation

For the sake of pedagogy, the Heisenberg picture is introduced here from the
subsequent, but more familiar, Schrodinger picture.

The expectation value of an observable 4, which is a Hermitian linear
operator, for a given Schrodinger state |\y(¢) >, is given by,

(A} = (P(t)| Al(t))

In the Schrddinger picture, the state |y(#) > at time # is related to the state
lw(0) > at time 0 by a unitary time-evolution operator, U(%),

|(t)) = U(t)[%(0))

In the Heisenberg picture, all state vectors are considered to remain constant
at their initial values [\y(0)>, whereas operators evolve with time according to,

A(t) = U () AU(t) .

The Schrodinger equation for the time-evolution operator is,

d iH
—U(t) = ——Ult
ZU(0) = ——U()
Where H is the Hamiltonian and i is the reduced Planck constant.
It follows that,
A aw = LutwHAUE) + U @) (‘?—A U(e) + LUt (1) A(—H)U(2)
dt h Y - at ) " R :
= %U?(:}HU(t}U‘(rJAU(:) FUT(2) (%) U(t) %r,ri{r).w(t}rff{t]HU(t]
i . o : a4
- & AW - AOH®) + U0 (5 ) VO,

Where differentiation was carried out according to the product rule. Note
that the Hamiltonian that appears in the final line above is the Heisenberg Hamiltonian

H(t), which may differ from the Schrédinger Hamiltonian.
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Quantum Dynamics 8.2.3 Interaction Picture

In quantum mechanics, the interaction picture, also known as the Dirac picture

named after Paul Dirac, is an intermediate representation between the Schrodinger
NOTES picture and the Heisenberg picture. While the other two pictures either the state
vector or the operators carry time dependence, the interaction picture carry both
the part of the time dependence of observables (probability amplitudes). The
interaction picture is advantageous since it consider the changes to the wave
functions and observables due to interactions. Most field-theoretical calculations
typically use the interaction representation because they provide the solution to
the various Schrodinger equations as the solution to the free-particle problem and
also for some unknown interaction parts.

Equations that include operators at different times, which hold in the
interaction picture, do not necessarily hold either in the Schrodinger picture or in
the Heisenberg picture. This is because time dependent unitary transformations
relate operators in one picture to the analogous operators in the others.

Operators and state vectors in the interaction picture are related by a change
of basis (unitary transformation) to those same operators and state vectors in the
Schrédinger picture.

To switch into the interaction picture, we divide the Schrodinger picture
Hamiltonian into two parts:

Hs = Hys + Hi5.

Any possible choice of parts will yield a valid interaction picture; but in
order for the interaction picture to be useful in simplifying the analysis of a problem,
thepartswill typically be chosen so that H, is well understood and exactly solvable,

while H , contains some harder-to-analyze perturbation to this system.

If the Hamiltonian has explicit time-dependence (for example, if the quantum
system interacts with an applied external electric field that varies in time), it will
usually be advantageous to include the explicitly time-dependent terms with /
leaving H , time-independent. We proceed assuming that this is the case. If there

0’s
is a context in which it makes sense to have H , be time-dependent, then one can

0°S
proceed by replacing o5t/ by the corresponding time-evolution operator in
the definitions below.

State Vectors
A state vector in the interaction picture is defined as,

[ (t)) = o5y (8)),

Where |y (#)> is the state vector in the Schrodinger picture.

Self-Instructional
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An operator in the interaction picture is defined as,

Ap(t) = eflost/B gg(1)e~iHost/h NOTES

Note that 4 (¢) will typically not depend on # and can be rewritten as just
A, Itonly depends on ¢ if the operator has ‘explicit time dependence’, for example,
due to its dependence on an applied external time-varying electric field.

Hamiltonian Operator

For the operator /1 itself, the interaction picture and Schrodinger picture coincide:
H‘“.i {Lj = g Hyst/h -H'ILF_-: et Hyst/h _ .HU-:.:

This is easily seen through the fact that operators commute with differentiable
functions of themselves. This particular operator then can be called H, without

ambiguity.

For the perturbation Hamiltonian /|, however,

H! Il:f} — ETH-UHr‘F'!' Hl I-;'F:"'!.'HI'I.E:'M:II."IFI

Where the interaction picture perturbation Hamiltonian becomes a time-
dependent Hamiltonian, unless [H ., H,]=0.

It is possible to obtain the interaction picture for a time-dependent
Hamiltonian H, () as well, but the exponentials need to be replaced by the unitary
propagator for the evolution generated by H, ((7), or more explicitly with a time-
ordered exponential integral.

Expectation Values

For a general operator 4, the expectation value in the interaction picture is given
by,

(A1(t)) = Wa(B) Ar(D)n(t)) = (s ()] st eiFhst

Ag e Host gt Hust yha (1)) = (Ag(t))

Using the density-matrix expression for expectation value, we will get,

(Ar(t)) = Tr (pr(t) Ai(t)).

The purpose of the interaction picture is to shunt all the time dependence
due to H, onto the operators, thus allowing them to evolve freely, and leaving only
H |, to control the time-evolution of the state vectors.
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The interaction picture is convenient when considering the effect of a small
interaction term, H, (, being added to the Hamiltonian of a solved system, /7, .. By
utilizing the interaction picture, one can use time-dependent perturbation theory to
find the effect of H, P for example, in the derivation of Fermi’s golden rule, or
the Dyson series in quantum field theory: in 1947, Shin’ichir6 Tomonaga and Julian
Schwinger appreciated that covariant perturbation theory could be formulated
elegantly in the interaction picture, since field operators can evolve in time as free
fields, even in the presence of interactions, now treated perturbatively in such a

Dyson series.
Comparison of Evolution in all the Three Pictures

Table 8.1 illustrates the comparative evaluation of all the three pictures, viz.,
Schrodinger, Heisenberg and interaction pictures for a time-independent
Hamiltonian H,

Table 8.1 Comparative Evaluation of Schrodinger, Heisenberg and
Interaction Pictures

Evolution

Picture

of:

Heisenberg

Interaction

Schrédinger

Ket state

constant

[wbr ()} = e*as 4R g ()

s (#))

= e S [ps(0))

constant

Observable Ay “) - ﬁrH_‘- r_hAbIH--rH_\- tih

Ar(t)

— eifus g geitins ti

Density matnix constant pr(t) = etHus "'hpgu)ﬁe'”"“--“ tih ps(t) = g st hpjfg)ﬁi”s t/h

Check Your Progress

. Define the term quantum dynamics.

. What are pictures in quantum mechanics?
. What are quantum systems?

. Define the term the Schrodinger picture.

. When is Schrodinger picture useful?

AN N BN W N -

. Inelementary quantum mechanics, how is the state of a quantum-mechanical
system represented?

~

. Explain the term the Heisenberg picture.
8. What are the state vectors in the Heisenberg picture of quantum mechanics?
9. What is Schrédinger picture? When it is useful?

10. Give the Schrodinger equation for the time-evolution operator.

11. Define the term the interaction picture.
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8.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. Inphysics, quantum dynamics is referred as the quantum version of classical NOTES
dynamics. Quantum dynamics deals with the motions, and energy and
momentum exchanges of systems whose behaviour is governed by the laws
of quantum mechanics.

2. Pictures in quantum mechanics are different points of view in describing a
quantum system. In the general Schrddinger picture, the operators are time
independent and the state vectors (wave functions) are time dependent. In
Heisenberg picture, the operators are rendered time dependent and the
state vectors become time independent. The Interaction (Dirac) picture, is
a hybrid view-point where both operators and state vectors are time
dependent, evolving in time by different unitary operators.

3. Quantum systems are considered as wave functions which solve the
Schrodinger equation. Observables are represented by Hermitian operators
which act on the wave function. In the Schrodinger picture, the operators
stay fixed while the Schrodinger equation changes the basis with time.

4. In physics, the Schrodinger picture, also termed as the Schrédinger
representation is a formulation of quantum mechanics in which the state
vectors evolve in time, but the operators (observables and others) are
constant with respect to time. In the Schrodinger picture, the state of a
system evolves with time. The evolution for a closed quantum system is
brought about by a unitary operator, the time evolution operator.

5. The Schrodinger picture is useful when dealing with a time-independent
Hamiltonian /; thatis, &, H = ().

6. Inelementary quantum mechanics, the state of a quantum-mechanical system
is represented by a complex-valued wavefunction y(x, #). More abstractly,

the state may be represented as a state vector, or ket |T,EIJ:? . This ket is an

element of a Hilbert space, a vector space containing all possible states of
the system. A quantum-mechanical operator is a function which takes a

ket T,E'J:l- and returns some other ket |T,EIJ:? )

7. Inphysics, the Heisenberg picture, also called the Heisenberg representation,
is a formulation given by Werner Heisenberg in 1925, of quantum mechanics
in which the operators (observables and others) incorporate a dependency
on time, but the state vectors are time-independent, an arbitrary fixed basis
rigidly underlying the theory. The Heisenberg picture is the formulation of
matrix mechanics in an arbitrary basis, in which the Hamiltonian is not
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Quantum Dynamics necessarily diagonal. It further serves to define a third hybrid picture, the
interaction picture.

8. Inthe Heisenberg picture of quantum mechanics the state vectors, [y(f), do
not change with time, while observables A4 satisfy,

d

i 0A
G40 = simaw+ (%)

NOTES

Where H is the Hamiltonian and [¢,*] denotes the commutator of two
operators (in this case H and 4). Taking expectation values automatically
yields the Ehrenfest theorem, featured in the correspondence principle.

9. In the Schrodinger picture, the state of a system evolves with time. The
evolution for a closed quantum system is brought about by a unitary operator,
the time evolution operator. The Schrodinger picture is useful when dealing

with a time-independent Hamiltonian /; thatis, &, H = 0.
10. The Schrodinger equation for the time-evolution operator is,

d - iH
s '{t}——?[»{t]

Where H is the Hamiltonian and 1 is the reduced Planck constant.

11. In quantum mechanics, the interaction picture, also known as the Dirac
picture named after Paul Dirac, is an intermediate representation between
the Schrodinger picture and the Heisenberg picture. While the other two
pictures either the state vector or the operators carry time dependence, the
interaction picture carry both the part of the time dependence of observables
(probability amplitudes). The interaction picture is advantageous since it
consider the changes to the wave functions and observables due to
interactions.

8.4 SUMMARY

e In physics, quantum dynamics is referred as the quantum version of classical
dynamics. Quantum dynamics deals with the motions, and energy and
momentum exchanges of systems whose behaviour is governed by the laws
of quantum mechanics. Quantum dynamics is significant for fields, such as
quantum computing and atomic optics.

¢ Pictures in quantum mechanics are different points of view in describing a
quantum system. In the general Schrodinger picture, the operators are time
independent and the state vectors (wave functions) are time dependent.

¢ In Heisenberg picture, the operators are rendered time dependent and the
state vectors become time independent.

Self-Instructional
228 Material



e The Interaction (Dirac) picture, is a hybrid view-point where both operators Quantum Dynamics
and state vectors are time dependent, evolving in time by different unitary
operators.

¢ Quantum systems are considered as wave functions which solve the
Schrodinger equation. Observables are represented by Hermitian operators
which act on the wave function. In the Schrodinger picture, the operators
stay fixed while the Schrodinger equation changes the basis with time.

NOTES

¢ In the Dirac or interaction picture, both the basis and the operators carry
time-dependence. The interaction picture allows for operators to act on the
state vector at different times and forms the basis for quantum field theory
and many other newer methods.

¢ Inthe Heisenberg picture, it is the operators which change in time while the
basis of the space remains fixed. Heisenberg’s matrix mechanics actually
came before Schrodinger’s wave mechanics but were too mathematically
different to catch on.

¢ In physics, the Schrodinger picture, also termed as the Schrodinger
representation is a formulation of quantum mechanics in which the state
vectors evolve in time, but the operators (observables and others) are
constant with respect to time. This differs from the Heisenberg picture which
keeps the states constant while the observables evolve in time, and from the
interaction picture in which both the states and the observables evolve in
time.

e The Schrédinger and Heisenberg pictures are related as active and passive
transformations and commutation relations between operators are preserved
in the passage between the two pictures.

¢ In the Schrodinger picture, the state of a system evolves with time. The
evolution for a closed quantum system is brought about by a unitary operator,
the time evolution operator.

e The Schrddinger picture is useful when dealing with a time-independent
Hamiltonian /; thatis, & H = ().

¢ In elementary quantum mechanics, the state of a quantum-mechanical system
is represented by a complex-valued wavefunction y(x, ). More abstractly,

the state may be represented as a state vector, or ket |T,EIJ:? . This ket is an

element of a Hilbert space, a vector space containing all possible states of
the system.

e A quantum-mechanical operator is a function which takesa K&t |1;"1'::- and

returns some other.
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e Inphysics, the Heisenberg picture, also called the Heisenberg representation,

is a formulation given by Werner Heisenberg in 1925, of quantum mechanics
in which the operators (observables and others) incorporate a dependency
on time, but the state vectors are time-independent, an arbitrary fixed basis
rigidly underlying the theory.

It stands in contrast to the Schrodinger picture in which the operators are
constant, instead, and the states evolve in time. The two pictures only differ
by a basis change with respect to time-dependency, which corresponds to
the difference between active and passive transformations.

In the Heisenberg picture of quantum mechanics the state vectors, [y(%),
do not change with time, while observables A4 satisfy,

d i a4
G40 = simaw+ (%)

Where H is the Hamiltonian and [+,*] denotes the commutator of two
operators (in this case H and A4). Taking expectation values automatically
yields the Ehrenfest theorem, featured in the correspondence principle.

By the Stone—von Neumann theorem, the Heisenberg picture and the
Schrodinger picture are unitarily equivalent, just a basis change in Hilbert
space.

The expectation value of an observable A4, which is a Hermitian linear
operator, for a given Schrodinger state |y(7) ) ,1s given by,

(A = {P(t)[Alw(t))

In the Schrodinger picture, the state [y (7) ) at time 7 s related to the state
lw(0) > at time 0 by a unitary time-evolution operator, U(%),

()} = U(t)[(0)).

In the Heisenberg picture, all state vectors are considered to remain constant
at their initial values [y(0) ) , Whereas operators evolve with time according

to, A(t):=U'(t)AU(t).
The Schrddinger equation for the time-evolution operator is,

d iH
EUH) = — TU“:]

Where H is the Hamiltonian and 1 is the reduced Planck constant.



In quantum mechanics, the interaction picture, also known as the Dirac Quantum Dynamics
picture named after Paul Dirac, is an intermediate representation between
the Schrodinger picture and the Heisenberg picture.

While the other two pictures either the state vector or the operators carry
time dependence, the interaction picture carry both the part of the time
dependence of observables (probability amplitudes).

NOTES

The interaction picture is advantageous since it consider the changes to the
wave functions and observables due to interactions.

Equations that include operators at different times, which hold in the
interaction picture, do not necessarily hold either in the Schrodinger picture
or in the Heisenberg picture. This is because time dependent unitary
transformations relate operators in one picture to the analogous operators
in the others.

Operators and state vectors in the interaction picture are related by a change
of basis (unitary transformation) to those same operators and state vectors
in the Schrodinger picture.

KEY WORDS

Quantum dynamics: It deals with the motions, and energy and momentum
exchanges of systems whose behaviour is governed by the laws of quantum
mechanics.

Quantum systems: These are considered as wave functions which solve
the Schrodinger equation.

Schrédinger picture: Also termed as the Schrodinger representation, it is
a formulation of quantum mechanics in which the state vectors evolve in
time, but the operators (observables and others) are constant with respect
to time.

Heisenberg picture: Also called the Heisenberg representation, is a
formulation given by Werner Heisenberg in 1925, of quantum mechanics in
which the operators (observables and others) incorporate a dependency
on time, but the state vectors are time-independent, an arbitrary fixed basis
rigidly underlying the theory.

Interaction picture: Also known as the Dirac picture named after Paul
Dirac, is an intermediate representation between the Schrodinger picture
and the Heisenberg picture, as the interaction picture carry both the part of
the time dependence of observables (probability amplitudes).

Self-Instructional
Material 231



Quantum Dynamics

232

NOTES

Self-Instructional
Material

8.6

SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

N A~ W N =

. What s the significance of quantum dynamics?

. Define the terms picture, observables and operators.

. Explain Schroédinger picture.

. What is Heisenberg picture?

. How Schrddinger and Heisenberg pictures are related?

. What is interaction picture?

Long Answer Questions

l.

Briefly discuss the significance of quantum dynamics and quantum systems
giving appropriate examples.

. Explain the how the three pictures Schrodinger, Heisenberg and interaction

are related to each other.

. Discuss the Schrodinger picture giving its relevance in quantum physics.

. Analyse the Heisenberg picture and state that how it is different from the

Schrodinger picture.

. Briefly discuss the differences between the Schrodinger and Heisenberg

pictures of quantum mechanics giving appropriate examples.

6. Explain the significance of interaction pictures in quantum mechanics.

7. Give the equations for state vector, operator and Hamiltonian operator for

the interaction pictures.

8.7
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9.0 INTRODUCTION

In quantum mechanics, perturbation theory is a set of approximation schemes
directly related to mathematical perturbation for describing a complicated quantum
system in terms of a simpler one. Perturbation theory is applicable if the problem
at hand cannot be solved exactly, but can be formulated by adding a ‘small’
term to the mathematical description of the exactly solvable problem. For example,
by adding a perturbative electric potential to the quantum mechanical model of
the hydrogen atom, tiny shifts in the spectral lines of hydrogen caused by the
presence of an electric field (the Stark eftect) can be calculated. This is only
approximate because the sum of a Coulomb potential with a linear potential is
unstable (has no true bound states) although the tunneling time (decay rate) is
very long. Time independent perturbation theory is observed to be useful because
of its importance in experimental solid state physics in general and transport
properties in particular.

In this unit, you will study about the perturbation theory (first order), the
time independent perturbation theory and stark effect in hydrogen atom.

9.1 OBJECTIVES

After going through this unit, you will be able to:
e Explain the time independent perturbation theory
e Discuss the perturbation theory of first order
e Understand the stark effect in hydrogen atom
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9.2 TIME INDEPENDENT PERTURBATION
THEORY

In quantum mechanics, perturbation theory is a set of approximation schemes
directly related to mathematical perturbation for describing a complicated quantum
system in terms of a simpler one. Perturbation theory is applicable if the problem
at hand cannot be solved exactly, but can be formulated by adding a ‘small’
term to the mathematical description of the exactly solvable problem. For example,
by adding a perturbative electric potential to the quantum mechanical model of
the hydrogen atom, tiny shifts in the spectral lines of hydrogen caused by the
presence of an electric field (the Stark effect) can be calculated. This is only
approximate because the sum of a Coulomb potential with a linear potential is
unstable (has no true bound states) although the tunneling time (decay rate) is
very long.

The expressions produced by perturbation theory are not exact, but they
can lead to accurate results as long as the expansion parameter, say a, is very
small. Typically, the results are expressed in terms of finite power series in o
that seem to converge to the exact values when summed to higher order. After
a certain order n ~ 1/a however, the results become increasingly worse since
the series are usually divergent (being asymptotic series). There exist ways to
convert them into convergent series, which can be evaluated for large expansion
parameters, most efficiently by the variational method.

Time independent perturbation theory is one of two categories of
perturbation theory, the other being time dependent perturbation. In time
independent perturbation theory the perturbation Hamiltonian is static, i.e.,
possesses no time dependence. The time independent perturbation theory was
presented by Erwin Schrédinger in a 1926 paper, shortly after he produced his
theories in wave mechanics. In this paper Schrodinger referred to earlier work
of Lord Rayleigh, who investigated harmonic vibrations of a string perturbed by
small in-homogeneities. This is why this perturbation theory is often referred to
as Rayleigh—Schrodinger perturbation theory.

First Order Corrections

Consider an unperturbed Hamiltonian, /, which is also assumed to have no
time dependence. It has known energy levels and eigenstates, arising from the
time independent Schrodinger equation of the form:

. o N
Hy[n®)=EP [n®),  n=1,23,...

For simplicity, assume that the energies are discrete. The (0) superscripts
denote that these quantities are associated with the unperturbed system. Note
the use of bra—ket notation.



We now introduce a perturbation to the Hamiltonian. Let V' be a
Hamiltonian representing a weak physical disturbance, such as a potential energy
produced by an external field. Thus, Vis formally a Hermitian operator. Let A be
a dimensionless parameter that can take on values ranging continuously from 0
(no perturbation) to 1 (the full perturbation). The perturbed Hamiltonian is
represented as,

H=H;+ AV

The energy levels and eigenstates of the perturbed Hamiltonian are again
given by the Schrédinger equation:

{H{J =+ }IV} |nj' = Eﬂ_in}

The objective is to express £ and |n'} in terms of the energy levels and
eigenstates of the old Hamiltonian. If the perturbation is sufficiently weak, we
can write them as a (Maclaurin) power series in A:

E,=E) +AEY + ¥E + ...
n) = |n!® > +A|ntY > + A? |n["*:‘> TR

Where,
Er‘.llglli'l:I — iu—dﬁ-En
k!l dA*x [x=0
l?’l'fk)> — i dﬁ"ns
k! dAF 1o

When £ = 0, these reduce to the unperturbed values, which are the first
term in each series. Since the perturbation is weak, the energy levels and
eigenstates should not deviate too much from their unperturbed values, and the
terms should rapidly become smaller as we go to higher order.

Substituting the power series expansion into the Schrodinger equation, we
obtain,

(Hy + V) (|n®@) + A ") o) = (B + B 4] (Jn®) + A|nl”) o)

Expanding this equation and comparing coefficients of each power
of A results in an infinite series of simultaneous equations. The zeroth-order
equation is simply the Schrodinger equation for the unperturbed system. The
first order equation is,

H, |ﬂi11> 4 V|n“”> _ g |n”"> L+ EW |n.“”>
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Operating through by (n'"!| , the first term on the left-hand side cancels

the first term on the right-hand side as per the unperturbed Hamiltonian is
Hermitian. This leads to the first order energy shitft:

B = (n®|V[n®)

This is simply the expectation value of the perturbation Hamiltonian while
the system is in the unperturbed state.

The Stark Effect for n = 2 Hydrogen

The Stark effect for the n = 2 states of hydrogen requires the use of degenerate
state perturbation theory since there are four states with (nearly) the same
energies. In the first calculation, we will not consider the hydrogen fine structure
and assume that the four states are exactly degenerate, each with unperturbed

energy of E. That is Ho¢oerm = Eodoem -

The degenerate states are ¢200, ¢211, $210 and $21(-1).
The perturbation due to an electric field in the z direction is //; = +efz .
So the first order degenerate state perturbation theory equation is,

> ai (69 |Ho + e£2| ¢ ) = (By + ED)ay.

This is essentially a 4 x 4 matrix eigenvalue equation. There are 4

eigenvalues (Fy + E1), distinguished by the index 71 .

Because of the exact degeneracy (Hy¢!?) = Eyp)), the H and E,

can be eliminated from the equation.

> au(Bodiy + (99 eE2|6D)) = (Bo+EM)a;
anijZozi <dJ(j)\e€z|q‘>(i)> = [Fpo; JrE(l)ij
Z a; <¢(j) le&z| (P(i)> - E(l)aj

i
This is just the eigenvalue equation for /, which we can write in (pseudo)
matrix form as follows,

(85} (5]
(a4 o

a3 a3
g Yy



Now, in fact, most of the matrix elements of /| are zero. We can define Time Independent
Perturbation Theory

that because (L., z] = 0, hence all the matrix elements between states of

unequal i are zero. Another way of saying this is that the operator z does not
‘change’ m . Here is a little proof. NOTES

{Y}.m, ”L;-. 2” }/I"m"} =0 = (”? - T”;) {}/Im |Z| K’"'m’)

This implies that (Y3,,, |z| Y1/} = 0 unless 10 = m’ .

Let us define the one remaining nonzero (real) matrix element to be y.

v = €€ {P200 |2] d210)
The equation that is labelled with the basis states to define the order is.

t_f-'J2(|[] 0 0 ¥ D ] (5]
o211 0O 0 0 0 az | _ p [ 02
o210 {v 0O 0 0O as ag
Pa1-1 \O O O O Qy ay

We can see by inspection that the eigenfunctions of this operator are ¢p211,

1 - f ' . .
$21-1, and 7 (200 £ P210) with eigenvalues (of H)) of 0, 0, and ==~y .

. . - 1 . .
What remains is to compute y. Recall Yoo = 5= and Yig = |/ = cosé.

‘ \—3/2 r r/2ag —-3/2 1 r r/2ag 5
v = €€ 2 211 - — ) e Yz (2a = — "Yiod
) ¢ f{ ag) ( ‘.Eau) € o0z (2ap) 73 (m]) € wa"r
-3 1 3 43 i T T —rfa; 1 .
= 2e£(2ap) "—= [ridr|]l—--— — e — cos Y7 5d$2
V3, 2ay ag J Vin

P | 00 7o .
= 2elF 2} '{——‘,_ / (_ _ __‘) e r';rr”dr.
( V3v3Jo \aj 24

age€ /‘ 1 lfx R ]
= — e fdr — = e tdr
12 { 0 2 Jy
3 .
2

apeE W o~ . H-4-3-2-1

= 2 [4 321 = - j|
apel P

= 1 7

= =3efaq = EW) = Fiefay

This is first order in the electric field, as we would expect in first order
(degenerate) perturbation theory.

If the states are not exactly degenerate, we have to leave in the diagonal
terms of /. Assume that the energies of the two (mixed) states are F; 4+ A,
where A comes from some other perturbation, like the hydrogen fine structure.
The ¢211 and ¢21 (—1) are still not mixed by the electric field.

Self-Instructional
Material 237



Time Independent
Perturbation Theory

NOTES

Self-Instructional
238 Material

E[; —A Y [0 5] —E g}
o) Ey+ A as ] T \an

E = Ey £ \/~2 + A2

This is correct in both limits, A >+, and ~ > A. It is also correct

when the two corrections are of the same order.

1. What s perturbation theory? When it is applied?
2. Explain the time independent perturbation theory.
3. What s first order equation?

4. What is stark effect?

Check Your Progress

9.3 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

. In quantum mechanics, perturbation theory is a set of approximation

schemes directly related to mathematical perturbation for describing a
complicated quantum system in terms of a simpler one. Perturbation
theory is applicable if the problem at hand cannot be solved exactly, but
can be formulated by adding a ‘small’ term to the mathematical description
of the exactly solvable problem. For example, by adding a perturbative
electric potential to the quantum mechanical model of the hydrogen atom,
tiny shifts in the spectral lines of hydrogen caused by the presence of an
electric field (the Stark effect) can be calculated.

. Time independent perturbation theory is one of two categories of

perturbation theory, the other being time dependent perturbation. In time
independent perturbation theory the perturbation Hamiltonian is static,
1.e., possesses no time dependence.

. The first order equation is,

Hy, |ﬂm> +V |ﬂ-m]> = Ef[;“} |nm> + E;[ql} |nm]>

. The stark effect for the n = 2 states of hydrogen requires the use of

degenerate state perturbation theory since there are four states with (nearly)
the same energies. In the first calculation, we will not consider the hydrogen
fine structure and assume that the four states are exactly degenerate, each
with unperturbed energy of E. That is Hygas,, = Eghoem - The
degenerate states $200, ¢211, $210 and ¢p21 (-1).



9.4 SUMMARY

In quantum mechanics, perturbation theory is a set of approximation
schemes directly related to mathematical perturbation for describing a
complicated quantum system in terms of a simpler one.

Perturbation theory is applicable if the problem at hand cannot be solved
exactly, but can be formulated by adding a ‘small’ term to the mathematical
description of the exactly solvable problem. For example, by adding a
perturbative electric potential to the quantum mechanical model of the
hydrogen atom, tiny shifts in the spectral lines of hydrogen caused by the
presence of an electric field (the Stark effect) can be calculated.

The expressions produced by perturbation theory are not exact, but they
can lead to accurate results as long as the expansion parameter, say o,
is very small.

Typically, the results are expressed in terms of finite power series in + that
seem to converge to the exact values when summed to higher order. After
a certain order n ~ 1/a however, the results become increasingly worse
since the series are usually divergent (being asymptotic series).

Time independent perturbation theory is one of two categories of
perturbation theory, the other being time dependent perturbation. In time
independent perturbation theory the perturbation Hamiltonian is static,
1.e., possesses no time dependence.

The time independent perturbation theory was presented by Erwin
Schrédinger in a 1926 paper, shortly after he produced his theories in
wave mechanics. In this paper Schrodinger referred to earlier work of
Lord Rayleigh, who investigated harmonic vibrations of a string perturbed
by small in-homogeneities. This is why this perturbation theory is often
referred to as Rayleigh—Schrodinger perturbation theory.

The first order equation is,
Hy |nm> +V |ﬂ-m]> = E;[;n} |nm> + E;[;-l;' |nw]>

The Stark effect for the n = 2 states of hydrogen requires the use of
degenerate state perturbation theory since there are four states with (nearly)
the same energies. In the first calculation, we will not consider the hydrogen
fine structure and assume that the four states are exactly degenerate, each
with unperturbed energy of E,. That is Ho¢zim = Eod2em . The
degenerate states $200, ¢211, $210 and ¢p21 (-1).
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9.5 KEY WORDS

¢ Perturbation theory: Itis a set of approximation schemes directly related
to mathematical perturbation for describing a complicated quantum system
in terms of a simpler one.

¢ Time independent perturbation: The theory is one of two categories of
perturbation theory, the other being time dependent perturbation. In time
independent perturbation theory the perturbation Hamiltonian is static, i.e.,
possesses no time dependence.

9.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. What is perturbation theory?

2. What is perturbation theory of first order?

3. Explain the time independent perturbation theory.
4. What is stark effect in hydrogen atom?

Long Answer Questions

1. Discuss the significance of perturbation theory in quantum mechanics.
2. Explain the perturbation theory that specifies the first order corrections.

3. Discuss the time independent perturbation theory giving appropriate
examples.

4. Explain the concept of stark effect in hydrogen atom.
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10.0 INTRODUCTION

The variational principle is a scientific principle used within the calculus of
variations, which develops general methods for finding functions which extremize
the value of quantities that depend upon those functions. Any physical law which
can be expressed as a variational principle describes a self-adjoint operator.
These expressions are also called Hermitian. Such an expression describes an
invariant under a Hermitian transformation.

In quantum mechanics, the variational method is one way of finding
approximations to the lowest energy eigenstate or ground state, and some
excited states. This allows calculating approximate wavefunctions, such as
molecular orbitals. The basis for this method is the variational principle. The
method consists of choosing a ‘trial wavefunction’ depending on one or more
parameters, and finding the values of these parameters for which the expectation
value of the energy is the lowest possible. The wavefunction obtained by fixing
the parameters to such values is then an approximation to the ground state
wavefunction, and the expectation value of the energy in that state is an upper
bound to the ground state energy. The variational principle states that if we
simply guess the wave function, the expectation value of the Hamiltonian in that
wave function will be greater than the true ground state energy. The emission
spectra of helium (He) consists of a number of series in the visible region of the
spectrum as well as in the near and far UV regions.

In this unit, you will study about the variation method, ground state of
helium atom and the ground state of deuteron.

10.1 OBJECTIVES

After going through this unit, you will be able to:

¢ Understand the significance of variation method

Variational Principle
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Variational Principle e Discuss about the ground state of helium atom

¢ Explain the ground state of deuteron.

NOTES 10.2 VARIATION METHOD

The variational method is the key approximate method/technique typically used
in quantum mechanics. Compared to perturbation theory, the variational method
can be more robust in situations where it is hard to determine a good unperturbed
Hamiltonian, i.e., one which makes the perturbation small but is still solvable.
On the other hand, in cases where there is a good unperturbed Hamiltonian,
perturbation theory can be more efficient than the variational method.

The variational principle is a scientific principle used within the calculus of
variations, which develops general methods for finding functions which extremize
the value of quantities that depend upon those functions. Any physical law which
can be expressed as a variational principle describes a self-adjoint operator.
These expressions are also called Hermitian. Such an expression describes an
invariant under a Hermitian transformation.

In quantum mechanics, the variational method is one way of finding
approximations to the lowest energy eigenstate or ground state, and some
excited states. This allows calculating approximate wavefunctions, such as
molecular orbitals. The basis for this method is the variational principle. The
method consists of choosing a ‘trial wavefunction” depending on one or more
parameters, and finding the values of these parameters for which the expectation
value of the energy is the lowest possible. The wavefunction obtained by fixing
the parameters to such values is then an approximation to the ground state
wavefunction, and the expectation value of the energy in that state is an upper
bound to the ground state energy. The variational principle states that if we
simply guess the wave function, the expectation value of the Hamiltonian in that
wave function will be greater than the true ground state energy.

Basically the ‘trial wavefunction’ for the problem consists of some
adjustable parameters called termed as the ‘variational parameters’. These
parameters are adjusted until the energy of the trial wavefunction is minimized.
The resulting trial wavefunction and its corresponding energy are variational
method approximations to the exact wavefunction and energy.

Suppose we are given a Hilbert space and a Hermitian operator over it
called the Hamiltonian, H. Ignoring complications about continuous spectra,
consider the discrete spectrum of H and the corresponding eigenspaces of each
eigenvalue »:

(W | Wag) = dagng
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Where o, ;1s the Kronecker delta,

5. [0 ifi# ],
LY 1 ifi= j.- NOTES

And the Hamiltonian is related to » through the typical eigenvalue relation,

H ) = Algy)

Physical states are normalized, meaning that their norm is equal to 1.
Once again ignoring complications involved with a continuous spectrum of H,
suppose it is bounded from below and that its greatest lower bound is E|,.
Suppose also that we know the corresponding state [E€’. The expectation value
of H is then,

(WIH W)= 3 (o) (o [Hls) (s, ]4)
Ap, Ao e8pec| )
= > A vz 3 Bl 9 =E
A=Spec H) AESpee( H)

Evidently, in order to vary over all possible states with norm 1 trying to
minimize the expectation value of H, the lowest value would be £ and the
corresponding state would be an eigenstate of E. Varying over the entire
Hilbert space is usually too complicated for physical calculations, and a subspace
of the entire Hilbert space is chosen, parametrized by some (real) differentiable
parameters = (i = 1, 2, ..., N). The choice of the subspace is called the ansatz.
Some choices of ansatzes lead to better approximations than others, therefore
the choice of ansatz is important.

Assume that there is some overlap between the ansatz and the ground
state (otherwise, it is a bad ansatz). We still wish to normalize the ansatz, so we
have the constraints,

(h(e) | ¥(a)) =1
And to minimize,
e(a) = (¥(a)|H|i(a))

If v (o) is expressed as a linear combination of other functions (o, being
the coefficients), as in the Ritz method, there is only one minimum and the
problem is straightforward.

Although generally limited to calculations of the ground state energy, this
method can be applied in certain cases to calculations of excited states as well.
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Variational Principle If the ground state wavefunction is known, either by the method of variation or
by direct calculation, a subset of the Hilbert space can be chosen which is
orthogonal to the ground state wavefunction.

NOTES |tr'l*|:' — |';r'lljh=.::t :' = ':JI_-'GHI | 'ﬂli;t:-'r-if : |i|lvl-|.:r :'

The resulting minimum is usually not as accurate as for the ground state,

as any difference between the true ground state and g results in a lower
excited energy. This defect is worsened with each higher excited state.

In another formulation,

Egr:a-.:m] = ;Q5|H|EII}|,

This holds for any trial Z since, by definition, the ground state wavefunction
has the lowest energy, and any trial wavefunction will have energy greater than
or equal to it.

Proof: ¢ can be expanded as a linear combination of the actual
eigenfunctions of the Hamiltonian (which we assume to be normalized and
orthogonal):

915: E CrWp
n

Then, to find the expectation value of the Hamiltonian,

(6| H|p)

— L “{,rllH|Z mlll*'m

I

E E rf.:”n|E:r: |f:r.:1- i .-
= E E Lu cilh T3] -.*vn. LHI !

n L

™ 12
= E 1Ca|” En-
T

Now, the ground state energy is the lowest energy possible, i.e., £, = E.

Therefore, if the guessed wave function Z is normalized:
(B H|g) > By |enl* = B,

For a Hamiltonian H that describes the studied system and any normalizable
function y with arguments appropriate for the unknown wave function of the
system, we define the functional,
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M=—g%

The variational principle states that,

e = > Fy, where Eis the lowest energy eigenstate (ground state) of the
Hamiltonian.

e = = F, if and only if y is exactly equal to the wave function of the
ground state of the studied system.

The variational principle formulated above is the basis of the variational
method used in quantum mechanics and quantum chemistry to find
approximations to the ground state.

Another feature in variational principles in quantum mechanics is that since
v and y* can be varied separately (a fact arising due to the complex nature
of the wave function), the quantities can be varied in principle just one at a time.

Helium Atom Ground State

The helium atom consists of two electrons with mass m and electric charge
—e, around an essentially fixed nucleus of mass M >> m and charge +2e. The
Hamiltonian for it, neglecting the fine structure, is:

2 A i v 1
H:—;—? V) - (3+i——)

dmeg \11 T2 vy —rg

where  is the reduced Planck constant, ¢ is the vacuum
permittivity, , (for i = 1, 2) is the distance of the ith electron from the nucleus,
and [r, —r | is the distance between the two electrons.

If the term V= e*/(4ne |r, — 1), representing the repulsion between the
two electrons, were excluded, the Hamiltonian would become the sum of
two hydrogen-like atom Hamiltonians with nuclear charge +2e. The ground
state energy would then be 8E, =109 eV, where E| is the Rydberg constant,
and its ground state wavefunction would be the product of two wavefunctions
for the ground state of hydrogen-like atoms:

. 73
P(ry,rp) = —3°
‘}'n'l',]'.ij

E(ry+ra)iap

Where q is the Bohr radius and Z = 2, Helium’s nuclear charge. The
expectation value of the total Hamiltonian A (including the term V) in the state
described by v will be an upper bound for its ground state energy. <V > is
—SE /2 = 34 ¢V, so <H>is 8E, —5E /2 = 75 eV.
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A tighter upper bound can be found by using a better trial wavefunction
with ‘tunable’ parameters. Each electron can be thought to see the nuclear
charge partially ‘shielded’ by the other electron, so we can use a trial wavefunction
equal with an ‘effective’ nuclear charge Z < 2: The expectation value of H in this
state is:

7

. i 2
(H) = |-222 + Tz] E;

This is minimal for Z = 27/16 implying shielding reduces the effective
charge to ~1.69. Substituting this value of Z into the expression for / yields
T29E /128 = —77.5 €V, within 2% of the experimental value, —78.975 eV.

Deuteron Ground State

Deuterium or hydrogen-2, symbol D or ?H, also known as heavy hydrogen, is
one of two stable isotopes of hydrogen (the other being protium, or hydrogen-
1). The nucleus of deuterium, called a deuteron, contains one proton and one
neutron, whereas the far more common protium has no neutron in the nucleus.
Deuterium has a natural abundance in Earth’s oceans of about one atom in
6420 of hydrogen. Thus deuterium accounts for approximately 0.02% (or, on
a mass basis, 0.03%) of all the naturally occurring hydrogen in the oceans, while
protium accounts for more than 99.98%.

The deuteron has spin +1 ‘triplet state’ and is thus a boson. The NMR
frequency of deuterium is significantly different from common light hydrogen.
Infrared spectroscopy also easily differentiates many deuterated compounds,
due to the large difference in IR absorption frequency seen in the vibration of
a chemical bond containing deuterium, versus light hydrogen. The two stable
isotopes of hydrogen can also be distinguished by using mass spectrometry.

The triplet deuteron nucleon is barely bound at £, = 2.23 MeV, and none
of the higher energy states are bound. The singlet deuteron is a virtual state, with
a negative binding energy of ~60 keV. There is no such stable particle, but this
virtual particle transiently exists during neutron-proton inelastic scattering,
accounting for the unusually large neutron scattering cross-section of the proton.

Variation method — ground state of helium atom — ground state of Deuteron.

Check Your Progress

1. Define variational principle.
2. Whatis trial wavefunction?
3. What does variational principle state?

4. Explain the term variational parameters.

5. Explain the structure of helium atom.
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10.3 ANSWERS TO CHECK YOUR PROGRESS
QUESTIONS

1. The variational principle is a scientific principle used within the calculus of NOTES
variations, which develops general methods for finding functions which
extremize the value of quantities that depend upon those functions. Any
physical law which can be expressed as a variational principle describes
a self-adjoint operator. These expressions are also called Hermitian. Such
an expression describes an invariant under a Hermitian transformation.

2. In quantum mechanics, the variational method is one way of finding
approximations to the lowest energy eigenstate or ground state, and some
excited states. The basis for this method is the variational principle. The
method consists of choosing a ‘trial wavefunction’ depending on one or
more parameters, and finding the values of these parameters for which
the expectation value of the energy is the lowest possible. The wavefunction
obtained by fixing the parameters to such values is then an approximation
to the ground state wavefunction, and the expectation value of the energy
in that state is an upper bound to the ground state energy.

3. The variational principle states that if we simply guess the wave function,
the expectation value of the Hamiltonian in that wave function will be
greater than the true ground state energy.

4. Basically the ‘trial wavefunction’ for the problem consists of some
adjustable parameters called termed as the ‘variational parameters’. These
parameters are adjusted until the energy of the trial wavefunction is
minimized. The resulting trial wavefunction and its corresponding energy
are variational method approximations to the exact wavefunction and
energy.

5. The helium atom consists of two electrons with mass m and electric
charge —e, around an essentially fixed nucleus of mass M >> m and
charge +2e. The Hamiltonian for it, neglecting the fine structure, is:

R e (2 2 1
H= - —(V}+V3 - —+t———
Em{ 1+ Va) dreg (’-“1 N ra |y —I'zl)

where 5 is the reduced Planck constant, ¢ is the vacuum
permittivity, r, (for i = 1, 2) is the distance of the ith electron from the
nucleus, and |r, —r | is the distance between the two electrons.
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10.4 SUMMARY

¢ The variational principle is a scientific principle used within the calculus
NOTES of variations, which develops general methods for finding functions which
extremize the value of quantities that depend upon those functions.

e Any physical law which can be expressed as a variational principle
describes a self-adjoint operator. These expressions are also called
Hermitian. Such an expression describes an invariant under a Hermitian
transformation.

¢ In quantum mechanics, the variational method is one way of finding
approximations to the lowest energy eigenstate or ground state, and
some excited states. This allows calculating approximate wavefunctions,
such as molecular orbitals. The basis for this method is the variational
principle. The method consists of choosing a ‘trial wavefunction” depending
on one or more parameters, and finding the values of these parameters
for which the expectation value of the energy is the lowest possible.

e The wavefunction obtained by fixing the parameters to such values is then
an approximation to the ground state wavefunction, and the expectation
value of the energy in that state is an upper bound to the ground state
energy.

e The variational principle states that if we simply guess the wave function,
the expectation value of the Hamiltonian in that wave function will be
greater than the true ground state energy.

e Basically the ‘trial wavefunction’ for the problem consists of some
adjustable parameters called termed as the ‘variational parameters’. These
parameters are adjusted until the energy of the trial wavefunction is
minimized. The resulting trial wavefunction and its corresponding energy
are variational method approximations to the exact wavefunction and
energy.

¢ The variational principle states that,

1. &£ = Ejy, where E, is the lowest energy eigenstate (ground state) of

the Hamiltonian.

2. £ = Fyifand onlyif vy is exactly equal to the wave function of the
ground state of the studied system.

e The helium atom consists of two electrons with mass m and electric
charge —e, around an essentially fixed nucleus of mass M >> m and
charge +2e. The Hamiltonian for it, neglecting the fine structure, is:
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R . e 2 2 1
H=-—(V}+V2) - —+— - —

?-m{ ! 2) dmey (’-"1 ra |y —I'zl)
where 5 is the reduced Planck constant, ¢ is the vacuum NOTES
permittivity, 7, (for i = 1, 2) is the distance of the ith electron from the

nucleus, and |r, —r | is the distance between the two electrons.

e Deuterium or hydrogen-2, symbol D or ?H, also known as heavy
hydrogen, is one of two stable isotopes of hydrogen (the other being
protium, or hydrogen-1).

e The nucleus of deuterium, called a deuteron, contains one proton and one

neutron, whereas the far more common protium has no neutron in the
nucleus.

e The deuteron has spin +1 ‘triplet state’ and is thus a boson. The NMR
frequency of deuterium is significantly different from common light
hydrogen.

e The triplet deuteron nucleon is barely bound at £, = 2.23 MeV, and none
of the higher energy states are bound. The singlet deuteron is a virtual
state, with a negative binding energy of ~60 keV.

10.5 KEY WORDS

e Variational principle: It is a scientific principle used within the calculus of
variations, which develops general methods for finding functions which
extremize the value of quantities that depend upon those functions.

e Hermitian: Any physical law which can be expressed as a variational
principle describes a self-adjoint operator are also called Hermitian.

e Variational parameters: The trial wavefunction for the problem consists
of some adjustable parameters called termed as the variational parameters.

10.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. What s variation method?
2. Explain variational parameters.
3. Explain the ground state of helium atom.

4. Explain the ground state of deuteron.
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Long Answer Questions

1. Briefly discuss the variation method giving appropriate examples.
2. Explain the equations involved in expressing and evaluating the ground state.

3. Discuss the ground state of helium atom and deuteron.

10.7 FURTHER READINGS
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New Delhi: Tata McGraw-Hill.
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Pvt. Ltd.

Devanathan, V. 2005. Quantum Mechanics. Oxford: Alpha Science International
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11.0 Introduction
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11.3 Answers to Check Your Progress Questions
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11.5 Key Words
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11.7 Further Readings

11.0 INTRODUCTION

In mathematical physics, the WKB approximation or WKB method is used for
finding approximate solutions to linear differential equations with spatially varying
coefficients. Itis typically used for a semi-classical calculation in quantum mechanics
in which the wavefunction is recast as an exponential function, semi-classically
expanded, and then either the amplitude or the phase is taken to be changing
slowly.

The WKB approximation is named after Wentzel-Kramers—Brillouin. This
method is specifically used for obtaining an approximate solution to a time
independent one-dimensional differential equation, typically the Schrodinger
equation. Its principal applications include the calculations of bound state energies
and tunnelling rates through barriers.

In this unit, you will study about the WKB approximation and its application
to bound states.

11.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the WKB approximation method

¢ Define the WKB approximation application to bound states

11.2 WKB APPROXIMATION

In mathematical physics, the WKB approximation or WKB method is a method for
finding approximate solutions to linear differential equations with spatially varying
coefficients. Itis typically used for a semi-classical calculation in quantum mechanics
in which the wavefunction is recast as an exponential function, semi-classically
expanded, and then either the amplitude or the phase is taken to be changing slowly.

WKB Approximation

NOTES

Self-Instructional
Material

251



WKB Approximation

252

NOTES

Self-Instructional
Material

The abbreviation WKB approximation refers to Wentzel-Kramers—Brillouin,
i.e., the WKB approximation method is named after physicists Gregor Wentzel,
Hendrik Anthony Kramers, and Léon Brillouin, who all developed itin 1926. In
1923, mathematician Harold Jeffreys had developed a general method of
approximating solutions to linear, second order differential equations, a class that
includes the Schrodinger equation. Early texts in quantum mechanics contain any
number of combinations of their initials, including WBK, BWK, WKBJ, JWKB
and BWKJ.

The WKB approximation is specifically used for obtaining an approximate
solution to a time independent one-dimensional differential equation, typically the
Schrodinger equation. Its principal applications include the calculations of bound
state energies and tunnelling rates through barriers.

WKB Method

The WKB theory is a method typically used for approximating the solution of a
differential equation whose highest derivative is multiplied by a small parameter
‘¢’. The method of approximation is as follows.

For a differential equation,
dn y dr 1 y

GF + a(x) e

Assume that following is the solution of the form of an asymptotic series
expansion in the limitd — 0,

y(z) ~ exp [% Z 0"S, (.r)]

The asymptotic scaling of d in terms of € will be determined by the equation,

d’.
+ -4 k(;r)d—i +m(z)y = 0,

1 [ : 1 o
& | = (Z S|+ =) 8SH| = Q).
5'“ n=0 4 n=0
WKB theory is a special case of multiple scale analysis.
Precision or Exactness of the Asymptotic Series

The asymptotic series for y(x) is typically considered as a divergent series, whose
general term 8" S (x) starts to increase after a certain value n=n__ . Therefore,
the smallest error attained by the WKB method is the order of the last included
term.

For the equation,
2 @’y

= Q(z)y



With O(x) <0 an analytic function, the value n__and the magnitude of the last
term can be estimated as follows:

To —_—
Mmax = 2¢ 1 f \;‘;' Q(:‘:) d: )
Zn
| 2
| T .
6”71““ Sﬂm;lx (J‘”) ~ III Cxpl '?I'lllﬂ?( ] )
[ Tmax

Where x,, is the point at which y(x,) needs to be evaluated and x, is the
(complex) turning point where Q(x,) =0, closest to x = x,.

Thenumbern__can be interpreted as the number of oscillations between
x,and the closest turning point.

If ! Q(x) is a slowly changing function,

dQ ¢ Q?
€ | =] K .
dzx

The number n__ will be large, and the minimum error of the asymptotic
series will be exponentially small.

Derivation of the Schrodinger Equation

Solving the Schrédinger equation is one of the essential problems in quantum
mechanics. Since a non-linear second order Ordinary Differential Equation (ODE)
has, in general, no analytic solution, hence an approximation method is typically
applied. Instead of starting with a simplified potential and adding small terms,
which leads to perturbation theory, the WKB approximation makes an assumption
of aslowly varying potential.

To derive the approximation, consider the Schrodinger equation,

124 )
k()2 =0 ~(1L1)
H{F'z
With the abbreviations,
k(z) = (%[E V)2 if E>V(x)
. 2m o, “wi/2 ] .
k() =i - (V—FE))"" =ik(x) if E<V(x) ..(11.2)
-2

If k(x) = Constant is the function has the solution W(x) = ¢** . If kis no longer

constant but varies at a slow rate, then reasonably we can use the solution, with x
dependent £,

e"' [ k(r)dt (11.3)
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Substituting it in to the Schrodinger equation gives us,
d‘zll P ,dz i [ kit Lqt i [
- + ;1,.{;?.,]21;_! — [ _’_;l,Q]E:I:‘EJrR[E_df — j:lk [;.!.,]E:I:iljr k(t)di ___(11'4)
d:r[-‘ “l 3 d 1,9 J S
Thus the solutions in Equation (11.3) solves the equation only when £'(x) is equal
to 0. However, Equation (11.4) suggests that Equation (11.3) remains a good
approximation, if ' is negligible, or, more precisely, if
K| < k2 ..(11.5)
This is the condition used in the derivation of the WKB approximation.

Application to Bound States

In quantum physics, a bound state is a special quantum state of a particle subject
to a potential such that the particle has a tendency to remain localised in one or
more regions of space. The potential may be external or it may be the result of the
presence of another particle; in the latter case, one can equivalently define a bound
state as a state representing two or more particles whose interaction energy exceeds
the total energy of each separate particle. One consequence is that, given a potential
vanishing at infinity, negative-energy states must be bound. In general, the energy
spectrum of the set of bound states is discrete, unlike free particles, which have a
continuous spectrum.

In a bound state problem with potential V' (x), for a given energy E, we can
divide space into classically allowed regions, for which £ > V' (x), and classically
forbidden regions for which E < V' (x). Assume that there are only three regions in
total, classically forbidden for x <a and x > b, and classically allowed
fora<x<b.

In the classically allowed region a < x < b the wave function will be oscillating
and we can write it either as a superposition of right- and left-moving complex
exponentials or as,

Y(x) = A k(x) cos [xk(x2 )dx2 + ¢

For the particular case of a well with infinite sides the solution must vanish at
the boundaries, so (taking the lower limit of integration as a for definitness; any
other choice just shifts ¢) ¢ = (n' + 1 2)mw and _[abk(x')dx' +¢o=(m"+12)min
other words Iabk(x’)dx’ = (n + 1)n, with integer n > 0. Evidently for
constant & this gives k = nm/(b — a), which is exact.

For amore general potential, outside the classically allowed region we will have
decaying exponentials. If we approximate the potential as linear we can solve the
Schrédinger equation exactly (in terms of Airy functions). For WKB solutions in
the locality of x = @ and x = b gives the surprisingly simple result that inside the
well,

y(x) = A k(x) cosjaxk(x’)dx’ —m/4 and y(x) = A’ k(x) cos bek(x’)dx’ + /4
which can only be satisfiedif A’ =+ A and _[abk(x' )dx' = (n+ 1 2)r. This latter



is the quantisation condition for a finite well; it is dilierent from the infinite well
because the solution can leak into the forbidden region. For a semi-infinite well,
the condition is that the integral equal (n + 3 4)x. This is the appropriate form for
the 1 = 0 solutions of a spherically symmetric well.

S kv =

Check Your Progress

What is WKB approximation?

What does abbreviation WKB approximation refers?
When is WKB approximation used?

Define WKB theory.

What is asymptotic series for y(x)?

In quantum physics, what is a bound state?

11.3 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

1.

In mathematical physics, the WKB approximation or WKB method is a
method for finding approximate solutions to linear differential equations with
spatially varying coefficients. It is typically used for a semi-classical calculation
in quantum mechanics in which the wavefunction is recast as an exponential
function, semi-classically expanded, and then either the amplitude or the
phase is taken to be changing slowly.

The abbreviation WKB approximation refers to Wentzel-Kramers—Brillouin,
i.e., the WKB approximation method is named after physicists Gregor
Wentzel, Hendrik Anthony Kramers, and Léon Brillouin, who all developed
itin 1926.

The WKB approximation is specifically used for obtaining an approximate
solution to a time independent one-dimensional differential equation, typically
the Schrédinger equation. Its principal applications include the calculations
of bound state energies and tunnelling rates through barriers.

The WKB theory is a method typically used for approximating the solution
of a differential equation whose highest derivative is multiplied by a small
parameter ‘e’. The method of approximation is as follows.

For a differential equation,

drry drl ] Y

azn ) g

d.
4ot k(.}‘.)—y +m(z)y =0,
dz

s
-

Assume that following is the solution of the form of an asymptotic series
expansion in the limitd — 0,
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y(z) ~ exp |:% Z " S, (1)}

The asymptotic scaling of 6 in terms of € will be determined by the equation,

9

2 1 S on Qi h 1 > nQn
¢ E(Zh S,,) <2 88| = Q)

n=>0 n=0

. The asymptotic series for y(x) is typically considered as a divergent series,

whose general term 8" S (x) starts to increase after a certain valuen=n__.
Therefore, the smallest error attained by the WKB method is the order of
the last included term.

. In quantum physics, a bound state is a special quantum state of a particle

subject to a potential such that the particle has a tendency to remain localised
in one or more regions of space. The potential may be external or it may be
the result of the presence of another particle; in the latter case, one can
equivalently define a bound state as a state representing two or more particles
whose interaction energy exceeds the total energy of each separate particle.

SUMMARY

¢ In mathematical physics, the WKB approximation or WKB method is a

method for finding approximate solutions to linear differential equations with
spatially varying coefficients.

WKB approximation is typically used for a semi-classical calculation in
quantum mechanics in which the wavefunction is recast as an exponential
function, semi-classically expanded, and then either the amplitude or the
phase is taken to be changing slowly.

The abbreviation WKB approximation refers to Wentzel-Kramers—Brillouin,
i.e., the WKB approximation method is named after physicists Gregor
Wentzel, Hendrik Anthony Kramers, and Léon Brillouin, who all developed
itin 1926.

The WKB approximation is specifically used for obtaining an approximate
solution to a time independent one-dimensional differential equation, typically
the Schrédinger equation. Its principal applications include the calculations
ofbound state energies and tunnelling rates through barriers.

The WKB theory is a method typically used for approximating the solution
ofa differential equation whose highest derivative is multiplied by a small
parameter ‘€’.

WKB theory is a special case of multiple scale analysis.

The asymptotic series for y(x) is typically considered as a divergent series,
whose general term 6" S (x) starts to increase after a certain valuen=n__ .



Therefore, the smallest error attained by the WKB method is the order of WKB Approximation
the last included term.

o Solving the Schrodinger equation is one of the essential problems in quantum
mechanics. Since a non-linear second order Ordinary Differential Equation
(ODE) has, in general, no analytic solution, hence an approximation method
1s typically applied.

NOTES

¢ In quantum physics, a bound state is a special quantum state of a particle
subject to a potential such that the particle has a tendency to remain localised
in one or more regions of space.

¢ The potential may be external or it may be the result of the presence of
another particle; in the latter case, one can equivalently define a bound state
as a state representing two or more particles whose interaction energy
exceeds the total energy of each separate particle.

¢ Inabound state problem with potential V' (x), for a given energy E, we can
divide space into classically allowed regions, for which £ > V' (x), and
classically forbidden regions for which £ < V' (x). Assume that there are
only three regions in total, classically forbidden for x <a and x > b, and
classically allowed for a <x <b.

11.5 KEY WORDS

e WKB approximation or WKB method: It is a method for finding
approximate solutions to linear differential equations with spatially varying
coeflicients. The WKB approximation refers to Wentzel-Kramers—Brillouin.

¢ Bound state: A bound state is a special quantum state of a particle subject
to a potential such that the particle has a tendency to remain localised in one
or more regions of space.

11.6 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. Define WKB approximation.

2. Who developed WKB approximation?

3. Which condition is used in the derivation of the WKB approximation?
4. What is bound state?

Long Answer Questions

1. Discuss the WKB approximation or WKB method giving appropriate
examples.
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WKB Approximation 2. Briefly explain the WKB theory with relevant equations.
3. Explain the exactness of the asymptotic series.
4. Explain the derivation of the Schrédinger equation.
NOTES 5. Discuss the bound state for WKB approximation.

11.7 FURTHER READINGS
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New Delhi: Tata McGraw-Hill.
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12.0 INTRODUCTION

In quantum mechanics, perturbation theory is a set of approximation schemes
directly related to mathematical perturbation for describing a complicated quantum
system in terms of a simpler one. The basic notion is to start with a simple system
for which a mathematical solution is known, and then adding an additional
‘perturbing’” Hamiltonian representing a weak disturbance to the system. If the
disturbance is not too large, the various physical quantities associated with the
perturbed system, for example its energy levels and eigenstates, can be expressed
as ‘corrections’ to those of the simple system. These corrections, being small
compared to the size of the quantities themselves, can be calculated using
approximate methods, such as asymptotic series.

The time dependent perturbation theory was developed by Paul Dirac who
proposed that the effect of a time dependent perturbation V(¢) can be applied to a
time independent Hamiltonian H,. Since the perturbed Hamiltonian is time-
dependent, so are its energy levels and eigenstates.

The emission of a single photon by an excited atom can be studied using the
time dependent perturbation theory to find the transition probability for atom. The
atoms those exist in higher energy state (by stimulated absorption) can make a
transition to ground state (lower energy state) through the emission of
electromagnetic radiation by two ways, the spontaneous emission and the stimulated
emission.

In this unit, you will study about the time dependent perturbation theory, the
golden rule and applications, spontaneous emission and stimulated emission.

Time Dependent
Perturbation Theory

NOTES
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12.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the time dependent perturbation theory

e Explain the golden rule and its applications for time dependent perturbation
theory

e Discuss about the spontaneous emission and stimulated emission

12.2 TIME DEPENDENT PERTURBATION THEORY

In quantum mechanics, perturbation theory is a set of approximation schemes
directly related to mathematical perturbation for describing a complicated quantum
system in terms of a simpler one. The basic notion is to use a simple system
for which a mathematical solution is known, and then adding an additional
‘Perturbing’ Hamiltonian representing a weak disturbance to the system. If the
disturbance is not too large, then the various physical quantities associated with
the perturbed system, for example its energy levels and eigenstates, can be
expressed as ‘Corrections’ to those of the simple system. These corrections,
being small compared to the size of the quantities themselves, can be calculated
using approximate methods, such as asymptotic series. The complicated system
can consequently be studied based on the simpler one.

Time dependent perturbation theory, developed by Paul Dirac, typically
explains the effect of a time dependent perturbation V(¢) applied to a time
independent Hamiltonian, . Since the perturbed Hamiltonian is time dependent,
accordingly are its energy levels and eigenstates. Thus, the goals of time dependent
perturbation theory are slightly different from time independent perturbation
theory. Following are the two significant quantities of the time dependent
perturbation:

1. The time dependent expectation value of some observable A, fora given
initial state.

2. The time dependent amplitudes of those quantum states that are energy
eigenkets (eigenvectors) in the unperturbed system.

General Time Dependent Perturbations

Assume that the unperturbed energy eigenvalue problem is exactly of the
fOHnHOCf)n = En(f)n .

To this is added a perturbation that depends on time, v (¢). To solve the
time dependent problems we use the following time dependent Schrodinger
equation.
du(t)

(Ho + V() $(t) = =




Then we expand 1/ in terms of the eigenfunctions as,
ch Ypre xR with (e R = (@ lu(t))

The time dependent Schrodinger equations is then given as,

- ] ?L iFE LR
Z (Ho+ V(1)) ex(t)e T Z dex( )‘ o
k
. —iExt/h s o deg(t) _iBt/n
Z(—‘\'U)( (Ex + V() = Z ih o + Erex(t) ) e o
k k
Bxt/ de (
ZV(f-]ck{f}(.—xﬁn.tl;hok _ hZ ({‘:)f ) —!E;.t,/ﬁ
ke

Now dot (¢,| into this equation to get the time dependence of one
coefficient.

Z Vi (t)ep (t)eBrt/h - = iﬁacaLt(t)e—iEnt/ﬁ

dcp (1) 1 {(En—E)t/R
ot T Vnk( Jer(t)e

Assuming that at # = 0, we are in an initial state ¢t =0) =i apg

hence all the other Cj, are equal to zero as ¢, = i) L

acn(t) 1 Wit iw, it
T = = | Vit)e Z Vi (t)ex ()™
k#1
Next we calculate the transition rates. Considering that for the first order,
all the ¢ (¢) are small in comparison to¢;(¢) ~= 1, therefore the sum can be
neglected.

‘dc'gll)(t) 1 Wy, t
~ar %Vm-(t)e
y t
(1) s, tweit’ Yy (g ae!
(t) = zﬁfe Vii(t')dt
0

This equation is used to calculate transition probabilities for a general time
dependent perturbation. This can also be used as a basis to calculate the
transition rates for the specific problem of harmonic potentials.

Assuming again that ‘¢’ is small enough hence the €; may not have
changed much.

Remember that, if there is a large energy difference between the initial and
the final states, then a slowly varying perturbation can average to zero.
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Subsequently we can find that the perturbation may require frequency
components that are compatible with w,,; in order to cause transitions.

If the first order term is zero or higher accuracy is required, then the
second order term can be calculated. In second order, first a transition is made
to an intermediate state ¢ and then a transition to ¢, . We simply put the

first order cgcl) (t) into the sum.

de, (1) | . 2
—— = E(vmme“ F D Vak(t)ey, (et

k=i

i
e (t) 1 s L e . g pomams
= — | V,;({)e™ Vi () —e™ns ARV (YL
Bt in ( (&)e +ZH e /‘ fe

0
t t"”

: 4 P R
Dy = ?Z ] At Ve (1 )™t / dt' ™= Vo ()
kE#i 0

£

,
D)= 22 [atvareet [ et vaw)

k#£i Y

The Golden Rule and its Applications

In quantum physics, Fermi’s golden rule is a formula that describes the transition
rate (probability of transition per unit time) from one energy eigenstate of a
quantum system to a group of energy eigenstates in a continuum, as a result of
a weak perturbation. This transition rate is effectively independent of time (so
long as the strength of the perturbation is independent of time) and is proportional
to the strength of the coupling between the initial and final states of the system,
typically described by the square of the matrix element of the perturbation,
along with the density of states. It is also applicable when the final state is not
part of a continuum if there is some de-coherence in the process, like relaxation
of the atoms or like noise in the perturbation, in which case the density of states
is replaced by the reciprocal of de-coherence bandwidth.

Fermi’s Golden Rule, also referred to as, the Golden Rule of time
dependent perturbation theory, is an equation for calculating transition rates.
The result is obtained by applying the time dependent perturbation theory to a
system that undergoes a transition from an initial state | i) to a final state | ) that
is part of a continuum of states.

Fermi’s golden rule describes a system which begins in an eigenstate, | i),
of an unperturbed Hamiltonian, / and considers the effect of a perturbing
Hamiltonian, /" applied to the system. If H'is considered time independent, then
the system goes only into those states in the continuum that have the same
energy as the initial state. If H' is oscillating sinusoidally as a function of time,
i.e., it is a harmonic perturbation, with an angular frequency E, then the transition
is into states with energies that differ by ‘E from the energy of the initial state.



In both cases, the transition probability per unit of time from the initial
state | i) to a set of final states | f 1s essentially constant. It is given, to first order
approximation, by,

21‘7 L Y 2 1
ooy = = [AH' ) p(E))

Where (f H'|i}is the matrix element (in bra—ket notation) of the

perturbation H' between the final and initial states and p(Ey )is the density of

states (number of continuum states in an infinitesimally small energy interval £
+ dE at the energy £, of the final states. This transition probability is also called
‘Decay Probability’ and is related to the inverse of the mean lifetime. Thus, the

probability of finding the system in state | fy is proportional to T st.

The standard way to derive the equation is to start with time dependent
perturbation theory and to take the limit for absorption under the assumption
that the time of the measurement is much larger than the time needed for the
transition.

Check Your Progress

1. What is time dependent perturbation theory?
2. Define the two significant quantities of the time dependent perturbation.
3. When the perturbation can average to zero?

4. Whatis Fermi's golden rule?

5. What does Fermi’s golden rule describes?

12.3 SPONTANEOUS AND STIMULATED EMISSION

One of the most outstanding developments of science and technology in 20th
century is laser. Laser first made in 1960. The term laser is the abbreviation of
‘Light Amplification by Stimulated Emission of Radiation’. So the term reflects the
crucial role of the technology of stimulated emission for quantum oscillators and
amplifiers of coherent light source. This field of science and technology first came
into light when Albert Einstein showed that the process stimulated emission must
exist.

Any atomic system is characterized by different discrete energy state.
Normally, the atoms are lying in the lowest energy state (say, ground state). An
atom lying in a ground state may be excited by variety of processes to a higher
energy state. It may occur by the collisions with other particles or through the
absorption of electromagnetic radiation of particular frequencies; such a way is
known as stimulated absorption.
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On the other hand, the atoms those exist in higher energy state (by stimulated
absorption) can make a transition to ground state (lower energy state) through the
emission of electromagnetic radiation by two ways — (@) Spontaneous Emission
and (b) Stimulated Emission.

Optical Coherence

Iflight waves from different sources, which are always in phase is called coherent
light. Such waves are responsible for interference effects. Actual light waves consist
of different photons with different states. So, the photons emitted from different
sources have their different energy, different direction of momentum, and
polarization. These light waves are made of ‘disordered’ photons. Only the waves
from coherence sources can produce an interference pattern. The ability of a
wave to produce an interference pattern may be measured by the fringe contrast,
1.e., fringe visibility. The visibility of an interference pattern is defined by the relation,
I -1

max min

A

max

%

where/ _is themaximum intensity of bright fringes and /__ is the minimum intensity
of dark fringe (~ 0). From the above relation we see that when I = 0, the
visibility is maximum, i.e., V'=1. Visibility will be minimumwhen/_ =1 _ ,i.e.,
when simply no interference pattern is evident.

The ability of light waves to produce interference depends on the ‘Degree
of Coherence’ of the light wave. An increase in the ‘Degree of Coherence’ of a
light beam corresponds to a contrast interference pattern, i.e., visibility will be

higher.
Spontaneous and Stimulated Emission

The energy level of an atom or molecule has with definite (discrete) energy. The
transition of an atom or molecule from one energy of lower and upper level to
other happens by quantum transition. The transition occurs when atoms or molecules
interact with molecular radiation.

Before the discussion of spontaneous and stimulated emission we must
discuss about absorption (stimulated) of light. Let the energies of lower and upper
level are £, and E,. If the atoms are in lower energy state, then one say that a
photon having energy £ , = E, — E travels to the atoms. The atoms can absorb
this photonic energy and jump from level £, to £, (Refer Figure (12.1)).

hv

Fig. 12.1 Absorption of Photon



If W, be the probability of absorption of light (photon) from £ to £,
transition in atoms per unit time, the probability is proportional to the numbers of
incident photons and can be written as,

W, =BNE, L(12.1)

ab
where N is the numbers of photons per unit volume and B is a constant.

Spontaneous Emission: When an atom that are in excited state (higher energy
state) of energy £, will tend to come to ground state (or lower energy state) of
energy £, spontaneously, i.e., without any stimulus. The photon emitted the energy
E ,=E —E spontaneously (Refer Figure (12.2)). If the probability of spontaneous
emission is W, then we can say,

Wo=A4 (12.2)

sp
The probability of spontaneous emission depends only on the properties of

the transition.
hv

Fig. 12.2 Spontaneous Emission

Stimulated Emission: When the atoms that are in the excited state (higher energy
level), then the same incident photon can play the role of a trigger, i.e., it can
induce the atom to come back to lower energy state (or ground state). So, the
transition takes place from £ level to £, level. Due to this transition photon emitted
some energy of £, = E, — E . Both the inducing and induced photon has the same
energy E .. This phenomenon is known as stimulated emission (Refer Figure
(12.3)). The rate of stimulated emission (as well as absorption) depends on the
intensity of the field applied (external) and on the numbers of atoms in the excited
state (higher energy level). The total stimulated transition (stimulated emission and
absorption) depends on the difference of atoms in the ground state (lower energy
state) and excited state (higher energy state). But for the case of spontaneous emission,
the transition depends on the numbers of atoms in the excited state (higher energy
state).

If the probability of stimulated emission is W per unit time, then we have
W, = BNE,, ..(12.3)

hv

Fig. 12.3 Stimulated Emission
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Check Your Progress

6. How any atomic system is characterized?

7. Explain the ‘Degree of Coherence’.

8. What is spontaneous emission?

9. On what the probability of spontaneous emission depends?

10. Explain stimulated emission.

12.4 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

. Fermi’s golden rule describes a system which begins in an eigenstate,

1. Time dependent perturbation theory, developed by Paul Dirac, typically

explains the effect of a time dependent perturbation V(7) applied to a time
independent Hamiltonian, /. Since the perturbed Hamiltonian is time
dependent, accordingly are its energy levels and eigenstates.

. Following are the two significant quantities of the time dependent

perturbation:

e The time dependent expectation value of some observable A4, for a given
initial state.

e The time dependent amplitudes of those quantum states that are energy
eigenkets (eigenvectors) in the unperturbed system.

. If there is a large energy difference between the initial and the final states,

then a slowly varying perturbation can average to zero.

. Fermi’s Golden Rule, also referred to as, the Golden Rule of time

dependent perturbation theory, is an equation for calculating transition
rates. The result is obtained by applying the time dependent perturbation
theory to a system that undergoes a transition from an initial state | iyto
a final state | /) that is part of a continuum of states.

i),
of an unperturbed Hamiltonian, /, and considers the effect of a perturbing
Hamiltonian, /" applied to the system. If H'is considered time independent,
then the system goes only into those states in the continuum that have the
same energy as the initial state. If /" is oscillating sinusoidally as a function
of time, i.e., it is a harmonic perturbation, with an angular frequency E,
then the transition is into states with energies that differ by ‘E from the
energy of the initial state.

In both cases, the transition probability per unit of time from the initial
state | i) to a set of final states | fy 1s essentially constant.



6.

10.

Any atomic system is characterized by different discrete energy state.
Normally, the atoms are lying in the lowest energy state (say, ground
state). An atom lying in a ground state may be excited by variety of
processes to a higher energy state. It may occur by the collisions with
other particles or through the absorption of electromagnetic radiation of
particular frequencies; such a way is known as stimulated absorption.

The atoms those exist in higher energy state (by stimulated absorption)
can make a transition to ground state (lower energy state) through the
emission of electromagnetic radiation by two ways, spontaneous emission
and stimulated emission.

The ability of light waves to produce interference depends on the ‘Degree
of Coherence’ of the light wave. An increase in the ‘Degree of Coherence’
of a light beam corresponds to a contrast interference pattern, i.e., visibility
will be higher.

The spontaneous emission states that when an atom that are in excited
state (higher energy state) of energy E, will tend to come to ground state
(or lower energy state) of energy E, spontaneously, i.e., without any
stimulus. The photon emitted the energy £, = E, — E| spontaneously.

. The probability of spontaneous emission depends only on the properties

of the transition.

The stimulated emission states that when the atoms that are in the excited
state (higher energy level), then the same incident photon can play the
role of a trigger, 1.e., it can induce the atom to come back to lower energy
state (or ground state). So, the transition takes place from £, level to E,
level. Due to this transition photon emitted some energy of £, = E, —
E . Both the inducing and induced photon has the same energy £ ,. This

phenomenon is known as stimulated emission.

12.5 SUMMARY

¢ In quantum mechanics, perturbation theory is a set of approximation

schemes directly related to mathematical perturbation for describing a
complicated quantum system in terms of a simpler one.

The basic notion is to use a simple system for which a mathematical
solution is known, and then adding an additional ‘Perturbing’ Hamiltonian
representing a weak disturbance to the system.

If the disturbance is not too large, then the various physical quantities
associated with the perturbed system, for example its energy levels and
eigenstates, can be expressed as ‘Corrections’ to those of the simple
system. These corrections, being small compared to the size of the
quantities themselves, can be calculated using approximate methods, such
as asymptotic series.
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Time dependent perturbation theory, developed by Paul Dirac, typically
explains the effect of a time dependent perturbation V(¢) applied to a time
independent Hamiltonian, H,,.

Since the perturbed Hamiltonian is time dependent, accordingly are its
energy levels and eigenstates. Thus, the goals of time dependent
perturbation theory are slightly different from time independent perturbation
theory.

The time dependent expectation value of some observable A4, for a given
initial state.

The time dependent amplitudes of those quantum states that are energy
eigenkets (eigenvectors) in the unperturbed system.

If there is a large energy difference between the initial and the final states,
then a slowly varying perturbation can average to zero.

In quantum physics, Fermi’s golden rule is a formula that describes the
transition rate (probability of transition per unit time) from one energy
eigenstate of a quantum system to a group of energy eigenstates in a
continuum, as a result of a weak perturbation.

Fermi’s Golden Rule, also referred to as, the Golden Rule of time
dependent perturbation theory, is an equation for calculating transition
rates. The result is obtained by applying the time dependent perturbation
theory to a system that undergoes a transition from an initial state | iy to
a final state | fy that is part of a continuum of states.

Fermi’s golden rule describes a system which begins in an eigenstate, | i),
of an unperturbed Hamiltonian, F and considers the effect of a perturbing
Hamiltonian, /" applied to the system.

If H'is considered time independent, then the system goes only into those
states in the continuum that have the same energy as the initial state. If
H' is oscillating sinusoidally as a function of time, i.e., it is a harmonic
perturbation, with an angular frequency E, then the transition is into states
with energies that differ by ‘E from the energy of the initial state. In both
cases, the transition probability per unit of time from the initial state | iyto
a set of final states | /) is essentially constant.

The standard way to derive the equation is to start with time dependent
perturbation theory and to take the limit for absorption under the
assumption that the time of the measurement is much larger than the time
needed for the transition.

Any atomic system is characterized by different discrete energy state.
Normally, the atoms are lying in the lowest energy state (say, ground
state). An atom lying in a ground state may be excited by variety of
processes to a higher energy state. It may occur by the collisions with
other particles or through the absorption of electromagnetic radiation of
particular frequencies; such a way is known as stimulated absorption.



e The atoms those exist in higher energy state (by stimulated absorption) Time Dependent
.. Perturbation Theory
can make a transition to ground state (lower energy state) through the
emission of electromagnetic radiation by two ways, spontaneous emission

and stimulated emission.

o The ability of light waves to produce interference depends on the ‘Degree NOTES

of Coherence’ of the light wave. An increase in the ‘Degree of Coherence’
of a light beam corresponds to a contrast interference pattern, i.e., visibility
will be higher.

e The energy level of an atom or molecule has with definite (discrete)
energy. The transition of an atom or molecule from one energy of lower
and upper level to other happens by quantum transition. The transition
occurs when atoms or molecules interact with molecular radiation.

o The probability of spontaneous emission depends only on the properties
of the transition.

e The spontaneous emission states that when an atom that are in excited
state (higher energy state) of energy E, will tend to come to ground state
(or lower energy state) of energy E, spontaneously, i.e., without any
stimulus. The photon emitted the energy £, = E, — E| spontaneously.

o The stimulated emission states that when the atoms that are in the excited
state (higher energy level), then the same incident photon can play the
role of a trigger, i.e., it can induce the atom to come back to lower energy
state (or ground state). So, the transition takes place from £, level to £,
level. Due to this transition photon emitted some energy of £, = E, —
E,. Both the inducing and induced photon has the same energy £ . This
phenomenon is known as stimulated emission.

o The total stimulated transition (stimulated emission and absorption) depends
on the difference of atoms in the ground state (lower energy state) and
excited state (higher energy state).

12.6 KEY WORDS

e Time dependent perturbation theory: It was developed by Paul Dirac
that typically explains the effect of a time dependent perturbation ¥(7) applied
to a time independent Hamiltonian, /.

e Fermi’s golden rule: It is also referred to as the golden rule of time
dependent perturbation theory, is an equation for calculating transition
rates. The result is obtained by applying the time dependent perturbation
theory to a system that undergoes a transition from an initial state | i) to
a final state | /y that is part of a continuum of states.

¢ Degree of Coherence: The ability of light waves to produce interference
depends on the ‘Degree of Coherence’ of the light wave. An increase in
the ‘Degree of Coherence’ of a light beam corresponds to a contrast

i i.e., visibility will be higher. Self-Instructional
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e Spontaneous emission: When an atom that are in excited state (higher
energy state) of energy E, will tend to come to ground state (or lower
energy state) of energy E, spontaneously, i.e., without any stimulus. The
photon emitted the energy £, = E, — E, spontaneously.

e Stimulated emission: When the atoms that are in the excited state
(higher energy level), then the same incident photon can play the role of
a trigger, i.e., it can induce the atom to come back to lower energy state
(or ground state). So, the transition takes place from E, level to £, level.
Due to this transition photon emitted some energy of £, = E, — E|. Both

the inducing and induced photon has the same energy £ .

12.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. What dose time dependent perturbation theory state?
2. State Fermi’s golden rule?
3. Differentiate between spontaneous emission and stimulated emission.

Long Answer Questions

1. Discuss the significance of the time dependent perturbation theory giving
appropriate examples.

2. Briefly explain the fields where the time dependent perturbation theory is
used.

3. Explain the Fermi’s golden rule and its applications for time dependent
perturbation theory.

4. Discuss about the spontaneous emission and stimulated emission giving
appropriate examples and derivations.
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13.0 INTRODUCTION

The theory of the interaction of light with atomic matter reveals enormous in the
historical development of quantum mechanics. This circumstance is simply a
consequence of the fact that the light emitted or absorbed by atomic matter provides
clues into its nature. The synthesis of the quantum theory that resulted from
spectroscopic and other optical investigations and is still developing.

Einstein coefficients are mathematical quantities which are a measure of the
probability of absorption or emission of light by an atom or molecule. The Einstein
A coefficient is related to the rate of spontaneous emission of light, and the Einstein
B coefficients are related to the absorption and stimulated emission of light. The
semi-classical radiation theory states that the electromagnetic radiation is treated
as a classically prescribed field while the atomic matter with which it interacts is
described according to the directives of quantum mechanics. Quantum theory
has, of course, been developed and applied with remarkable success in many
areas of physics, but it is important to remember that it was originally a theory of
the interaction of light with atoms and molecules. In this historical sense, semi-
classical radiation theory strikes at the very roots of quantum mechanics.

In this unit, you will study about the Einstein’s 4 and B coefficients, semi-
classical and quantum theory of radiation in detail.
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13.1 OBJECTIVES

After going through this unit, you will be able to:
¢ Explain the Einstein’s 4 and B coefficients

e Understand semi-classical and quantum theory of radiation

13.2 EINSTEIN’S A & B COEFFICIENTS

Letus consider E(v) as the energy density at equilibrium, where v is the frequency
of photon.

If N, and N, are the number of atoms in the lower energy state (ground

state) and higher energy state (excited state) respectively, then we can write,
NP, = NB_ E®W) ..(13.1)

where P, is the probability of absorption proportional to energy density £(v) and
B, is the Einstein’s coefficient of absorption.

Therefore, we can express the energy state of N, as follows:
N,P, = N,]A4, + B,EWV)] ..(13.2)

Where P, is the probability (stimulated) proportional to energy density E(v) with
addition to 4, , 4,, is the Einstein’s coefficient of spontaneous and B, is the
Einstein’s coefficient of stimulated emission.

When thermal equilibrium exists, we can say that the total absorption
probability is equal to the total emission probability.

So, from Equations (13.4) and (13.5), we have
NB_E(v) =N,[4, + B, EV)]
A21 /BZI

or Ev) = (Nl}(gu} 1 .(13.3)

According to Einstein’s assumption, coefficient of stimulated absorption and
coefficient of stimulated emission are equal, i.e., B , = B, = B (say) and if we
consider 4,, = 4 (say), then the Equation (13.3) reduces to,

AlB

Ev)= M 4 .(13.4)
N

2




A and B in the above equation are called Einstein’s ‘A’ and ‘B’ coefficients.

According to Planck’s radiation law, we know that

3
EW) = 03;”/—}2_1 (13.5)
By comparing equations (13.4) and (13.5), we can write,
%; = oM/ KT
And g = 8?3

(Ratio of coefficients of spontaneous and stimulated emission, i.e., ratio of
Einstein’s ‘A’ and ‘B’ Coefficient)

Where h is the Planck’s Constant.
K is the Boltzman’s Constant.
cis the Velocity of Light.
T'is the Temperature in Kelvin.

13.3 SEMI-CLASSICAL AND QUANTUM THEORY
OF RADIATION

Semi-classical physics, or simply semi-classical refers to a theory in which one
part of a system is described quantum-mechanically whereas the other is treated
classically. For example, external fields will be constant, or when changing will be
classically described. In general, it incorporates a development in powers of
Planck’s constant, resulting in the classical physics of power 0, and the first nontrivial
approximation to the power of (—1). Thus, there is a clear link between the quantum-
mechanical system and the associated semi-classical and classical approximations,
as it is similar in appearance to the transition from physical optics to geometric
optics.
Four examples of a semi-classical approximations include:
¢ WKB approximation: electrons in classical external electromagnetic fields.

e Semi-classical gravity: quantum field theory within a classical curved
gravitational background (see general relativity).

¢ Quantum chaos: quantization of classical chaotic systems.

¢ Quantum field theory: only Feynman diagrams with at most a single closed
loop are considered, which corresponds to the powers of Planck’s
constant.
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The semi-classical radiation theory consists of two elements: the classical
Maxwell equations that is satisfied by the electric ‘E” and the magnetic ‘B’ fields,
and the ordinary quantum mechanics that is based on the SchrQdinger equation of
a single charged matter particle interacting with the electromagnetic field. The
single particle SchrQdinger quantum mechanics can be modified to take into
account spin or be replaced by the nonrelativistic quantum mechanics of many
particles.

The distribution of energy in the spectrum of radiations of a hot body cannot
be explained by applying the classical concepts of physics. Max Planck gave an
explanation to this observation by his ‘Quantum Theory of Radiation’. His
theory states that,

1. The ‘Radiant Energy’ is always in the form of tiny bundles of light called
‘quanta’, i.e., the energy is absorbed or emitted discontinuously.

2. Each quantum has some definite energy ‘£, which depends upon the
frequency of the radiations as,

E=hy

Here, E is the energy of each quantum in Joules, y is the frequency of the
radiations in s, / is known as Planck’s constant (a fundamental constant), whose
value is, h = 6.626 x 10* J-s.

Also, E = hcw, where w is known as wave number. w = (1/1) m™.
From these equations, it is evident that y = c/A = cw.

The energy emitted or absorbed by a body is a multiple of a quantum, i.e.,
a body cannot absorb or emit energy in fractions of quantum. This concept is
known as quantization of energy.

Check Your Progress

1. Explain the Einstein’s coefficient of absorption.
2. What are Einstein’s A and B coefficients?

3. Whatus semi-classical physics?

4. Give examples of semi-classical approximations.

5. Define semi-classical radiation theory.




13.4 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

1. If N, and N, are the number of atoms in the lower energy state (ground

state) and higher energy state (excited state) respectively, then we can write,
NP, = NGB _E®»)

™ 12
where P ,is the probability of absorption proportional to energy density
E(v)and B, ,is the Einstein’s coefficient of absorption.

. According to Einstein’s assumption, coefficient of stimulated absorption and

coefficient of stimulated emission are equal, i.e., B, = B, = B (say) and if
we consider 4, = 4 (say), then the Equation (13.3) reduces to,

A/B
EWv)= ﬂ—l
N.

2

A and B in the above equation are called Einstein’s ‘A’ and ‘B’ coefficients.

. Semi-classical physics, or simply semi-classical refers to a theory in which

one part of a system is described quantum-mechanically whereas the other
is treated classically. For example, external fields will be constant, or when
changing will be classically described. In general, it incorporates a
development in powers of Planck’s constant, resulting in the classical physics
of power 0, and the first nontrivial approximation to the power of (—1).

. Four examples of a semi-classical approximations include:

e WKB approximation: electrons in classical external electromagnetic fields.

e Semi-classical gravity: quantum field theory within a classical curved
gravitational background (see general relativity).

e Quantum chaos: quantization of classical chaotic systems.

e Quantum field theory: only Feynman diagrams with at most a single closed
loop are considered, which corresponds to the powers of Planck’s
constant.

. The semi-classical radiation theory consists of two elements: the classical

Maxwell equations that is satisfied by the electric ‘E’ and the magnetic ‘B’
fields, and the ordinary quantum mechanics that is based on the Schrodinger
equation of a single charged matter particle interacting with the
electromagnetic field.
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13.5 SUMMARY

e If N, and N, are the number of atoms in the lower energy state (ground

state) and higher energy state (excited state) respectively, then we can write,
NP _ = NB_E®)

1™ 12 112
where P, is the probability of absorption proportional to energy density
E(v)and B, is the Einstein’s coefficient of absorption.

When thermal equilibrium exists, we can say that the total absorption
probability is equal to the total emission probability.

According to Einstein’s assumption, coefficient of stimulated absorption and
coefficient of stimulated emission are equal, i.e., B, = B, = B (say) and if
we consider 4, = A (say), then the Equation reduces to,

A/B

Ev) = M _
N

2

A and B in the above equation are called Einstein’s ‘A’ and ‘B’ coefficients.

According to Planck’s radiation law, we know that

8zhv’

E(V)= ———
) KT |

Semi-classical physics, or simply semi-classical refers to a theory in which
one part of a system 1s described quantum-mechanically whereas the other
is treated classically.

In general, Semi-classical incorporates a development in powers of Planck’s
constant, resulting in the classical physics of power 0, and the first nontrivial
approximation to the power of (—1).

The semi-classical radiation theory consists of two elements: the classical
Maxwell equations that is satisfied by the electric ‘E’ and the magnetic ‘B’
fields, and the ordinary quantum mechanics that is based on the Schrédinger
equation of a single charged matter particle interacting with the
electromagnetic field.

The single particle Schrodinger quantum mechanics can be modified to take
into account spin or be replaced by the nonrelativistic quantum mechanics
of many particles.

The distribution of energy in the spectrum of radiations of a hot body cannot
be explained by applying the classical concepts of physics.

The ‘Radiant Energy’ is always in the form of tiny bundles of light called
‘quanta’, i.e., the energy is absorbed or emitted discontinuously.



e Each quantum has some definite energy ‘E’, which depends upon the
frequency of the radiations as,

E=hy

Here, E is the energy of each quantum in Joules, v is the frequency of the
radiations in 5!, / is known as Planck’s constant (a fundamental constant),
whose value is, 7= 6.626 x 1034 J=.

e The energy emitted or absorbed by a body is a multiple of a quantum, i.e.,
abody cannot absorb or emit energy in fractions of quantum. This concept
1s known as quantization of energy.

13.6 KEY WORDS

e Einstein’s assumption: According to Einstein’s assumption, coefficient of
stimulated absorption and coefficient of stimulated emission are equal, i.e.,
B,=B, =B

o Semi-classical radiation theory: It consists of two elements: the classical
Maxwell equations that is satisfied by the electric ‘E’ and the magnetic ‘B’
fields, and the ordinary quantum mechanics that is based on the SchrQdinger
equation of a single charged matter particle interacting with the
electromagnetic field.

e Radiant energy: It is always in the form of tiny bundles of light called
‘quanta’, i.e., the energy is absorbed or emitted discontinuously.

13.7 SELF ASSESSMENT QUESTIONS AND
EXERCISES

Short Answer Questions

1. Explain the Einstein’s 4 and B coefficients.
2. What is semi-classical theory of radiation?

3. What does quantum theory of radiation states?

Long Answer Questions

1. Briefly discuss the Einstein’s 4 and B coefficients giving relevant examples.
2. Explain the basic concept of semi-classical and quantum theory of radiation.

3. Explain the Max Planck explanation for semi-classical and quantum theory
of radiation.
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14.0 INTRODUCTION

In mathematics and physics, scattering theory is a framework for studying and
understanding the scattering of waves and particles. Wave scattering corresponds
to the collision and scattering of a wave with some material object, for instance
sunlight scattered by rain drops to form a rainbow.

Rayleigh scattering, named after the nineteenth-century British physicist Lord
Rayleigh (John William Strutt), is the predominantly elastic scattering of light or
other electromagnetic radiation by particles much smaller than the wavelength of
the radiation. Rayleigh scattering does not change the state of material and is,
hence, a parametric process. The particles may be individual atoms or molecules.
It can occur when light travels through transparent solids and liquids, and is most
prominently seen in gases. Rayleigh scattering results from the electric polarizability
of the particles. Rayleigh scattering of sunlight in Earth’s atmosphere causes diffuse
sky radiation, which is the reason for the blue color of the daytime and twilight sky,
as well as the yellowish to reddish hue of the low Sun.

Raman scattering or the Raman effect is the inelastic scattering of a photon
by molecules which are excited to higher energy levels. Since this effect was
discovered in 1928 by C. V. Raman hence named so. The Raman effect forms the
basis for Raman spectroscopy which is used by chemists and physicists to gain
information about materials.

In this unit, you will study about the scattering theory basics, Rayleigh
scattering, Raman scattering and selection rules.

14.1 OBJECTIVES

After going through this unit, you will be able to:
e Understand the basics of scattering theory

Theory of Scattering
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Theory of Scattering ¢ Explain Rayleigh scattering
¢ Discuss the advantages and limitations of Rayleigh scattering
e Understand what Raman scattering is

NOTES e Define the selection rules, advantages and disadvantages of Raman scattering

14.2 THEORY OF SCATTERING

The “Scattering Theory’ is significantly used for studying and understanding
the scattering of waves and particles in mathematics and physics. Typically the
wave scattering corresponds to the collision and scattering of a wave with some
material object, for example formation of rainbow is resultant of sunlight scattered by
rain drops. Latest technology of ultrasonic testing is another example of scattering
theory which is used in medical imaging, non-destructive testing of metals and
quantum field theory.

Rayleigh scattering is one commonly known type of scattering which mainly
consists of scattering from atmospheric gases, it occurs when the particles causing
scattering are smaller in size than the radiation wavelengths in contact with them.

Mie scattering, and non-selective scattering are the two other types of wave
scattering. Principally, the Mie scattering is considered to be elastic scattered light
of particles that have a diameter similar to or larger than the wavelength of the
incident light. The Mie signal is proportional to the square of the particle diameter,
where as in case of non-selective scattering also known as Raman scattering, it
occurs in all wavelengths of electromagnetic radiation equally in the atmosphere
and is usually caused by particles which are much larger than the energy
wavelengths.

Definitions of Scattering

1. Scattering, in physics, is defined as a change in the direction of motion ofa
particle because of a collision with another particle. As defined in physics, a
collision can occur between particles that repel one another, such as two
positive (or negative) ions, and need not involve direct physical contact of
the particles.

2. Scattering occurs when light or other energy waves pass through an
imperfect medium, such as air filled with particles of some sort, and are
deflected from a straight path. The light is deflected off of its straight path
and scatters in many directions.

3. Scattering is a general physical process where some forms of radiation, such
as light, sound, or moving particles, are forced to deviate from a straight
trajectory by one or more paths due to localized non-uniformities in the
medium through which they pass.

4. As per the Encyclopaedia Britannica, the ‘Scattering, in physics, a change
in the direction of motion of a particle because of a collision with another
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particle. A collision can occur between particles that repel one another, Theory of Scattering
such as two positive (or negative) ions, and need not involve direct physical
contact of the particles.

The physicist Ernest Rutherford passed a stream of alpha particles through a thin
sheet of gold foil. The alpha particles were emitted by a radioactive material and
had enough energy to penetrate an atom; although most passed right through the
gold foil, some were deflected in a way that indicated that the scattering was
produced by a Coulomb force. Because the alpha particles are positively charged
and the electrons in the atom are negatively charged, it followed that there must be
a large positive charge inside the atom to create the Coulomb force by interacting
with the alpha particles. In this way the nucleus of the atom was discovered.

NOTES

Elastic and Inelastic Scattering

The term ‘Elastic Scattering’ implies that the internal states of the scattering particles
do not change, and hence they emerge unchanged from the scattering process. In
inelastic scattering, by contrast, the particles’ internal state is changed, which may
amount to exciting some of the electrons of a scattering atom, or the complete
annihilation of a scattering particle and the creation of entirely new particles.

When two atoms are scattered off one another, one can understand them as
being the bound state solutions of some differential equation. Thus, for example,
the hydrogen atom corresponds to a solution to the Schrodinger equation with a
negative inverse-power, i.e., attractive Coulombic, central potential. The scattering
of two hydrogen atoms will disturb the state of each atom, resulting in one or both
becoming excited, or even ionized, representing an inelastic scattering process.

14.2.1 Rayleigh Scattering

Rayleigh scattering is named after the nineteenth-century British physicist Lord
Rayleigh (John William Strutt). It is the predominantly elastic scattering of light or
other electromagnetic radiation by particles much smaller than the wavelength of
the radiation. Rayleigh scattering does not change the state of material and is,
hence, a parametric process. The particles may be individual atoms or molecules.
It can occur when light travels through transparent solids and liquids, and is most
prominently seen in gases. Rayleigh scattering results from the electric polarizability
of the particles. The oscillating electric field of a light wave acts on the charges
within a particle, causing them to move at the same frequency. The particle therefore
becomes a small radiating dipole whose radiation we see as scattered light. This
radiation is an integral part of the photon and no excitation or de-excitation occurs.

Rayleigh scattering of sunlight in Earth’s atmosphere causes diffuse sky
radiation, which is the reason for the blue colour of the daytime and twilight sky, as
well as the yellowish to reddish hue of the low Sun.

For wave frequencies that are below the resonance frequency of the scattering
particle (normal dispersion regime), the amount of scattering is inversely proportional
to the fourth power of the wavelength.
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Rayleigh scattering of molecular nitrogen and oxygen in the atmosphere
includes elastic scattering as well as the inelastic contribution from rotational Raman
scattering in air, since the changes in wavenumber of the scattered photon are
typically smaller than 50 cm™. This can lead to changes in the rotational state of
the molecules. Furthermore, the inelastic contribution has the same wavelengths
dependency as the elastic part.

Scattering by particles similar to, or larger than, the wavelength of light is
typically treated by the Mie scattering theory, the discrete dipole approximation
and other computational techniques. Rayleigh scattering applies to particles that
are small with respect to wavelengths of light, and that are optically ‘soft’ (i.e.,
with a refractive index close to 1).

In 1871, Lord Rayleigh published two papers on the colour and polarization
of skylight to quantify Tyndall’s effect in water droplets in terms of the tiny
particulates’ volumes and refractive indices. In 1881 with the help of James Clerk
Maxwell’s 1865 proof of the electromagnetic nature of light, he exhibited that his
equations followed from electromagnetism.

Small Size Parameter Approximation

The size of a scattering particle is often parameterized by the ratio,
27r
14 A

Where r is its characteristic length (radius) and A is the wavelength of the
light. The amplitude of light scattered from within any transparent dielectric is
proportional to the inverse square of its wavelength and to the volume of material
that is to the cube of its characteristic length. The wavelength dependence is
characteristic of dipole scattering and the volume dependence will apply to any
scattering mechanism. Objects with x >> 1 act as geometric shapes, scattering
light according to their projected area. At the intermediate x = 1 of Mie scattering,
interference effects develop through phase variations over the object’s surface.
Rayleigh scattering applies to the case when the scattering particle is very small,
i.e.,x << 1, with a particle size < 1 /10 wavelength, and the whole surface re-
radiates with the same phase. Because the particles are randomly positioned, the
scattered light arrives at a particular point with a random collection of phases; it
is incoherent and the resulting intensity is just the sum of the squares of the amplitudes
from each particle and therefore proportional to the inverse fourth power of the
wavelength and the sixth power of its size.

In detail, the intensity / of light scattered by any one of the small spheres of
diameter d and refractive index n from a beam of unpolarized light of
wavelength » and intensity /, is given by,
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Where R is the distance to the particle and 6 is the scattering angle. Averaging Theory of Scattering
this over all angles gives the Rayleigh scattering cross-section,

2% d¥ fn?—1\°

TR (z + 2) NOTES
The fraction of light scattered by a group of scattering particles is the number
of particles per unit volume N times the cross-section. For example, the major
constituent of the atmosphere, nitrogen, has a Rayleigh cross section of 5.1x
103! m? at a wavelength of 532 nm (green light). This means that at atmospheric
pressure, where there are about 2x10%* molecules per cubic meter, about a fraction

107 of'the light will be scattered for every meter of travel.

The strong wavelength dependence of the scattering (~A ) means that
shorter (blue) wavelengths are scattered more strongly than longer (red)
wavelengths.

From Molecules

The above expression can also be written in terms of individual molecules by
expressing the dependence on refractive index in terms of the molecular polarizability
‘a’, proportional to the dipole moment induced by the electric field of the light. In
this case, the Rayleigh scattering intensity for a single particle is given in CGS
units by,

A

r=r% 0y sl
2\ Re

The Rayleigh scattering gives the atmosphere its blue colour as shown in
Figure (14.1).

3%
o

Rayleigh scattering gives the
atmosphere its blue color

Percent Scattering of Direct Sunlight

f=)

500 550 600
Wavelength (nm)

Fig. 14.1 Blue Light Scattered by the Atmosphere Relative to Red Light

The Rayleigh scattering is mostly seen occurring in nature, and therefore it is
considered to be one of the most commonly observed optical phenomena. Foremost
example for this phenomena is that the sky looks blue because of the intensity of
light scattered by a molecule is inversely proportional to the fourth power of the
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Theory of Scattering wavelength of the incident light, which means that 10 times more blue light than
red light gets scattered from a molecule. As such, sunlight incident on gas molecules
in the air gets scattered as blue light in every direction, and the sky looks blue.
Therefore, the Rayleigh scattering is the elastic scattering of light by particles which

NOTES are much smaller than the wavelength of the light.

Figure (14.1) illustrates the greater proportion of blue light scattered by the
atmosphere relative to red light. This phenomena occurs when radiation or beam
of light interacts with molecules and particles in the atmosphere which happen to
be smaller in diameter than the wavelength of the incoming radiation. Shorter
wavelengths are more quickly and promptly scattered than the longer wavelengths.
Light at shorter wavelengths (blue and violet) are scattered by small particles that
include NO, and O,. Since blue light is at the short wavelength end of the visible
spectrum, it is more strongly scattered in the atmosphere than longer wavelength
red light. This results in the blue colour of the sky. Rayleigh scatter is also responsible
for haze in the photographic images. In aerial photography special filters are used
to filter out the scatter blue light to reduce haze. In digital images there are different
techniques used to minimize the impacts of Rayleigh scatter.

Effect of Fluctuations

When the dielectric constant € of a certain region of volume Vs different from
the average dielectric constant of the medium g, then any incident light will be
scattered according to the following equation,

2172 2

coll A’ T
F= .{[]—_: {1 + UUHE I'j')
2AR?
Where 2 represents the variance of the fluctuation in the dielectric constant <.

Rayleigh Scattering Theory

Rayleigh scattering theory refers to the scattering of light off of the molecules of
the air, and can be extended to scattering from particles up to about a tenth of the
wavelength of the light. It is Rayleigh scattering off the molecules of the air which
gives us the blue sky. Lord Rayleigh calculated the scattered intensity from dipole
scatterers much smaller than the wavelength to be:

5
= vl Scattering at right angles

| E
2 4R2 {1 +008°9) is half the forward intensity
v for Rayleigh scattering

Rayleigh scattering
from air molecules _

N = # of scatterers
0. = polarizability

1
V- — R = distance from scatterer
1 The strong wavelength dependence of Rayleigh
scattering enhances the short wavelengths,
Observer giving us the blue sky.

Fig. 14.2 Rayleigh Scattering Theory
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Figure (14.2) illustrates Rayleigh scattering theory considering an air molecule. Theory of Scattering
The Rayleigh scattering can be considered to be elastic scattering since the photon

energies of the scattered photons is not changed. Scattering in which the scattered

photons have either a higher or lower photon energy is called Raman scattering.

Usually this kind of scattering involves exciting some vibrational mode of the NOTES
molecules, giving a lower scattered photon energy, or scattering off an excited
vibrational state of a molecule which adds its vibrational energy to the incident
photon.

Advantages of Rayleigh Scattering

e [tisan easy technique.

o Arbitrary laser wavelength can be used, but shorter wavelengths leads to
stronger signal (the A-*-dependence).

¢ Signal is proportional to number concentration — N and/or 1/T.

o Signal is proportional to laser pulse energy, i.e., no quenching or saturation
effects.

Limitations of Rayleigh Scattering

¢ The technique is not species selective, since all atoms/molecules/particles
scatter at the same wavelength.

o For accurate thermometry, the Rayleigh cross-sections for individual species
must be taken into account, since the mole fraction distribution must be
known in every point.

e [tisanincoherent technique.

o Stray light from particles, optics and surfaces can interfere with the Rayleigh
signal.

14.2.2 Raman Scattering

Raman scattering or the Raman effect is the inelastic scattering of a photon by
molecules which are excited to higher energy levels. The effect was discovered in
1928 by C. V. Raman and hence named as Raman scattering or the Raman effect.

When photons are scattered by a material, most of them are elastically
scattered (Rayleigh scattering), such that the scattered photons have the same
energy (frequency and wavelength) as the incident photons but different direction.
However, a small fraction of the scattered photons (approximately 1 in 10 million)
are scattered in-elastically, with the scattered photons having an energy different
from, and usually lower than, those of the incident photons—these are Raman
scattered photons. Because of conservation of energy, the material either gains or
loses energy in the process. Typically this is vibrational energy and the incident
photons are of visible light, although rotational energy (if gas samples are used)
and electronic energy levels (if an X-ray source is used) may also be investigated.
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Theory of Scattering The Raman effect forms the basis for Raman spectroscopy which is used by
chemists and physicists to gain information about materials.

It is also possible to observe molecular vibrations by an inelastic scattering
process. In the inelastic (Raman) scattering, an absorbed photon is re-emitted
with lower energy; the difference in energy between the incident photons and
scattered photons corresponds to the energy required to excite a molecule to a
higher vibrational mode.

NOTES

Typically, in Raman spectroscopy high intensity laser radiation with
wavelengths in either the visible or near-infrared regions of the spectrum is passed
through a sample. Photons from the laser beam produce an oscillating polarization
in the molecules, exciting them to a virtual energy state. The oscillating polarization
of the molecule can couple with other possible polarizations of the molecule,
including vibrational and electronic excitations. If the polarization in the molecule
does not couple to these other possible polarizations, then it will not change the
vibrational state that the molecule started in and the scattered photon will have the
same energy as the original photon. This type of scattering is known as Rayleigh
scattering.

When the polarization in the molecules couples to a vibrational state that is
higher in energy than the state they started in, then the original photon and the
scattered photon differ in energy by the amount required to vibrationally excite the
molecule. In perturbation theory, the Raman effect corresponds to the absorption
and subsequent emission of a photon via an intermediate quantum state of a material.
The intermediate state can be either a ‘real’, 1.e., stationary state, or a virtual state.

Stokes and Anti-Stokes

The Raman interaction leads to following two possible outcomes:

1. The material absorbs energy and the emitted photon has a lower energy
than the incident photon. This outcome is labeled Stokes Raman scattering
in honour of George Stokes who showed in 1852 that fluorescence is due
to light emission at longer wavelength, now known to correspond to lower
energy, than the absorbed incident light.

2. The material loses energy and the emitted photon has a higher energy than
the absorbed photon. This outcome is labeled anti-Stokes Raman scattering.

The energy difference between the absorbed and emitted photon corresponds to
the energy difference between two resonant states of the material and is independent
of'the absolute energy of the photon.

The spectrum of the scattered photons is termed the Raman spectrum. It
shows the intensity of the scattered light as a function of its frequency difference
"2 to the incident photons. The locations of corresponding Stokes and anti-Stokes
peaks form a symmetric pattern around Av=0.

The frequency shifts are symmetric because they correspond to the energy
difference between the same upper and lower resonant states. The intensities of
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the pairs of features will typically differ, though. They depend on the populations
of the initial states of the material, which in turn depend on the temperature. In
thermodynamic equilibrium, the lower state will be more populated than the upper
state. Therefore, the rate of transitions from the more populated lower state to the
upper state, the ‘Stokes Transitions’ will be higher than in the opposite direction,
the ‘Anti-Stokes Transitions’. Correspondingly, Stokes scattering peaks are
stronger than anti-Stokes scattering peaks. Their ratio depends on the temperature,
and can therefore be exploited to measure it.

Raman Spectroscopy

Raman spectroscopy is named after Indian physicist Sir C. V. Raman. It is a
spectroscopic technique used to observe vibrational, rotational, and other low-
frequency modes in a system. Raman spectroscopy is commonly used in chemistry
to provide a structural fingerprint by which molecules can be identified. Figure
14.3 illustrates the Energy-level diagram showing the states involved in Raman
spectra.

Virtual

energy
states

A A

Vibrational
energy states

) Y-

Infrared Rayleigh Stokes  Anti-Stokes
absorption scattering Raman Raman
scattering scattering

OSHNWRA

Fig. 14.3 Energy-Level Diagram Showing the States Involved in Raman Spectra

Raman spectroscopy relies on inelastic scattering, or Raman scattering, of
monochromatic light, usually from a laser in the visible, near infrared, or near
ultraviolet range. The laser light interacts with molecular vibrations, phonons or
other excitations in the system, resulting in the energy of the laser photons being
shifted up or down. The shift in energy gives information about the vibrational
modes in the system. Infrared spectroscopy yields similar, but complementary,
information.

Distinction from Fluorescence

The Raman effect differs from the process of fluorescence in that it is a scattering
process. For fluorescence, the incident light is completely absorbed, transferring
the system to an excited state. After a certain resonance lifetime, the system de-
excites to lower energy states via emission of photons. The result of both processes
is in essence the same.

Theory of Scattering

NOTES
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Theory of Scattering A photon with a frequency different from that of the incident photon is
produced and the molecule is brought to a higher or lower energy level. But the
major difference is that the Raman effect can take place for any frequency of
incident light. In contrast to the fluorescence effect, the Raman effect is therefore

NOTES not aresonant effect. In practice, this means that a fluorescence peak is anchored
at a specific frequency, whereas a Raman peak maintains a constant separation
from the excitation frequency.

Selection Rules

A Raman transition from one state to another is allowed only if the molecular
polarizability of those states is different. For a vibration, this means that the derivative
of the polarizability with respect to the normal coordinate associated to the vibration
1s non-zero:

% = ().
aQ
In general, a normal mode is Raman active if it transforms with the same
symmetry of the quadratic forms, (x?, y°, 2%, xy, © 2, yz), which can be verified
from the character table of the molecule’s symmetry group.

The specific selection rules state that the allowed rotational transitions are
AJ = +2, where ‘J’ is the rotational state.

The allowed vibrational transitions are A = =1, where ‘u’ is the vibrational

state.
Advantages of Raman Effect

¢ Organic and inorganic materials are suitable for Raman analysis. These can
be solids, liquids, polymers or vapours.

No sample preparation is required.

It is not interfered by water.

It is a non-destructive application.

It is highly specific like a chemical fingerprint of a material.
e Raman spectra are acquired quickly within seconds.
e Samples can be analyzed through glass or a polymer packaging.

e Laser light and Raman scattered light can be transmitted by optical fibers
over long distances for remote analysis.

¢ In Raman spectroscopy, the region from 4000 cm™ to 50 cm™ can be covered
by a single recording.
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e Raman spectra can be collected from a very small volume (<1 %am in

diameter).

¢ Inorganic materials are easily analysable with Raman spectroscopy.

Disadvantages of Raman Effect

o This cannot be used for metals or alloys.

e Raman effect is very weak. The detection needs a sensitive and highly

optimized instrumentation.

¢ Fluorescence of impurities or of the sample itself can hide the Raman

spectrum. Some compounds fluoresce when irradiated by the laser beam.

e Sample heating through the intense laser radiation can destroy the sample

or cover the Raman spectrum.

e S o

Check Your Progress

Explain the term scattering theory?

How scattering occurs?

What is Rayleigh scattering? Why it is named as Rayleigh scattering?
Define the size of a scattering particle.

What are the two possible outcomes of Raman interaction?

Explain Raman scattering or the Raman effect.

What is Raman spectrum?

What does specific selection rules states?

14.3 ANSWERS TO CHECK YOUR PROGRESS

QUESTIONS

1.

The ‘Scattering Theory’ is significantly used for studying and understanding
the scattering of waves and particles in mathematics and physics. Typically
the wave scattering corresponds to the collision and scattering of a wave
with some material object, for example formation of rainbow is resultant of
sunlight scattered by rain drops. Latest technology of ultrasonic testing is
another example of scattering theory which is used in medical imaging, non-
destructive testing of metals and quantum field theory.

. Scattering occurs when light or other energy waves pass through an imperfect

medium, such as air filled with particles of some sort, and are deflected
from a straight path. The light is deflected off of its straight path and scatters
in many directions.

Theory of Scattering
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3. Rayleigh scattering is named after the nineteenth-century British physicist

Lord Rayleigh (John William Strutt). It is the predominantly elastic scattering
of light or other electromagnetic radiation by particles much smaller than the
wavelength of the radiation. Rayleigh scattering does not change the state
of' material and is, hence, a parametric process.

. The size of a scattering particle is often parameterized by the ratio,

2mr
= —

A

Where r is its characteristic length (radius) and » is the wavelength of the

light

. The Raman interaction leads to following two possible outcomes:

e The material absorbs energy and the emitted photon has a lower energy
than the incident photon. This outcome is labeled Stokes Raman
scattering in honour of George Stokes who showed in 1852 that
fluorescence is due to light emission at longer wavelength, now known
to correspond to lower energy, than the absorbed incident light.

e The material loses energy and the emitted photon has a higher energy
than the absorbed photon. This outcome is labeled anti-Stokes Raman
scattering.

. Raman scattering or the Raman effect is the inelastic scattering of a photon

by molecules which are excited to higher energy levels. The effect was
discovered in 1928 by C. V. Raman and hence named as Raman scattering
or the Raman effect. The Raman effect forms the basis for Raman
spectroscopy which is used by chemists and physicists to gain information
about materials.

. The spectrum of the scattered photons is termed the Raman spectrum. It

shows the intensity of the scattered light as a function of its frequency
difference Av to the incident photons. The locations of corresponding Stokes
and anti-Stokes peaks form a symmetric pattern around Av=0.

. The specific selection rules state that the allowed rotational transitions are

MJ — £2, where ‘J is the rotational state. The allowed vibrational

transitions are Arr = =1, where v’ is the vibrational state.

SUMMARY

e The ‘Scattering Theory’ is significantly used for studying and understanding

the scattering of waves and particles in mathematics and physics. Typically
the wave scattering corresponds to the collision and scattering ofa wave
with some material object.



Rayleigh scattering is one commonly known type of scattering which mainly Theory of Scattering
consists of scattering from atmospheric gases, it occurs when the particles
causing scattering are smaller in size than the radiation wavelengths in contact

with them.

. . ) . NOTES
Mie scattering, and non-selective scattering are the two other types of wave

scattering. Principally, the Mie scattering is considered to be elastic scattered
light of particles that have a diameter similar to or larger than the wavelength
of the incident light.

Scattering, in physics, is defined as a change in the direction of motion of a
particle because of a collision with another particle. As defined in physics, a
collision can occur between particles that repel one another, such as two
positive (or negative) ions, and need not involve direct physical contact of
the particles.

Scattering occurs when light or other energy waves pass through an
imperfect medium, such as air filled with particles of some sort, and are
deflected from a straight path. The light is deflected off of its straight path
and scatters in many directions.

Scattering is a general physical process where some forms of radiation, such
as light, sound, or moving particles, are forced to deviate from a straight
trajectory by one or more paths due to localized non-uniformities in the
medium through which they pass.

As per the Encyclopaedia Britannica, the ‘Scattering, in physics, a change
in the direction of motion of a particle because of a collision with another
particle. A collision can occur between particles that repel one another,
such as two positive (or negative) ions, and need not involve direct physical
contact of the particles.

The term ‘Elastic Scattering” implies that the internal states of the scattering
particles do not change, and hence they emerge unchanged from the
scattering process.

In inelastic scattering, by contrast, the particles’ internal state is changed,
which may amount to exciting some of the electrons of a scattering atom, or
the complete annihilation of a scattering particle and the creation of entirely
new particles.

Rayleigh scattering is named after the nineteenth-century British physicist
Lord Rayleigh (John William Strutt). It is the predominantly elastic scattering
of light or other electromagnetic radiation by particles much smaller than the
wavelength of the radiation. Rayleigh scattering does not change the state
of'material and is, hence, a parametric process.

Rayleigh scattering of sunlight in Earth’s atmosphere causes diffuse sky
radiation, which is the reason for the blue colour of the daytime and twilight
sky, as well as the yellowish to reddish hue of the low Sun.
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e For wave frequencies that are below the resonance frequency of the

scattering particle (normal dispersion regime), the amount of scattering is
inversely proportional to the fourth power of the wavelength.

Rayleigh scattering applies to the case when the scattering particle is very
small, i.e., x << 1, with a particle size < 1 /10 wavelength, and the whole
surface re-radiates with the same phase.

The intensity / of light scattered by any one of the small spheres of diameter d
and refractive index » from a beam of unpolarized light of wavelength » and
intensity /; is given by,

i l-{—cusE{?(E_ﬂ)'J(nz—l)g(g)“
Y aRe A n® + 2 2

Where R is the distance to the particle and | is the scattering angle.

The strong wavelength dependence of the scattering (~A ) means that
shorter (blue) wavelengths are scattered more strongly than longer (red)
wavelengths.

Shorter wavelengths are more quickly and promptly scattered than the
longer wavelengths. Light at shorter wavelengths (blue and violet) are
scattered by small particles that include NO, and O,.

Since blue light is at the short wavelength end of the visible spectrum, it is
more strongly scattered in the atmosphere than longer wavelength red light.
This results in the blue colour of the sky.

Raman scattering or the Raman effect is the inelastic scattering of a photon
by molecules which are excited to higher energy levels. The effect was
discovered in 1928 by C. V. Raman and hence named as Raman scattering
or the Raman effect.

The Raman effect forms the basis for Raman spectroscopy which is used
by chemists and physicists to gain information about materials.

The energy difference between the absorbed and emitted photon
corresponds to the energy difference between two resonant states of the
material and is independent of the absolute energy of the photon.

The spectrum of the scattered photons is termed the Raman spectrum. It
shows the intensity of the scattered light as a function of its frequency
difference Av to the incident photons. The locations of corresponding Stokes
and anti-Stokes peaks form a symmetric pattern around Av=0.

Raman spectroscopy is named after Indian physicist Sir C. V. Raman. It is
a spectroscopic technique used to observe vibrational, rotational, and other
low-frequency modes in a system.

The Raman effect differs from the process of fluorescence in that it is a
scattering process. For fluorescence, the incident light is completely
absorbed, transferring the system to an excited state.



¢ A Raman transition from one state to another is allowed only if the molecular Theory of Scattering
polarizability of those states is different. For a vibration, this means that the
derivative of the polarizability with respect to the normal coordinate

associated to the vibration is non-zero:
NOTES
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¢ In general, anormal mode is Raman active if it transforms with the same

symmetry of the quadratic forms, (z°, y°, 2°, &y, 'z, yz). which can be
verified from the character table of the molecule’s symmetry group.

e The specific selection rules state that the allowed rotational transitions are ,
where ‘J is the rotational state.

The allowed vibrational transitions are, where ‘v’ is the vibrational state.

14.5 KEY WORDS

e Scattering theory: This is significantly used for studying and understanding
the scattering of waves and particles in mathematics and physics.

¢ Elastic scattering: It implies that the internal states of the scattering particles
do not change, and hence they emerge unchanged from the scattering
process.

¢ Inelastic scattering: In this the particles’ internal state is changed, which
may amount to exciting some of the electrons of a scattering atom, or the
complete annihilation of a scattering particle and the creation of entirely
new particles.

e Rayleigh scattering: It is named after the nineteenth-century British
physicist Lord Rayleigh (John William Strutt). It is the predominantly elastic
scattering of light or other electromagnetic radiation by particles much smaller
than the wavelength of the radiation. Rayleigh scattering does not change
the state of material and is, hence, a parametric process.

e Raman scattering or the Raman effect: It is the inelastic scattering of a
photon by molecules which are excited to higher energy levels. The effect
was discovered in 1928 by C. V. Raman and hence named as Raman
scattering or the Raman effect.

e Raman spectroscopy: It is named after Indian physicist Sir C. V. Raman,
a spectroscopic technique used to observe vibrational, rotational, and other
low-frequency modes in a system.
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14.6 SELF ASSESSMENT QUESTIONS AND

EXERCISES

Short Answer Questions

AN W kAW =

. What is scattering theory?

. Define elastic scattering.

. Who developed Rayleigh scattering?

. What does Rayleigh scattering cross-section mean?

. What is Raman scattering?

. Explain the selection rules for Raman scattering.

Long Answer Questions

I.

W

0 J N W

Discuss the significance of term scattering theory giving appropriate
examples.

. Briefly explain elastic and inelastic scattering.
. Explain Rayleigh scattering theory and methods.

. Discuss the small size parameter approximation for Rayleigh scattering

theory.

. Explain about the Rayleigh scattering cross-section.
. Explain the advantages and limitations of Rayleigh scattering.
. Discuss the Raman scattering method.

. Explain the selection rules, advantages and disadvantages of Raman

scattering.
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